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Chapter 1

General introduction

These notes are an introduction to some of the theory of finite von Neumann
algebras and their von Neumann subalgebras, with the emphasis on maximal
abelian self-adjoint subalgebras (usually abbreviated masas). Assuming basic
von Neumann algebra theory, the notes are fairly detailed in covering the ba-
sic construction, perturbations of von Neumann subalgebras, general results on
masas and detailed ones on singular masas in IIy factors. Due to the large
volume of research on finite von Neumann algebras and their masas the au-
thors have been forced to be selective of the topics included. Nevertheless, a
substantial body of recent research has been covered.

Each chapter of the book has its own introduction, so the overview of the
contents below will be quite brief. We have also included a discussion of a
few important results which have been omitted from the body of the text. In
each case, we felt that the amount of background required for a reasonably
self-contained account was simply too much for a book of this kind.

We have tried to make the material accessible to graduate students who
have some familiarity with von Neumann algebras at the level of a first course
in the subject. The early chapters review some of this, but are best read by the
beginner with one of the standard texts, [104, 105, 187], to hand to fill in any

gaps.

1.1 Synopsis

The book falls naturally into five parts. The first of these comprises Chapters
2,3, 4,5, 6 and 8 in which we lay out some of the foundations of the subject.
The papers of Murray and von Neumann [116, 117, 202, 118] introduced the
subject of von Neumann algebras (then called Rings of Operators) and are still
influential today. The finite algebras are, roughly speaking, those that admit
a faithful normal tracial state, and are closest in spirit to the matrix algebras,
which are particular examples. Murray and von Neumann paid particular at-
tention to the finite algebras, and established the close connection to the theory
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of discrete groups that persists today. They also introduced the crossed product
construction from a group acting by automorphisms of a von Neumann algebra,
notably an abelian one. In this way masas appear naturally in von Neumann
algebras. In principle, masas can always be constructed by using Zorn’s lemma,
but this is rarely enlightening. The important examples always make their ap-
pearance from some auxiliary algebraic structure, for example maximal abelian
subgroups of groups.

Chapter 2 classifies the masas in B(H), the algebra of bounded operators
on a separable Hilbert space. Although our focus is on II; factors, these cannot
be studied in isolation, and various constructions will produce algebras of types
I and II,, (but no type III factors will appear in these notes).

Chapter 3 gives an overview of the basic theory of finite von Neumann alge-
bras and of the standard constructions of tensor products and crossed products.
Since there is such a close connection to discrete groups, examples of masas aris-
ing from groups are presented, and the precursor to the conditional expectations
are discussed at the level of group algebras where they are very easy to under-
stand. An important characterisation of diffuse abelian algebras is given, and
the chapter ends with a brief discussion of hyperfiniteness. The fundamental
work of Connes, [36], on this topic is summarised without proofs.

The following chapter is devoted to the basic construction. This is an alge-
bra (N,ep) which arises from a von Neumann subalgebra B of a finite factor
N. It is of fundamental importance in the theory of subfactors and also in per-
turbation theory. A detailed exposition of its properties is given, including the
construction of its canonical semifinite trace (see also Appendix C for a different
approach to this construction). Some simple examples are included.

Chapters 5, 6 and 8 deal with various technical issues. The first of these
concerns the basic operators of von Neumann algebra theory—the unitaries,
projections and partial isometries. Various approximation results are proved,
and several important ||-||2-norm estimates are given, all to be used subsequently.
The next chapter continues in this spirit, and discusses various technical issues
concerning normalising unitaries as well as orthogonality in von Neumann alge-
bras. The background material is rounded out in Chapter 8 by presenting some
estimates for operators in type I, von Neumann algebras. We have avoided
any discussion of direct integrals in these notes, but the material of Chapter 8
is essentially this topic in an embryonic form.

Chapter 7 introduces the Pukédnszky invariant of a masa. At one level, all
masas in separable II; factors are the same since all are isomorphic to L*°[0, 1].
However, this ignores the relationship between a masa A and its containing fac-
tor N, and the invariant Puk(A) addresses this. The masa A and its reflection
JAJ in the commutant combine to generate an abelian algebra whose commu-
tant restricted to L?(IN) © L?(A) decomposes as a direct sum of type I,, von
Neumann algebras for n in the range {1,2,...,00}. Those integers that appear
then constitute Puk(A). There is a discussion of this invariant in the context of
group factors where everything can be related to the group structure, allowing
many examples to be presented. An alternative approach, based on important
work of Tauer, [190], from the 1960s, has enabled White, [207], to show that
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all possible values of Puk(A) can be realised in certain factors including the
hyperfinite one. Space considerations have forced us to omit this work.

The third group of chapters concerns perturbations of masas. This topic
is split between Chapters 9 and 10, the first dealing with basic theory and
second with extensions to general subalgebras. The problem is to consider two
subalgebras A and B of a factor N which are close in an appropriate sense and
then to look for a partial isometry w such that wAw* C B. This creates a
spatial isomorphism between compressions of the two algebras. This theory has
played a decisive role in the resolution of some old questions in von Neumann
algebra theory. We expand on this below.

Chapters 11-16 present various special aspects of masas. The focus of Chap-
ter 11 is the theory of singular masas and we include a discussion of the Lapla-
cian masa in free group factors. Chapter 12 is devoted to the construction of
singular and semiregular masas in all finite factors. Chapter 13 explores the
topic of Cartan masas, which is closely connected to the theory of hyperfinite
subfactors, and there is also a discussion of property I' and its relationship to
masas. Maximally injective masas and subfactors are presented in Chapter 14,
and the subsequent chapter looks at non-separable factors which can arise from
ultrapowers. The last chapter presents some recent work of Shen [171] on singly
generated algebras, a subject which relies heavily on the theory of masas.

The book concludes with three appendices. The first develops the theory
of ultrapowers and includes some further material on property I'. The second
discusses the basic theory of unbounded operators. These types of operators
appear in the perturbations of Chapters 9 and 10, so this appendix covers just
that part of the theory which is used in these applications. The final appendix
gives a second approach to the existence of the trace in the basic construction,
first presented in Chapter 4.

1.2 Further results

There are three major results about masas which we have omitted from this
book, due to the amount of background material that would have been needed
to give a reasonably self-contained account of them.

The first of these is a uniqueness result for Cartan masas in the hyperfinite
factor R. No automorphism of R can satisfy ¢(A) = B when A and B are
masas with distinct Pukénszky invariants, and such pairs do occur. However,
the result of Connes, Feldman and Weiss, [40], for Cartan masas is as follows:

Theorem 1.2.1. Let A and B be Cartan masas in the hyperfinite 11 factor R.
Then there exists an automorphism ¢ of R such that ¢$(A) = B.

The original proof in [40] is in the context of ergodic theory. A more operator-
theoretic proof is presented in [141].

The second theorem answers an old question concerning the existence of
Cartan masas in finite factors. The theory of free probability, [200], was devel-
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oped as part of an investigation of the free group factors. In [199], this was used
by Voiculescu to obtain

Theorem 1.2.2. There do not exist Cartan masas in the free group factors
L(F,), 2 <n < oco.

This settled the existence question for the standard types of masas since it
had been shown earlier by Popa, [139, 140], that singular and semiregular masas
exist in all separable II; factors (see Chapter 12).

The third problem that we wish to mention concerns the fundamental group,
which is a multiplicative subgroup of Rt associated to any II; factor. The
question is whether any subgroup can be the fundamental group of a II; factor.
There had been some partial results that are discussed in Section 16.4, but the
definitive answer was obtained by Popa [149]:

Theorem 1.2.3. If G is a subgroup of RT, then there is a Iy factor N whose
fundamental group in G. If G is countable, then N may be taken to be separable.

The proof depends on Gabariau’s work in ergodic theory [70], as well as the
perturbation results on masas discussed in Chapters 9 and 10.

Many mathematicians have made important contributions to the theory of
masas, but amongst these two names stand out: Jacques Dixmier and Sorin
Popa. This early work on masas in the 1950s is due to Dixmier, who did much
to establish this topic as a viable field of study. Many of the later developments,
in the periods 1980-1985 and from 2000 to the present, are due to Popa and
several of our chapters are drawn substantially from his work. Without the
fundamental contributions of these two researchers, this book could not have
been written.



Chapter 2

Masas in B(H)

2.1 Introduction

Our main objective in this chapter is to describe the maximal abelian self-adjoint
subalgebras (masas) of B(H) in Section 2.3. To avoid technicalities concerning
cardinalities, we will only discuss the case when H is separable. There are two
basic types of masas, discrete and diffuse. For the first, fix an orthonormal basis
{&€n}22, for H and let p,, be the rank one projection onto C¢,, n > 1. Then A,
the von Neumann algebra generated by these projections, is a masa, and has
many minimal projections. For the second type, let L>[0,1] act on L?[0,1] as
multiplication operators. This is a masa, established below, but in contrast to
the first type, it has no minimal projections. Up to unitary equivalence, each
masa in B(H) will be a direct sum of the two types.

In Section 2.4, we discuss masas in type I, von Neumann algebras, where
n € N is arbitrary. These algebras have the form A ® M, for some abelian von
Neumann algebra A, where M,, denotes the algebra of scalar n x n matrices.
Each of these algebras contains an obvious diagonal masa A ® D,,, where D,, is
the algebra of diagonal n x n matrices, and Theorem 2.4.3 establishes that this
is the only masa up to unitary equivalence. We then conclude the chapter by
introducing abelian projections and proving the useful result that they occur in
all masas in finite type I von Neumann algebras.

Before we embark on the study of masas, we recall in Section 2.2 some of
the standard theorems of von Neumann algebra theory. The ones chosen are
those which will be used many times in the succeeding pages of this book.

2.2 Standard theorems

There are many important theorems in operator algebras, but the four that
we recall here are of particular relevance to the topics of these notes. They
can be found in all of the textbooks in this field, and are restated here for the
reader’s convenience (see, for example, the books by Dixmier [48, 49], Kadison

5
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and Ringrose [104, 105], Pedersen [131], Sakai [167] and Takesaki [187]). All are
valid without restriction on the cardinality of the Hilbert space.

If a von Neumann algebra N is represented on a Hilbert space H, then a
net (z,) from N converges strongly to z € N if lim, ||xo,n — zn|l2 = 0 for all
vectors n € H. If, in addition, lim, z}, = «* strongly, then we say that v, — =
*-strongly. These notions are distinct: if v denotes the adjoint of the unilateral
shift operator on ¢2(N), then lim,, ., v"™ = 0 strongly, while this is not so for
powers of v*. Basic functional analysis shows that weak and strong closures of
convex sets coincide, giving a choice of how to state these results.

The first one, due to von Neumann, [201], describes the strong closure of a
*-algebra of operators in purely algebraic terms.

Theorem 2.2.1 (The double commutant theorem). Let A be a *-algebra
of operators on a Hilbert space H and suppose that 1 is in the strong (or weak)
closure of A. Then the strong and weak closures of A are both equal to the
double commutant A”. In particular, A is a von Neumann algebra if and only

if A= A"

The next theorem, due to Dixmier, [46], is a type of averaging result, and
such techniques will appear frequently in these notes, taking various forms. We
let Z denote the centre of a von Neumann algebra N, and the closure of the
convex set below is taken in the norm topology. Another way of describing
the theorem is to say that appropriately chosen convex combinations of unitary
conjugates of any fixed element approach the centre arbitrarily closely. The
simplicity of finite factors is one consequence of this result (see Theorem A.3.2).

Theorem 2.2.2 (The Dixmier approximation theorem). Let N be a
von Neumann algebra with unitary group U(N). For each x € N,

Z Neonv{uzu®*: u € U(N)} # 0.

The third theorem is due to Kaplansky [106]. The most important feature
for us is the norm estimate of the first part, since it is quite possible to have
nets which are unbounded in norm, but nevertheless converge strongly. Our
statement of the result combines the versions of [105, 187].

Theorem 2.2.3 (The Kaplansky density theorem). Let N C B(H) be a
von Neumann algebra and let A be a strongly dense *-subalgebra, not assumed
to be unital.

(i) If x € N, then there exists a net (x,) from A converging *-strongly to x
and satisfying ||zq|| < ||z|| for all a.

(ii) If x € N is self-adjoint then the net in (i) may be chosen with the addi-
tional property that each x, is self-adjoint.

(i) If w € N is a unitary and A is a unital C*-algebra, then there is a net
(uo) of unitaries from A converging *-strongly to u.
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The last of these theorems is due to Tomita and may be found in [105,
Theorem 11.2.16]. It is a consequence of another of Tomita’s theorems, [105,
Theorem 9.2.9], that has played a fundamental role in the modern development
of certain aspects of the theory. The simplicity of its statement is in contrast
to the difficulty of its proof.

Theorem 2.2.4 (Tomita’s commutant theorem). Let M C B(H) and
N C B(K) be von Neumann algebras. Then

(M&N) = M'&N’.

Early in the development of the subject, von Neumann introduced direct
integrals [203] which allowed him to decompose a von Neumann algebra on a
separable Hilbert space into a direct integral over the centre of factors (those
algebras with trivial centre). This focused attention on factors, the prevail-
ing view being that direct integral theory would extend results for factors to
separably acting von Neumann algebras, which is largely correct. Murray and
von Neumann introduced the type classification of factors in their seminal se-
ries of papers [116, 117, 118, 202]. There are algebras of types I, II;, I, and
III. The reader will find the original definitions in [105], which also contains
theorems making these equivalent to the following descriptions. Type I breaks
down further into I,,, n > 1, and type I, and these correspond respectively to
the algebras M, of n x n matrices over C, and to the algebras B(H) of bounded
operators on infinite dimensional Hilbert spaces H, one for each cardinality of
H. The II; factors are those which are infinite dimensional and admit a finite
trace, and are often called finite factors. The I, factors are those which arise
from the tensor product of a type II; with a type I, while any factor which
does not fall into the classes already described is called type III. The origi-
nal definitions also cover algebras with nontrivial centre and the direct integral
theory works well here: a separably acting von Neumann algebra is of type «
precisely when the factors in its direct integral decomposition are all of type «
(o € {1,114, 11, IIT}). The type III algebras play no further role in these notes,
which mainly concern those of type II;. However, various constructions lead to
algebras of types I and I1,,. As we will see, the trace is fundamental for finite
algebras, and we lose this when we move to the other two types. Fortunately,
both have densely defined semifinite traces, and considerable use will be made
of this.

All von Neumann algebras have identity elements, which we usually denote
by 1. We will often need to consider containments B C N of von Neumann
algebras, and we adopt the following convention. We always suppose that the
identities of N and B are equal unless either it is explicitly stated to the
contrary, or it is clearly not the case from the context (e.g. B = pNp for some
projection p € N).
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2.3 DMasas

The material in this section owes much to the presentation of these results to
be found in [104, Chapter 5].

Recall that a vector ¢ is cyclic for a von Neumann algebra N C B(H) if the
subspace N¢ is norm dense in H. We say that £ is separating for N if £ = 0
implies that x = 0 when © € N. The first lemma gives a useful relationship
between cyclic and separating vectors.

Lemma 2.3.1. Let N C B(H) be a von Neumann algebra. Then & € H is
cyclic for N if and only if £ is separating for N'.

Proof. Suppose that £ is cyclic for N, and let 2’ € N’ be such that 2’¢ = 0.
Then
r'zé =z2'¢ =0, z €N, (2.3.1)

and so 2’ = 0 since N¢ is dense in H. Thus ¢ is separating for N'.

Conversely, suppose that £ is separating for N’. Let p € N’ be the projection
onto the norm closed span of N¢. Then p§ = &, so (1 — p)§ = 0. Since £ is
separating, p = 1, which says that & is cyclic for V. O

Both examples of discrete and diffuse masas above have cyclic vectors. In
the first case £ = Y2 | &,/2" is cyclic, while in the second case the constant
function 1 is cyclic for L*>°[0, 1]. The situation would change if we allowed non-
separable Hilbert spaces. If S is an uncountable set then ¢°°(S) is a masa when
acting by multiplication on ¢2(S). Any vector in ¢?(S) has only a countable
number of non-zero entries, and thus no cyclic vector can exist. The obstruc-
tions, of course, are the cardinality S and the resulting dimension of ¢2(S).

Lemma 2.3.2. Let A C B(H) be a masa, where H is a separable Hilbert space.
Then there is a vector & € H which is both cyclic and separating for A.

Proof. By Zorn’s lemma, choose a maximal set {&,}>2; of non-zero vectors
such that the subspaces AE,, n > 1, are pairwise orthogonal. The separability
of H allows us to enumerate this set. If n # 0 was orthogonal to all of these
subspaces then A7 would be orthogonal to each A&, contradicting maximality.
Thus H = .-, AS,. Let p, be the projection onto AE,, n > 1. Then
Po € A= A Let € = 500, 0/(27|€nll2) € H. Then &, = (2%} ll2pn)(€), s0
& € A&, n > 1. 1t then follows that A&, C A, n > 1, and so £ is cyclic for A.
By Lemma 2.3.1, £ is separating for A’, which equals A. O

We now establish a converse to this result, by showing that any abelian von
Neumann algebra on a separable Hilbert space which has a cyclic vector must
be a masa. This then proves that the example L*°[0, 1] above is indeed a masa
on L?[0,1]. We will require a preliminary lemma concerning tracial vectors. A
vector £ € H is said to be tracial for a von Neumann algebra N C B(H) if

(zy€, &) = (wag, &), myeN. (2.3.2)

Note that if NV is abelian then any vector is tracial for N.
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Lemma 2.3.3. Let N C B(H) be a von Neumann algebra with a tracial cyclic
and separating vector &. Then there is a conjugate linear isometry J: H — H
with the following properties:

(i) t— Jt*J, t € B(H), defines an anti-isomorphism w: B(H) — B(H);
(ii) m maps N onto N’ and N’ onto N.
Proof. (i) For each x € N,

l2€ )13 = (2€, 2€) = (z*2€, &) = (x2€, &) = |2*¢]3, (2.3.3)

so we may define a conjugate linear isometry J: N& — NE& by J(x€) = z*¢,
x € N. Since £ is cyclic for N, this map extends to H, also denoted J. If we
define 7: B(H) — B(H) by n(t) = Jt*J then, for s,t € B(H),

m(st) = Jt*s*J = Jt*" T Js*J = w(t)m(s), (2.34)
using J? = I. This proves (i).
(ii) Now consider z,y,z € N. We have
(zm(y) — w(y)x)z€ = xJy* Jz€ — Jy*Jxz
=aJy* 2" — Jy 2t a*E
= xzy& — xzy€ = 0. (2.3.5)
Letting z vary over N, we conclude that m(y) commutes with all x € N, so
7(y) € N'. Thus 7 maps N to N'.

Let y € N’ be self-adjoint and choose a sequence {z,}22; € N such that
y& = lim z,&, possible because £ is cyclic for N. Then {z}£}%2 ; is Cauchy,

since x; & = Jx,&, and so this sequence converges to n € H. For z € N,

(Y€ —n, 2€) = lim ((y€, z8) — (23,8, 2€))
= lim ((z7¢,58) — (2"2.6,€))

(

(

278 y€) — (2,276, €))
276, y8) — (276, ng)) = 0, (2.3.6)

. (
= lim (

n—oo
= hm (
where we have used the tracial property of £ and the fact that y is self-adjoint
and commutes with z*. Letting z vary, we conclude that y¢ = n, and so y¢ is
the limit of the sequence {((z, + x5)/2)¢}52,. Replacing x,, by (z, + x5)/2,
we may assume that z,, is self-adjoint. Then

Jyé = lim Jz,& = lim z,€ = y&. (2.3.7)

A general element y € N’ may be written as y = y1 + iy2 with y; and ys self-
adjoint in N’. From (2.3.7), we obtain Jy¢ = y*¢. By Lemma 2.3.1, ¢ is also
cyclic and separating for N', so we may repeat the argument of (2.3.5), this
time with z,y,2 € N’, to conclude that = maps N’ to N. Since 72 = I, it
follows easily that 7 defines an anti-isomorphismof N onto N, proving (ii). O
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Theorem 2.3.4. Let A C B(H) be an abelian von Neumann algebra on a
separable Hilbert space H. Then A is a masa if and only if A has a cyclic
vector.

Proof. We have already shown in Lemma 2.3.2 that if A is a masa then it has a
cyclic vector. To show the converse, suppose that A has a cyclic vector £. Since
A is abelian, we have that A C A’, and ¢ is also cyclic for A’. By Lemma 2.3.1,
£ is separating for A, and it is of course tracial. By Lemma 2.3.3, there is a
surjective anti-isomorphism 7: A — A’, showing that A’ is also abelian. Thus
A’ C (A")Y = A, proving that A = A’. Then A is a masa. O

Our next objective is to give a complete description of masas in B(H). We
have already met two types: L°°[0, 1] acting on L?[0, 1] and the masas of diagonal
operators relative to given orthonormal bases. A general masa will be a direct
sum of the two types (where either type may be missing), and the diagonal
masas are characterised by the cardinality of the orthonormal bases. We call
a masa diffuse (or continuous) if it has no minimal non-zero projections. If
it is generated by its minimal projections then we refer to it as discrete. The
following lemma is valid for all separably acting von Neumann algebras and so
we prove it in full generality, although we only apply it to masas. It will be
useful in describing diffuse masas.

Lemma 2.3.5. Let H be a separable Hilbert space and let N C B(H) be a
von Neumann algebra. Then there is a sequence {p,}52, of projections in N
which generates this von Neumann algebra.

Proof. The spectral theorem allows us to approximate a given self-adjoint oper-
ator by a finite linear combination of its spectral projections, and each operator
is in the span of two self-adjoint ones. Thus we may reduce to showing that N
is generated by a countable set of elements.
Fix a countable dense set of vectors {{;}72, in H. Let n be a fixed integer,
and let
S, ={(x&1,...,x&)T: x €N, |z|| <1} C H™.

Then S,, is separable, and so there is a countable subset F;, of the unit ball
of N such that {(z¢,...,2¢,)7: = € F,} is norm dense in S,. A simple
approximation argument then shows that [ J -, F), is a countable strongly dense
subset of N, and thus generates the von Neumann algebra. O

Lemma 2.3.6. Let A be a diffuse masa in B(H), where H is a separable Hilbert
space. Then A is unitarily equivalent to the masa L>[0,1] in B(L?[0,1]).

Proof. For each \ € [0, 1], define the projection fy € L>°[0, 1] to be x[o,5. Since
the constant function 1 € L?[0, 1] is a cyclic vector for the von Neumann algebra
B generated by these projections, Theorem 2.3.4 shows that B is a masa, and
thus coincides with L*°[0, 1]. We note that the set of f’s is totally ordered and
that fafu = fmin{r,ny- We will construct a set of projections indexed by [0,1]
inside A with similar properties, from which we will obtain the implementing
unitary.
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By Lemma 2.3.5, there is a sequence {g,}52, of projections in A which

generates the masa. We now construct, inductively, finite totally ordered sets
S1 C Sy... of projections in A with g, € span{S,}, guaranteeing that their
union generates A. We let S1 = {0,¢1,1}. Suppose that S,—1 = {e; <
es... < e.} has been constructed. Since e; = 0 and e, = 1, we have that
Gn = Y i—s gn(e;—€i—1), and thus S,, may be constructed by inserting the projec-
tion e;—1+9gn(e; —e;—1) between e;_; and e;, for 2 < i < r. Then g,, € span{S,}
because it may be expressed as > :_,((ei—1 + gn(e; —€i—1)) — €;_1). Now let S
be the set of projections in A either of the form A{p € F} or V{p € F'}, where
F' is an arbitrary subset of Uf;l S,. By taking one point subsets, we have that
S contains this union. We now show comparability of any two projections in S.

If A{p € F1} does not lie below A{p € F>}, then there exists a non-zero
vector n € H such that A{p € Fi}n = n and A{p € Fy}n = 0, since these
projections commute. Then there exists pg € Fy with ||pon|l2 < ||n]l2, so po < p
for p € F) since the opposite inequality cannot hold. It follows that A{p € F5}
lies below A{p € F1}, and any two projections of this type are comparable. The
same is true for two suprema, by taking complements. Consider now A{p € F;}
and V{p € Fy}. If the first does not lie below the second then there is a non-zero
vector 7 such that A{p € Fi}n=mnand V{p € F3}n=0. Then p > g forp € F}
and ¢ € Fy, showing that A{p € Fy} dominates V{p € F3}. We conclude that
S is totally ordered.

Since A is a masa, Lemma 2.3.2 gives a cyclic and separating vector £, which
we may normalise so that ||{||2 = 1. Define ¢: S — [0, 1] by

o(p) = (€, €) = IIptll3, pes. (2.3.8)

If p1,p2 € S then without loss of generality p; < po, so

d(p2) — ¢(p1) = ((p2 — P1)& &) = || (p2 — p1)€][3. (2.3.9)

Thus ¢ is order preserving and injective since £ is separating. Any projection
of the form V{p € F} is the supremum of an increasing sequence of projections
as follows: enumerate F as F' = {p1, p2, ...} and let p; = max{p1,...,p;}. Then
V{p € F} = V{p;: i > 1}, showing that V{p € F'} is the supremum of an
increasing sequence of projections. A similar result holds for infima, and thus
the range of ¢ is a closed subset of [0,1] and is the closure of the range of ¢ when
restricted to | Jo—; Sy, If there is a gap (a,b) in the range of ¢ with projections
p1,p2 € S satisfying ¢(p1) = a, ¢(p2) = b, then we may choose two orthogonal
non-zero projections ¢, g2 € A with ¢ +go = pa —p1, because A has no minimal
projections. Let 7;, i = 1,2, be unit vectors such that ¢;n; = ;. When p € 5,
either pn; = pna = 0 for p < py, or (1 —p)m = (1 —p)ne = 0 for p > po. It
follows that ||zm||2 = ||zn2]|2 for any = € span{S}, and so ¢; is not in the strong
closure which is A. This contradiction shows that the range of ¢ is [0,1], and so
the projections in S may be indexed by [0,1] where py is such that ¢(py) = A,
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A €]0,1]. Then

2 k
= Z OéiC_kj <p)\ip)\_7'€7£>
2

i,7=1

k
Z OéipAif
i=1

k
Z Q;Qj min{)\i, )\]}

ij=1

K 2
=D aifn1] (2.3.10)
=1 2
and so there is a unitary operator u: H — L?[0, 1] defined on a dense subspace
by
k k
u (Z aip)\i§> => aifl. (2.3.11)
i=1 i=1
Then
k k k B
<u*fwz aipa, &, Zﬂjp,t_j§> = @il fu, 1)
i=1 j=1 i,j=1
k —
=) B (papapu, 6 €)
i,j=1

k k
- <p)\ 3 aipa g, Zﬁjpuj§> . (23.12)
i=1 j=1

We conclude that u* fau = px, A € [0,1]. Since these sets of projections have
strongly dense spans in their respective masas, we see that u implements a
spatial isomorphism between A and L°°[0, 1]. O

This lemma constitutes most of the proof of the following theorem which is
the main result of this section.

Theorem 2.3.7. Let H be a separable Hilbert space and let A be a masa in
B(H). Then A is unitarily equivalent to a direct sum of a diagonal masa and
L*>[0,1].

Proof. Let {p;}_;,0 < n < oo, be a maximal set of orthogonal minimal projec-
tions in A, which is necessarily countable since H is separable. Let p = Z?:l Di-
Then A(1—p) is diffuse and so unitarily equivalent to L*°[0, 1] by Lemma 2.3.6,
provided that p # 1. The masa Ap C B(pH) is generated by its minimal projec-
tions, assuming p # 0. Each p; has rank 1, otherwise it would be a sum of two
non-zero projections commuting with A but not lying in A, an impossibility. It
is then clear that Ap is a diagonal masa for a suitably chosen orthonormal basis
for pH of cardinality n. O
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Remark 2.3.8. 1t seems difficult to simplify substantially the argument of Lemma
2.3.6, even in concrete cases. Consider, for example, the masa

L>=([0,1] x [0,1]) € B(L*([0,1] x [0,1])).

2.4 Masas in type I, algebras

In this section we consider type I,, von Neumann algebras. These have the form
A®M,,, where A is an abelian von Neumann algebra and M,, denotes the n x n
matrices. The diagonal subalgebra ID,, C M, leads to a masa AQD,, in AQM,,,
and our objective is to show that, up to unitary conjugation, this is the only
masa in the latter algebra. More sophisticated results on diagonalising matrices
over general von Neumann algebras may be found in [99, 100]. We will need
two preliminary results, one on the structure of abelian von Neumann algebras
A, and one on the equivalence of close projections. We return to the second of
these in Lemma 5.2.10 where we also give some norm estimates. The first is
standard in the theory of abelian von Neumann algebras: A is isomorphic to
C(9), the algebra of continuous functions on a compact Hausdorff space Q which
is hyperstonean. We prove only that 2 is stonean, meaning that the closure of
any open set in ) is again open, since this is sufficient for our needs. The full
result can be found in [104, Chapter 5]. Note that we place no restriction on
the cardinality of A, so that these results are valid in full generality.

Lemma 2.4.1. If A is an abelian von Neumann algebra with carrier space 2,
then Q is stonean.

Proof. Let U C Q be a non-empty open set. The result is clear if the closure
U is , so we may assume that the complement U is non-empty. Let J be the
ideal in C(92) of functions which vanish on U¢. Then the weak closure of J has
the form Az for a projection z € C(Q2) corresponding to a clopen set Qg C Q.
For each w € U, Urysohn’s lemma gives a continuous function f € J vanishing
on U€ and satisfying f(w) # 0, and so z(w) # 0. Thus U C Q. Ifw; € U°, then
applying Urysohn’s lemma to {w;} and U gives a continuous function g so that
g(w1) # 0 and g vanishes on U. Thus fg = 0 for all f € J, and so zg = 0. Then
z(wy) = 0, so z vanishes on U . Thus U C Qo C U, showing that U = Qg = Q.
Thus U is open. O

If A is an abelian von Neumann algebra with carrier space €2, then AQM,, is
identified with the algebra C(£2,M,,) of continuous functions on §2 with values
in M,,. The following lemma shows that two close projections in this algebra
are unitarily equivalent, the proof being valid in any von Neumann algebra.

Lemma 2.4.2. Let A be an abelian von Neumann algebra with carrier space 2,
and let p,q € A® M, be projections satisfying ||p — q|| < k for some k € [0,1).
Then there exists a unitary u € A Q@ M, such that u*pu = q.
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Proof. Let © = pg— (1 —p)(1 —¢q). Two simple algebraic calculations show that
pr = pqg = xq, and that 1 — 2 = (2p — 1)(p — ¢). Since 2p — 1 is a unitary,
the latter equation gives ||1 — z|| < k < 1, and so z is invertible. The equation
x*px = x*xq shows that r*x commutes with ¢, and the same is then true for
(z*x)~/2. Let u = z(x*x) /2, a unitary in A ® M,,. Then

—1/2

uq = z(z*z) "V ?q = zq(z*x) = px(z*z) V2% = pu, (2.4.1)

and we reach the conclusion that u*pu = q. L

The following theorem gives the structure of masas in AQM,, for any abelian
von Neumann algebra A. If A happens to have a separable predual, then it is
isomorphic to L (€, 1) for some measure space, and we give a measure-theoretic
proof of the following result for this case in Theorem 8.3.3.

Below we will use the central support (or central carrier) of an element x of
a von Neumann algebra N. This is the smallest central projection z satisfying
zrx = x. In an abelian von Neumann algebra A = C(Q) for a stonean space €,
the central support of a function f is the characteristic function of the closure
of the set {w € Q: f(w) # 0}.

Theorem 2.4.3. Let n € N, let A be an abelian von Neumann algebra, and let
B be a masa in A ® M,,. Then there exists a unitary w € A @ M,, such that
wBw* is the diagonal masa A @ D,,.

Proof. We will prove this by induction on n. The case n =1 is vacuously true,
and so we will assume that the result is true in AQ My, for all 1 < k < n — 1.
We will then complete the inductive step.

Identify A with C(€), where the carrier space 2 is stonean by Lemma 2.4.1.
We then identify A®@M,, with C(Q,M,,), and we let Tr denote the unique trace
on M, such that Tr(I,) = n. For a projection p € C(Q,M,), the function
w — Tr(p(w)) is continuous and yields the rank of the projection p(w) € M. If
we vary p over all projections in B and w over 2, then we may let r denote the
smallest non-zero rank occurring amongst all the projections p(w). Let ¢ € B
be a projection for which this value is taken at some point wy € 2. Then

Qo = {w: [Tr(g(w)) — Tr(g(wo))| < 1}

is an open set containing wg, and is also the set where rank (¢(w)) = 7, so
Qo is a clopen set. The central projection z € A ® M, corresponding to the
characteristic function of Qg lies in B (since B is a masa), and zp # 0 has the
property that the rank of (zp)(w) is always 0 or r. Having found one projection
with this property, Zorn’s lemma allows us to find a family (py)xea of non-zero
projections in B which is maximal with respect to the properties that their
central supports z are pairwise disjoint and that rank (px(w)) is always 0 or r
for all w € Q). Let p € B be the sum of these projections pj.

The z)’s correspond to clopen sets Fy C 2 which are pairwise disjoint. For
each A € A, zyp = py and so rank (p(w)) = r for w € Fy. If F' is the closure of
UxeaF, then F' is clopen and the corresponding central projection z satisfies



2.4. MASAS IN TYPE I, ALGEBRAS 15

pa(l —2) = 0, for all A € A, and thus p(1 — z) = 0. Consequently, z is the
central support of p and rank (p(w)) = r for w € F, and is 0 on the complement.
Cutting by z, we have a masa Bz C Az @ M, & C(F,M,,), and a projection
p € Bz whose pointwise rank is always r. We now show by contradiction that
r = 1, so suppose to the contrary that r > 2. The minimality of r implies that
any projection ¢ € Bz has the property that g(w) is either orthogonal to, or
contains p(w) for each w € F, otherwise the rank of ¢(w)p(w) would lie strictly
between 0 and r for some w € F. Fix wy € F and choose a unit vector 7o in the
range of p(wp). Then let

U={weF:|pwnl >1/2}

be an open set with closure Fp, a clopen set on which ||p(w)no| > 1/2. Then
define a projection py € C(F,M,,) by letting po(w) be the rank one projection
onto Cp(w)ng for w € Fy, and 0 otherwise. Then py < p, and by construction pg
commutes with every projection in Bz, placing it in this algebra. If we extend
the definition of py to £ by letting p(w) = 0 on the complement F¢ of F', then
po € B'N(A®M,) = B, and this contradicts the minimality of ». Thus r = 1.

We now show that F' = 2. If this is not so, then the maximality of (px)xea
implies that either the rank of g(w) is 0 or at least 2 for all projections ¢ € B
and all w € F°. We may then repeat the whole argument to this point for the
masa B(1—2z) C A(1—2) ® M, to derive a contradiction. Thus F' = Q, and we
have a projection p € B such that rank p(w) =1 for all w € Q.

The set of rank 1 projections in M, is compact and so we may fix a finite
e-net {Py,..., Ps} for some € < 1/2. For 1 < k < s, define an open set

O = {w: [[p(w) = Pell < 1/2}.

These sets cover 2, as do their clopen closures Q. Define disjoint clopen subsets
G}, covering ) by G1 = Q1, Go = Q3\ G, . ... Then we may define a continuous
projection-valued function f € C(Q,M,) by f(w) = P for w € Gj (some
Gy’s could be empty and are then ignored). The choice of these projections
ensures that ||[p — f|| < 1/2, and so p and f are unitarily equivalent by a
unitary © € A ® M,,, by Lemma 2.4.2. Since each Py is unitarily equivalent
to the matrix unit F1; € M,, a further unitary conjugation moves p to the
constant function with value Fq1. Thus, up to unitary equivalence, B contains
the projection e € A®M,, whose value is always Ey;. If we consider B(1 —e) C
(1—e)(A®M,,)(1—e) = A®M,,_1, then we may invoke the induction hypothesis
to prove the result. O

Remark 2.4.4. A finite type I von Neumann algebra is a direct sum of algebras
A;®M,,, with n; varying within N and each A; an abelian von Neumann algebra.
By applying Theorem 2.4.3 to each summand, it is easy to see that each masa
in a finite type I von Neumann algebra is unitarily equivalent to a direct sum
of diagonal masas. O

Definition 2.4.5. A projection p in a von Neumann algebra N is called abelian
if pNp is an abelian von Neumann algebra. |
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It is immediate from this definition that the set of abelian projections in
N is closed under unitary conjugation. The principal example of an abelian
projection is a rank one projection p € B(H), since pB(H)p = Cp. Indeed, non-
zero abelian projections can only occur in type I summands of von Neumann

algebras [105, Chapter 6].

Corollary 2.4.6. Fach masa B in a finite type I von Neumann algebra N
contains an abelian projection p whose central support is 1.

Proof. 1t suffices to consider the case where N = A ® M, for an abelian von
Neumann algebra A = C(f2), since in general we may work independently in
each type I, summand. By Theorem 2.4.3, there is a unitary v € N such that
uBu* is the diagonal masa A ® D,,. Let Q € D, be a fixed rank 1 projection,
and let ¢ € A® D, be 1 ® Q, the continuous function on 2 whose value is
constantly (). Then ¢ is abelian in N with central support 1, and the same is
also true for p = u*qu € B. O



Chapter 3

Finite von Neumann
algebras

3.1 Introduction

This chapter is concerned with the basic theory of finite von Neumann algebras,
with an emphasis on those which arise from discrete groups. This is described in
Section 3.2, with the objective of reaching quickly the examples of masas which
we present in Section 3.3. These are based on the work of Dixmier, [47], who
found algebraic conditions on an abelian subgroup H of a discrete group G which
are sufficient to imply that L(H) is a masa in the group von Neumann algebra
L(G), and to determine the type of this masa. We present various matrix groups
which satisfy these conditions and thus obtain examples of singular, Cartan and
semi-regular masas.

Section 3.4 discusses various other ways in which naturally occurring masas
can arise. These are based on tensor products and crossed products, and we give
a detailed construction of a crossed product with two natural Cartan masas. We
also give a brief discussion of free products in which examples of semi-regular
masas are easy to exhibit. In Section 3.5 we prove that all diffuse separable
abelian von Neumann algebras with a faithful normal trace are *-isomorphic to
L]0, 1]. In particular this applies to masas.

Section 3.6 of the chapter returns to the basic theory of general finite von Neu-
mann algebras, and we construct the unique trace preserving conditional expec-
tation onto a subalgebra, which is fundamental throughout these notes. We
also introduce the very useful technique of using elements of minimal norm in
closed convex subsets of Hilbert spaces, a topic that will be revisited several
times subsequently. In Section 3.7, we return to Theorem 3.2.1 in order to give
a proof, based on the results of Section 3.6. We conclude the chapter with a
discussion of hyperfiniteness and various of its equivalent formulations, and we
show that a discrete group G is amenable if and only in L(G) is hyperfinite.

This chapter is not a comprehensive survey of finite algebras, and the topics

17
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have been selected with a view to later developments. We refer to the standard
texts [104, 105, 167, 187, 188, 189] for a more substantial introduction to the
subject.

3.2 Finite algebras

Let N C B(H) be a von Neumann algebra with centre denoted Z. The compar-
ison theory of projections in N was introduced by Murray and von Neumann,
[116], who defined equivalence of projections p and ¢ by requiring the existence
of a partial isometry v € N such that vv* = p and v*v = ¢. In B(H), any two
projections with infinite dimensional ranges are equivalent, and so it is possible
to have equivalent projections p and ¢ such that p < q and p # ¢. The defining
property of a finite von Neumann algebra is to exclude such occurrences: N is
finite if the conclusion p = ¢ results from p < ¢ and p and ¢ equivalent in N.
The simplest examples of finite von Neumann algebras are as follows:

(1) Any abelian von Neumann algebra A. Here, projections are equivalent if
and only if they are equal.

2) The algebras M, of n x n scalar matrices for any integer n > 1.

3) A® M, where A is any abelian von Neumann algebra.

5

(2)

(3)

(4) @y, Ni where each Ny, is finite.

(5) von Neumann algebras arising from discrete groups, discussed below.
(6)

6) The weak closure of an increasing sequence of finite dimensional von Neu-
mann algebras with a corresponding sequence of compatible normalised
traces, defined below. In the case that these are matrix factors, the re-
sulting algebra is the (unique) hyperfinite II; factor, a term that will be

defined and discussed in Section 3.8.

A trace 7 on a von Neumann algebra is a bounded normal positive linear
functional in the predual N, which has the property that 7(zy) = 7(yz) for
all z,y € N. The trace is normalised if 7(1) = 1, and faithful if 7(z*z) = 0
implies that x = 0. If a trace exists then, for any pair of equivalent projections
p and ¢, we necessarily have 7(p) = 7(¢). When H is infinite dimensional, B(H)
contains an infinite set of equivalent orthogonal rank one projections, and so the
only bounded trace on this algebra is 0, although it does have a densely defined
unbounded trace. The situation is different for the first three examples above.
If A is abelian then any 6 € A is a trace, while standard matrix theory gives
a unique normalised trace 7, on M,, defined by

T”L al] -t Zam; a’L] Mn- (321)

These combine to give traces 6 ® 7, on A ® M,.
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One of the fundamental results for finite von Neumann algebras is the ex-
istence of a centre-valued trace. This is a normal positive bounded linear map
Tz: N — Z with the properties

(i

) Tz(xy) =Tz(yx), x,y€N,

(ii) if # > 0 and Tz (z) = 0 then =0,
) T
v)

(iii
(i

The construction of the centre-valued trace may be found in [105, Chapter 8]
where uniqueness is also shown. There is a simple converse to this result. If T,
exists and p and ¢ are equivalent projections with p < ¢ then Tz (p) = Tz(q) by
(i), so p = ¢ by (ii) since g —p > 0 and Tz (¢ —p) = 0. Consequently N is finite.

Once we have developed the theory of conditional expectations in Section 3.5,
we will see in Lemma 3.6.5 and Remark 3.6.6 that this trace coincides with the
expectation Ez onto Z. Moreover, the proof of Lemma 3.6.5 gives a straight-
forward way to construct it.

The composition of any element of Z; with T is a trace on N whenever N is
finite. Varying the choice of linear functional gives a family {7,} of traces on N
that is faithful in the sense that if > 0 and 7, (z) = 0 for all a, then Tz(x) =0
and thus z = 0 by (ii). In general this is all that can be said: ¢°°(S) for an
uncountable set has no single faithful normal trace since any element of the
predual £1(S) has only a countable number of non-zero entries. However, if N is
finite and acts on a separable Hilbert space (equivalent to the norm separability
of N,), then we may choose a countable orthonormal basis {7,}>2; and define
6 € N, by 0(z) => 7, 27"(xnn, M), © € N. The composition § o T is then
a faithful trace on N. A von Neumann algebra with trivial centre is called a
factor, so a finite factor N always has a faithful trace T, independently of the
Hilbert space where it is represented. There are two types of finite factors. On
the one hand we have the factors M,,, n > 1, which are finite dimensional and
are called type I,;; on the other we have the infinite dimensional ones which are
called type II;. These two classes are distinguished by the presence or absence
of minimal non-zero projections.

The main examples of finite von Neumann algebras arise from discrete
groups. Indeed, the question of Murray and von Neumann concerning the exis-
tence of a finite factor which is not a group factor was only settled (positively)
in 1975 by Connes [35]. The method of obtaining a von Neumann algebra from
a discrete group G is as follows. Form the Hilbert space £2(G), which has a nat-
ural orthonormal basis {d5: h € G}, and let G act on the left as permutation
unitaries \g(0y) = dgp, for g,h € G. This is the left regular representation and
L(G) is the von Neumann algebra generated by the operators {\;: g € G}. The
right regular representation is defined similarly by py(05) = dpe-1 for g,h € G,
and these operators generate the right group von Neumann algebra R(G) which
commutes with L(G). The vector functional (-d.,d.) is a trace 7 on both alge-
bras. The following calculation will demonstrate that 7 is faithful on L(G) (a

z(z)=zfor z € Z,
Tz(zx) = 2Tz(z) for x € N and z € Z.
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similar one works for R(G)), showing that both are finite von Neumann algebras.
If z € L(G)* is such that 7(x) = 0, then 2§, = 0. The equation

6, = xpp-10e = pp—12d. =0, h € G, (3.2.2)

shows that = = 0, establishing the faithfulness of 7.

The group G is said to be Infinite Conjugacy Class (1.C.C.) if each conjugacy
class {hgh~': h € G} has infinite cardinality when g # e. The basic properties
of L(G) and R(G) are summarised by the following theorem (see [105, Chapter
6]). We will delay the proof of this result until Section 3.7, since we will need
the material of Section 3.6.

Theorem 3.2.1. (i) L(G) = R(G) and R(G)' = L(G);
(il) L(GQ) and R(G) are factors if and only if G is 1.C.C.

The general vector in £(G) is Y, . @ndp, where >, - lan]* < oo, and so
there is a conjugate linear isometry J: £2(G) — ¢2(G) defined by

J (Z ah6h> = ZoTh(Shfl. (3.2.3)

heG heG

Then
J)\gJéh = Jéghfl = 5hg*1 = P95h7 h €@, (324)

showing that JAyJ = p,. Thus J implements a conjugate linear isomorphism
between L(G) and R(G). This could have been achieved by omitting the con-
jugate in the definition of J, but in the present form it generalises to a finite
von Neumann algebra with a faithful trace, a situation that we will discuss
subsequently.

Suppose that a discrete group G is in its left regular representation on £2(G)
and let H be a subgroup of G. The operators {\y: h € H} generate a von Neu-
mann subalgebra M of L(G), which has ¢>(H) as an invariant subspace. The
projection p onto this subspace lies in M’, so x — xp, * € M, is a normal
representation of M, the image of which is L(H). The vector ¢, is separating
for L(G), and so we see that this representation of M is faithful, allowing us
to identify M with L(H). Subsequently we will regard L(H) as embedded in
L(G) without further comment. It will be helpful later to have a criterion for
determining whether an operator x € L(G) actually lies in L(H), and that is
the purpose of the next lemma. The map E: CG — CH at the level of group
algebras which we now introduce is the motivating example for the conditional
expectations presented later in this chapter. For a finite sum ) agzg9 € CG, let
E(Xaghg) = X cm @ghg- The operators Ay, for ¢ € G\H, map (*(H) into
(*(H)* and thus the operator z = 3" ay), satisfies

lenll = [E(z)n + (I = E)(@)nl] = [E(z)n]| (3.2.5)

for vectors ) € £2(H), using the orthogonality of E(z)n and (I — E)(z)n. Since
the norm of E(z) is determined by vectors in £2(H ), we see that E is a contraction
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on CG C L(G). This map will extend to a normal contraction on L(G) with
range L(H), but just having E defined on CG is sufficient for our immediate
purposes.

Before we discuss group von Neumann algebras and their generalisation to
crossed products, we need to bring to the reader’s attention an error in the
literature. Each 2 € L(G) can be viewed as an element of ¢2(G), and as such
has a Fourier expansion  _, - a,d, where the sum converges in ||-[[2-norm. It is
tempting, but incorrect, to think that this sum will converge either strongly or
weakly to x. A more general series for elements of crossed products is stated to
converge strongly in [187, Proposition V.7.6] and [131, Section 7.11.2], but such
series converge neither strongly nor weakly in general, as an example by Mercer
[115] shows. These remarks account for the rather circuitous proofs given from
here to the end of Section 3.4. Having issued this warning, it should also be said
that assuming strong convergence of such sums (while wrong) is a good guide
to seeing what is true, and to constructing correct proofs.

Lemma 3.2.2. Let H C G be discrete groups.

(i) A uniformly bounded net (o) € L(G) converges strongly to x € L(G) if
and only if lim,, ||(xo — z)d.|| = 0.

(ii) If x € L(G) then = € L(H) if and only if 26, € ¢*(H).

Proof. (i) The forward direction is obvious. Suppose then that z,d. — xd, in
norm. Then

(T —x)0g = (To — x)pg-10e = pg-1(Ta — )0 — 0 (3.2.6)

for g € G. Thus we have strong convergence on a total subset of vectors, and
the uniform bound on ||z, || then implies strong convergence of (z,) to z on all
of 2(G).

(ii) Without loss of generality we may assume that ||z|| = 1. If z € L(H) then it
is clear that xd, € £2(H), so we need only prove the converse. Thus suppose that
26, € (*(H). By the Kaplansky density theorem (Theorem 2.2.3) there exists
anet (z,) € CG, ||zo|| < 1, converging strongly to 2. Then the nets (E(z,,))
and ((I — E)(z,)) are both uniformly bounded. Since xd.,E(z4)d. € ¢*(H)
and (I — E)(z4)d. € (2(H)*, strong convergence of 2,0, to zd. implies that
(I —E)(zq)de — 0. By (i), the net ((I — E)(zo)) converges strongly to 0,
showing that lim, E(x,) = z, strongly. Thus « € L(H) since E(z,) € L(H) for
all a. O

3.3 Examples of masas from groups

In [47], Dixmier identified three types of masas A in a II; factor N based on
the normaliser

N(A) ={ue N: uAu" = u*Au= A, u unitary} (3.3.1)

and the von Neumann algebra N'(A)” which it generates. They are as follows:
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(i) A is singularif N(A)" = A;
(ii) A is regular (nowadays called Cartan) if N'(A)" = N;
(i) A is semi-regular if N'(A)” is a proper subfactor of N.

In this section we will give examples of all three types based on groups and
subgroups. Let us fix a proper inclusion of groups H C G C K, where always
H is abelian and G and K are 1.C.C. Appropriate choices of these groups will
exhibit L(H) as a singular or Cartan masa in L(G), and as a semi-regular masa
in L(K) whose normaliser generates L(G). To achieve this, certain algebraic
conditions must be imposed on the groups and these we now list:

(C1) for each g € G\H, {hgh™': h € H} has infinite cardinality;

(C2) for each finite subset B of G\H, there exists h € H such that bihby ¢ H
for all by,b9 € B;

(C3) if k € K\@ is a fixed element and B is a finite subset of K, then there
exists h € H such that k~*hk ¢ H and, for each b € B, either hbh=' = b
or hbh=! ¢ B;

(C4) if k € K\G is a fixed element and F is a finite subset of K\ H, then there
exists h € H such that k='hk ¢ H and hFh=' N F = ().

Lemma 3.3.1. If H C G satisfies condition (C1) then L(H) is a masa in L(G).
If, in addition, H is a normal subgroup of G, then L(H) is a Cartan masa in

L(G).

Proof. Let z € L(H)'NL(G), and let 20, = 3 agdy where 3 [ag|? < oo.
Then, for each h € H, the relation zhd. = hxd. implies that

D agdgn =D aglng. (3.3.2)

geG geG

Thus the change of variables g — hgh ™! on the left gives

> Ongn-10ng = D tglng, (3.3.3)

geG geG

implying that a,gp-1 = ay for g € G. If there is a go € G\H with ay, # 0 then
{0hgon-1: h € H} is an infinite set of numbers each equal to ay,, making it
impossible for > |og|? to be finite. This implies that a, = 0 for g € G\H,
and z6. € (*(H). By Lemma 3.2.2, x € L(H). Thus L(H) is maximal abelian.
Conversely, if g € G\ H is such that {hgh™': h € H} is finite and {h;gh; *: 1 <
i < n}is a list of the distinct conjugates, then x = Y7 | Angnt € L(H)" and
L(H) is not a masa.

Suppose further that H is normal in G. Then each A\, normalises L(H), and
thus N'(L(H))"” = L(G). This shows that L(H) is Cartan in L(G). O
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Below, we will use the simple fact that if v € L(G) then
|lz6e||? = (x0e, x0.) = T(x*z) = T(zx*) = ||2*5|°. (3.3.4)
Lemma 3.3.2. If H C G satisfies (C2), then L(H) is a singular masa in L(G).

Proof. We begin by showing that (C1) holds, so to obtain a contradiction we
assume that (C2) is true but that (C1) is false. Then there exists go € G\ H
such that

B ={hgoh™': hc H}

is a finite set. If we apply (C2) for this particular B, then there exists hg € H
such that hgoh~‘hokgok™' ¢ H for all h,k € H. But this is false if we take
h = ho and k = e. Thus (C1) follows from (C2).

Since H now satisfies (C1), L(H) is a masa in L(G) by Lemma 3.3.1. Let
u € L(G) be a normalising unitary for L(H). We will use (C2) to deduce
that uw € L(H). By the Kaplansky density theorem, we may choose a sequence
{tn}o2, € span{\;: g € G} with ||t,]| < 1 such that ||(t, — u)de|| — 0. Then,
for each g € G, ||(tn —u)dg|| = ||pg—1 (tn — u)de|| — 0, and so the uniform bound
on |t,|| implies that ¢, — wu strongly. Since we have that ||(¢% — u*)d.|| =
|(tr, — w)de|| by (3.3.4), we also have that ¢} — u* strongly.

For each h € H,

|(w* Apu =t Aptn)de|| = || (u™ — €, ) Anude + 5 Ap(u — t,)de |
< (" = ) Anude|| + [[(w = tn)Sc |
= [[w" A (u = £a)dc || + [|(u = ) dc |
< 2”(” - tn)(SeHa (3'3'5)

and this estimate is independent of h. Since u*\,ué. € ¢2(H), the distance of
the vector t Apt,de from (2(H) is at most 2|(u — t,)de||. Now let n be fixed
but arbitrary. Write ¢, = E(t,,) + (I —E)(t,). There are only a finite number of
terms in (I—E)(¢,), all in G\ H, and so the hypothesis allows us to select h,, € H
such that the product (I —E)(t})An, (I — E)(t,) lies in span{),: g € G\H}.
This is also true of the products E(¢%)An, (I — E)(t,) and (I — E)(¢5)An, E(ty).
Thus E(t%)An, E(t,)de is the nearest point in £2(H) to t} A, tnde. It follows that

IE(E) A, E(tn)de — £, b | < 20l(u = )3 (3.3.6)
and the triangle inequality gives
IEE) A, E(tn)de — u™Ap, udel|| < 4[[(u — t5)dc |- (3.3.7)
Thus ||E(¢,)d.]| — 1, and by orthogonality
I(Z = E)(tn)ell* = lItndell® — |E(tn)de]|* — 0. (3.3.8)

It follows that (I — E)(t,) — 0 strongly, and so E(¢,) — wu strongly, showing
that ud, € (?(H) as required. O
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We can now give examples of singular and Cartan masas, based on Lemmas
3.3.1 and 3.3.2.

Example 3.3.3. Let F' be an infinite field (for example the rationals Q) and
let F* denote the multiplicative group of non-zero elements. Let G denote the

group
a x\ y
{(0 1>.a€F ,xEF} (3.3.9)

under matrix multiplication. In the matrix equation

@G DG )6 ) s

we may vary b and y to conclude that (§{) has infinitely many distinct con-
jugates unless x = 0 and ¢ = 1. Thus G is I.C.C. We may define two abelian
subgroups H; and Hy by

le{@ ”f) xeF}7 HQ:{<8 ?) aeFX}. (3.3.11)

It follows from equation (3.3.10) that H; is normal in G. The same equation
with @ # 1 and b = 1 shows that {hgh~': h € H;} is infinite when g = (§{) €
G\H;. By Lemma 3.3.1, L(H;) is a Cartan masa in L(G). The same conjugacy
class condition is satisfied by Ha, taking x # 0, y = 0 and letting b vary. Thus
L(H;) is a masa in L(G), by Lemma 3.3.1. Lemma 3.3.2 shows that we need
only verify (C2) to show that L(Hs) is a singular masa. Given elements (4 %),
1<i<mn, x; # 0, the product

a; x; b 0 a; T;\ baiaj aibxj—l—xi
(1 0)(0 1)(0 1)=0o 1 (8:3.12)

will always lie outside Hs if b is chosen in the complement of the finite set of
values {—xz;/a;z;: 1 < i,j < n}. Thus H, satisfies (C2), and L(H>) is an
example of a singular masa.

The exact nature of the field F' plays no role in this example. It might appear
that different choices of field would lead to different factors L(G), but this is not
the case. The quotient of G’ by the normal abelian subgroup H; is isomorphic
to the abelian group Hs, making G amenable [127]. Then L(G) is the unique
hyperfinite IT; factor [36] (see Section 3.8). This is most apparent if we start
with a finite field and construct F' as the increasing union of a sequence of finite
extensions. This exhibits L(G) as the weak closure of an ascending sequence of
finite dimensional subalgebras. O

We will now present an example of a semi-regular masa, based on the groups
that we have already discussed. We need the following lemma to verify the
required properties.
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Lemma 3.3.4. Let H C G C K be discrete groups satisfying either condition
(C3) or condition (C4), where G and K are I.C.C. and H ‘s an abelian normal
subgroup of G. Further suppose that condition (C1l) holds for the inclusion
H C K. Then L(H) is a semi-regular masa in L(K) whose normaliser generates

L(G).

Proof. First suppose that (C3) is satisfied. By Lemmas 3.3.1 and 3.3.2, L(H) is
amasa in L(K) and L(G) C N (L(H))". In order to show equality we consider a
normalising unitary u € L(K) and we prove that ud. € £?(G). By Lemma 3.2.2
(ii), this will establish that u € L(G). Let ud. = ), c x axdx, and suppose that
there exists kg € K\G such that oy, # 0. We will show that this is impossible
under the given hypotheses.

Fix an arbitrary e > 0 and choose an element t = > Gx A\ € CG with ||¢]] < 1
and ||(u—t)d.|| < &, possible by the Kaplansky density theorem (Theorem 2.2.3).
For arbitrary elements ki, ks € K, h € H, we have

(" Mt = £ Aty 51y )| = (" = ) A+ A — )3y, 61|
< (i, (u = 31,0+ (£ Mt = )34, 61,)]
<2 (3.3.13)

since the estimate ||(u — t)0k|| = ||pr-1(u — t)d.|| < € holds for any k € K.
Taking k1 = e and noting that u*\,ué. € (2(H), we see that

[(t* Aptde, 61)| < 2e (3.3.14)
for all h € H and k € K\H. Now define a finite set
B = {kok™: B #0}. (3.3.15)

The condition (C3) means that we may choose h € H so that kg *hko ¢ H, and
for each b € B, either hbh™! = b or hbh~! ¢ B. Then

(" At 1) < 2 (3.3.16)

This quantity is | 3 33;] where the sum is taken over group elements such that
Br # 0, B; # 0, and k~'hj = ky ' hko. This is equivalent to kok ™' = hkoj~'h™",
and since the term on the left is in B, this can only hold where kok™! = koj ',

equivalent to k = j. Thus we obtain that |(¢* Aptd,, 5k51hk0>| is a certain sum of
squares containing the term |8, |?, and so |B,|?> < 2. On the other hand

|Oé}90 - 61@0' = |<(u - t)6676k0>| < H(u - t)66|| <g, (3317)

leading to |ag,| < € 4 (2¢)}/2. Since ¢ > 0 was arbitrary, we now have a
contradiction and we obtain u € L(G). Thus N (L(H))" = L(G), and L(H) is
semi-regular.

Now suppose that (C4) is satisfied. The result will follow once we have
shown that this condition implies (C3). Consider a fixed k € K\G and a finite
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subset B of K, and let F' = BN (K\H). By hypothesis, there exists h € H
such that k~'hk ¢ H and hFh™ ' NF = 0. If b € F, then hbh~! ¢ F and it
clearly cannot lie in H, so hbh~! ¢ B. On the other hand, if b € BN H, then
hbh=t = b. These two cases show that (C3) is implied by (C4), completing the
proof. L

In the following example we show that groups satisfying (C1) and (C3) exist,
leading to an example of a semi-regular masa.

Example 3.3.5. As in Example 3.3.3, we let F' be an infinite field and we
define

G:{(g ‘f) aEFX,xeF}, H_{<(1) f) xeF}. (3.3.18)

We regard these as lying in GLs(F), the group of invertible 2 x 2 matrices over
F, whose centre Z is the set of non-zero multiples of the identity. We then
define K to be PGLo(F) = GLo(F')/Z. Since GNZ and H N Z are both trivial,
we also have containments H C G C K. The situation is complicated by the
fact that K is a quotient group while we prefer to work in GLs(F'), so we note
that two matrices A, B € GL2(F) have equal images in K precisely when one
is a scalar multiple of the other.

We first verify that K is I.C.C. Since we have already seen that this is so for
G, it suffices to consider conjugates of an element (¢ %) € GLy(F) with ¢ # 0.
The matrix equation

((1) 91:) (ﬁ Z) ((1) —133) _ (a—i—ccx —ca? +d(d;xa)z+b) (5319)

will produce infinitely many distinct conjugates in GLo(F') as x varies, and since
the (2,1) entry is constantly ¢ # 0, these remain distinct in the quotient K. We
have conjugated by elements of H, and so we have simultaneously verified (C1)
and that K is I.C.C. We now verify (C3).

Let ko € K\G have representative (2 %) € GLy(F) with ¢ # 0. A represen-
tative for kal is ( d 71’). If x # 0, then the equation

—Cc a

(dc _ab> ((1) T) (Ccl Z) - (::H :) (3.3.20)

shows that kg 'hko ¢ H whenever h € H\{e}, and thus the first requirement of
(C3) is automatically satisfied by any element of H other than e. The second
requirement is equivalent to: given distinct k; = (‘Cl g:’_ ), 1 <i < n, there exists
h = (}%) with  # 0 so that hk; = k;jh implies ¢ = j. The equation hk; = kjh

is
a; +cr b +dw (a; ajz+ bj
( Ci di > B (Cj cjz +d; (mod Z). (3.3.21)
Consider first ¢; # 0. Then c¢; # 0. Proportionality of the second rows implies

that c;d; = cicjz + c;dj, and this will never be true if we avoid a finite set of
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values for . Now suppose that ¢; = 0, implying ¢; = 0. Then the four numbers
ai,aj,d;, d; are all non-zero. By scaling the matrix representatives of k; and k;
we may assume that d; = d; = 1, giving the equality

a; CL’-’-bZ o Clj ajx—f—bj
(5 =)= (3 o, aam

in GLy(F). When a; # 1, a further exclusion of a finite number of z-values
will make this fail, while if a; = 1 then we obtain a; = a; and b; = b;, showing
that k; = k;. Thus, by choosing 2 from the complement of a certain finite
set of values, we see that a choice of h is possible for which condition (C3) is
verified. Lemma 3.3.4 then shows that L(H) is a semi-regular masa in L(K)
whose normaliser generates the factor L(G). O

Example 3.3.6. Let F,, be the free group on n generators {g1,...,gn}, n > 2.
Let H be the abelian subgroup generated by g; (or by any other generator).
If w is any word containing at least one of {g2,...,gn} then the elements
{g¥wg*: k> 1} are distinct and so (C1) is satisfied. Thus L(H) is a masa in
L(F,). The absence of relations in F,, means that w;gfw, ¢ H for k sufficiently
large whenever wy,wy € F,\H. Thus (C2) is easily verified, and L(H) gives
another example of a singular masa in the containing group factor. O

Remark 3.3.7. The preceding examples of maximal abelian subgroups have sat-
isfied condition (C1), leading to masas in the containing L(G). However, this
does not always occur. Let S, denote the symmetric group on n letters and
let Seo = U, Sy denote the group of finite permutations of {1,2,3,...}. The
set of transpositions {(2n — 1,2n): n > 1} generates a maximal abelian sub-
group H of S, but the permutation g = (1,2, 3,4) € S has the property that
{hgh™: h € H} is a finite set. Consequently L(H) is not a masa in L(Ss).
Up to renumbering, the maximal abelian subgroups of S, can be described as
follows. Fix integers 1 < n; < ng < ng... and let o, be the cyclic permuta-
tion of {ng_1 +1,...,n,}. Then the subgroup H generated by {o}: k > 1}
is maximal abelian and all such arise in this way. The cyclic permutation of

{1,...,n2} has only finitely many distinct conjugates by elements of H, and so
L(H) is never a masa in L(Ss). These statements are straightforward to verify
and are left to the reader. t

In the next section we will discuss further constructions to obtain masas.

3.4 Tensor products and crossed products

In this section we present some more examples of masas, based on the standard
constructions of tensor products and crossed products. Let My be the 2x 2 scalar
matrices with diagonal masa D, relative to the standard basis of C2. For each
t we let M; denote a copy of My with diagonal masa D;. Then Ry = ®f:1 M;
is identified with M. and has diagonal masa Ay = ®f:1 D;. The embedding
X — (¥ %) places My inside Myx+1, and so | J,»; Ry has a natural trace. The



28 CHAPTER 3. FINITE VON NEUMANN ALGEBRAS

GNS representation leads to a copy of the hyperfinite II; factor R in which the
weak closure A of | J,.~; A is a masa. Since A is normalised by the unitaries in
each A; and by the permutation matrices in each Ry, there are then sufficiently
many normalising unitaries of A to generate R, and thus A is a Cartan masa in
R.

Another set of examples arises from semi-direct products of groups which are
the motivating examples for crossed products of von Neumann algebras. Let H
and K be groups and suppose that a: K — Aut(H) is a group homomorphism.
The semidirect product G = H X, K is the set of formal products hk with
multiplication defined by (hik1)(haka) = (hiag, (ha))(ki1ks). Various algebraic
conditions could be placed on H and K to produce examples of masas; the
following lemma contains the simplest of these. We denote the automorphism
group of any algebraic structure by Aut(-).

Lemma 3.4.1. Let H and K be infinite abelian discrete groups and let a: K —
Aut(H) be a group homomorphism. Further suppose that the equation oy (h) = h
implies either that h = e or that k = e. Then G = H x4, K is .C.C., L(H) is
a Cartan masa in L(G), and L(K) is a singular masa in L(G).

Proof. We first show that G is I.C.C. If h # e then khk™! = ay(h) gives
infinitely many distinct conjugates as k varies over K'\{e} since ag, (h) = ag,(h)
implies that ak;1k2(h) = h so that k; = ko by hypothesis. Now consider an
element hok with k # e. The conjugates by h € H are distinct because this
reduces to the implication that if hhgkh™! = hok then hhoay(h™1) = hg, forcing
ar(h) = h and h = e. Thus every g € G\{e} has infinitely many conjugates
and G is I.C.C. Moreover, the last calculation shows that {hgh~': h € H} is
infinite for each ¢ € G\H, verifying the condition for L(H) to be a masa in
L(G). Since H is a normal subgroup of G, it follows that L(H) is Cartan in
L(G), by Lemma 3.3.1.

If g € G\K then g must have the form g = hoko with hy # e. Then the
conjugates {kgk~': k € K} are all distinct, as we now show. If khokok™! =
hoko then khok~! = hg and so ay(ho) = hg. Since hg # e, the hypothesis forces
k = e. From this, it is easy to deduce that k;lgkfl = k2gk;1 holds precisely
when ki = ko. Thus we have verified the condition for L(K) to be a masa
in L(G). In order to show that L(K) is singular, we will check the validity
of condition (C2). Let {g; = h;k;: 1 < i < n} be a finite set of elements in
G\K, so that h; # e for 1 <4 < n. We must find an element k¥ € K such
that g;kg; ¢ K for 1 < 4,j < n, and this is equivalent to h;ay(ax, (h;)) # e
for 1 < 4,5 < n. For fixed ¢ and j, the hypothesis implies that there can be
at most one k € K such that ax(ay,(h;)) = h;' since ay,(hj) # e. Thus
{k: h;ag(ay,(hj)) = e for some i,j} has cardinality at most n?, and any k
from the complement will satisfy g;kg; ¢ K for 1 <i,j < n. This verifies (C2),
and it follows from Lemma 3.3.2 that L(K) is a singular masa in L(G). O

Example 3.4.2. We construct groups which satisfy the hypothesis of Lemma
3.4.1. Let K be any infinite countable discrete group containing no elements of
finite order other than e (Z is such a group) and let H be the set of functions
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h: K — {£1} such that h(z) = 1 for all but a finite number of x € K. The
group operation on H is the standard multiplication of functions. For each
k € K, we define o, € Aut(H) by ap(h)(z) = h(k~'z), v € K. If h # e then
there exists g € K with h(zg) = —1. If k # e, then the equation ag(h) = h
implies that h(k™xzo) = —1 for all n € Z, which is impossible since h takes the
value —1 only a finite number of times and % has infinite order. We conclude
from the previous lemma that L(H) and L(K) are respectively Cartan and
singular masas in L(H x4 K). O

This example serves as our introduction to crossed products since an action
of K on H induces an action on L(H), and L(H %, K) = L(H) x,, K, once we
have defined the latter crossed product term.

Let M be a von Neumann algebra on a Hilbert space H and let G be a
discrete group with an action a: G — Aut(M). The construction we now
describe is valid for all locally compact groups but the discreteness assumption
avoids discussion of topologies. The crossed product M %, G is generated by
two types of operators, chosen so that the action « is spatially implemented.
The underlying Hilbert space is £2(G, H), the space of functions f: G — H
such that Y [[f(9)]|* < co. For each h € H, the unitary Aj, is defined by

()‘hf)(g) = f(h_lg)’ f € EZ(GvH% g€ G, (341)

while the representation m: M — B(¢*(G, H)) is given by

(r(@)1)(9) = ag 1 (@)(f(9)), w€M, geG, feP(GH). (342)

It is then simple to check that Ap7(z)A\,-1 = w(ap(z)) for x € M and h € G,
and the set of operators {m(z)\n: = € M, h € G} generates the von Neumann
algebra crossed product M x, G. If the action of G is trivial then this reduces
to M®L(G), so the crossed product is a generalised type of tensor product. The
crossed product will not play a prominent role in these notes, and will appear
infrequently. For this reason, we will not develop the theory of crossed products
here but rather refer the reader to [105, Chapter 13] which has a good account
of this construction. Suffice it to say that interesting type II; factors can arise
even from abelian M and G when the action « is complicated. We explore this
in the next example, where the action of Z on the unit circle T by irrational
rotation gives rise to two Cartan masas in the factor L>(T) x,, Z.

Example 3.4.3. Let M = L*(T) acting as multiplication operators m; on
L?(T) (with respect to normalised Lebesgue measure %tr on T) and let § € R\Q
be fixed. We then define an action of Z on L*°(T) by

an(f)(€™) = f(e2miHny e L¥(T), te 0,1, neZ.  (3.4.3)

The crossed product L™ (T) x4 Z is then generated by the operators {n(f): f €
L>(T)} and {\,: n € Z}. This is the weak closure of the C*-algebra generated
by these operators, known as the irrational rotation C*-algebra since Z acts by
irrational rotation. Consider the vector ¢ € ¢?(Z, L*(T)) whose only non-zero
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component is £(0) = 1. Then let 7 be the vector state (-§,¢&). For f € L>(T)
and n € Z,

TAnm(f) = 7(£)An) = T(m(an(f) = f)An)

oo

= > laklan(f) = HEk —n),&(R)) (3.4.4)

k=—o0

and this is always 0 because ag(f) = f, while {(k — n)¢(k) = 0 when n # 0.

Thus 7 defines a normal trace on the crossed product. Since ||£|| = 1, 7 is also
normalised. Now, for f € L°°(T) and k, n € Z,
(T(£)An&) (k) = a—r(f)E(k —n) (3.4.5)

and so 7(f)An€ is the function with values a_,(f) at n and 0 elsewhere. This

shows that £ is a cyclic vector for L*°(T) x,, Z. In order to show that 7 is

faithful, we require that ¢ is separating for L>°(T) %, Z, equivalently cyclic for

the commutant. Thus we need to know some operators in the commutant.
Define a representation o: L°(T) — B(¢%(Z,L?*(T))) by

(a(f)n)(n) = fn(n), fe L>®(T), ne*(Z,L*(T)), n€Z. (3.4.6)
Then, for f,g € L>(T), n € (*(Z, L*(T)) and n € Z,

(@(f)m(g)n)(n) = f(m(g)n)(n) = fon(g)n(n)
= a_n(9)fn(n) = (7(g)o(f)n)(n), (3.4.7)

showing that o(f) commutes with 7(g). Similarly, for k € Z,
(a(fH)Men)(n) = f(Aen)(n) = fn(n — k)
= Xe(a(f)n)(n), (3.4.8)

and o(f) also commutes with each A\;. Thus o(f) € (L>(T) xo Z)" for all
[ e L>(T).
Now define unitaries u,, € B(L?(T)) by

(ung)(e%rit) — g(t,327ri(t‘+n0))7 ge LQ(']D, ne7. (3.4.9)

These spatially implement the action a because

(unmpuyg) (™) = (myu;,g) (™ 1?)
— f(eQTr”L(t+7L9))(ng) (627ri(t+m9))
= (en(f)g) (™), (3.4.10)

for f € L>=(T), g € L*(T). This shows that u,msu} = mg, s for f € L>=(T).
For each n € Z define a unitary v,, € B(¢*(Z, L*(T)) by

(van)(k) =u_nn(k —n),  ne€*(Z,L*(T)), keL. (3.4.11)
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Then

(T (f)v—nn) (k) = u—n(7(f)v—nn(k — n))
= tu—pn 0k (f)(0—nn)(k —n)
= U_pnQn i (f)unn(k)
= a_,(f)n(k) = (=(f)n)(k), (3.4.12)

for n € (*(Z, L*(T)), n,k € Z, f € L°(T). Thus each v,, commutes with each
7(f). For n,r,k € Z and n € ¢*(Z, L*(T)), we have

(A—rvnAen) (k) = (nArn)(k +7) = u_n(Arn(k + 1 — 1))
=u_n(n(k —n)) = van(k). (3.4.13)

Thus each v, also commutes with each A, and so v, € (L*(T) x4 Z)'. Now
vpé(k) = 1 when k = n and is 0 otherwise, so o(f)vn,é(k) = f at k = n and
vanishes elsewhere. Thus £ is cyclic for L™ (T x4, Z)’, separating for L (T X, Z)
(Lemma 2.3.1) , and hence defines a faithful trace on the crossed product.

Now suppose that 71 is another normalised normal trace on L (T)x4Z. The
functions >k # 0, have the property that o, (e?7F1)) = g2mikndo2mikl fo
n € Z. Since A, m(f)AE = m(an(f)), 71 must agree on 7(f) and 7(a,(f)). Thus
71 (m(e?™**)) = 0 for k # 0 and so 7, and 7 agree on 7(L>(T)). If g € L>(T)
then

= 11(e2™ 7 (g) M), (3.4.14)

showing that 71 (7(g)An) = 0 for any n # 0. Thus 7 = 7 and L*™(T x4 Z) is a
factor, since any nontrivial central projection p would give a normalised trace
7(-p)/7(p) different from 7.

We now turn to the question of whether L°°(T) is a masa in the crossed
product, and for this it is convenient to establish an orthonormal basis for
(*(Z, L*(T)). For each p € Z, let e, be the function e?™P!, and for each q € Z
let &, 4 denote the function in ¢2(Z, L*(T)) defined by

~Jep n=gq
Epq(n) = {07 n#q. (3.4.15)

In this notation, the cyclic and separating vector is £y o. Write § for the number
e2™. irrationality of 6 shows that no non-zero power of 3 is ever equal to 1.
The operators that we have already introduced act on the basis {&, 4}y qcz as
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follows. For n,p,q,k € Z,

Vnp,q(k) = u_n(&pq(k —n))
B {u_nep, k=n+gq

0, k#n+gq
_ JB"Pey, k=n+gq
o, k#n+q
= B7"P&, qen(k), (3.4.16)

and so vp&p g = B7"PEp g+n- We also have

o(en)ép,q(k) = {U(en)ep’ k=g

0, k#q
_ Jenin k=g (3.4.17)
0, k#q

and so o(en)&p, = = &ptn,q- Similar calculations show that A\,&p 4 = &p g4n and
T(en)ép,q = B " pin.q-
Now consider an operator y € L*°(T) X, Z which commutes with each 7(ey,).
We wish to show that y = 7(g) for some g € L°°(T), which will prove that
L*°(T) is maximal abelian. Write

Y600 = > palpar D pal® < 0 (3.4.18)
p,q p,q
Then
y7(en)0,0 = Yén,0 = yo(en)o,0
= en 3/50 0 — ZVp,qu—i,-n,q (3419)
p,q

while

7(en)y&o,0 = Z B Yp,q€ptn.g- (3.4.20)

p,q

Comparing these two expressions leads to (1 — 87"%)v, , = 0 for all p,¢,n € Z.
If ¢ # 0 then v, ¢ = 0, and thus y§o,0 = >, Vp,08p,0- Let g =3, vp.0ep € L3(T).
Let F be the set of functions in the unit ball of L?(T) which have finitely many
non-zero coefficients in their Fourier expansions.

If hy,he € F with hy = dpen, ha =Y ene, (finite sums) then

/ghlhg = Z%,oéns’nﬂ,. (3421)
p,n
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On the other hand,

<y Z 5m§m,07 Z 6n§n,0> = <y Z 5m0(e7n)60,0; Z 5n§n,0>

= Zém§n<o(em)y£o,o,§n,0>

= Z 5m§n7p70 <§p+m,07 fn,0>

m,n,p

= 1p.00mEmip- (3.4.22)

m,p

Thus | [ ghiha| < ||ly||. Products of functions from F' are || - ||;-dense in the unit
ball of L!(T), so we conclude that g € L°(T). Since

k=0

7r(g)ﬁo,o(k){g’ k0 (3.4.23)

we have 7(g)&p,0 = Zp 7p,0&p,0- The vector & o is separating for the crossed
product, so this shows that y = 7(g), and that L>°(T) is a masa. It is clearly
a Cartan masa since it is normalised by the unitaries in L*°(T) and by the
operators {\,: n € Z}.

There is another natural Cartan masa B in this crossed product, generated
by {\.: n € Z}. Since ay,(e?™™mt) = e2mimnfe2mimt it follows that B is nor-
malised by each ), as well as each €>™™! and these generate L°°(T) x, Z. It
remains to show that B is a masa. The subspace K = span{&y,: ¢ € Z} is
invariant for B and the restriction gives an isometric representation of B since
the vector & ¢ is separating for B. This identifies B with the masa L(Z) on
(%(Z). If y € L>(T) x4 Z commutes with each \,, then let y&o o = > pg Ypabp.a-
The commutation requirement gives

0= (Any — Yy n)éo,0 = My — yvn)o,0
= (An —vn) Z Vp.a€p.a

p,q

=Y (1= 87" pgbpgrn (3.4.24)

p,q

and so v, = 0 for p # 0 since §"P never equals 1 when n # 0 unless p = 0.
Thus ng,O = Zq 'YO,qfO,q, and

yfo,n = y/\n€0,0 = )\ny§0,0 = Z’YO,qfO,q—Hr (3425)
q

This shows that y leaves invariant the subspace K on which it commutes with
each A, so there exists © € L(Z) such that x = y on K. Since K contains the
separating vector £y o, we conclude that = y, and y € B. Thus B is a masa
as required. O
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Remark 3.4.4. We have chosen to give a detailed exposition of the irrational
rotation algebra to provide some insight into crossed products. If one is prepared
to accept some of the underlying theory of crossed products (see [105, Chapter
13]), then a much shorter proof can be given. The algebra L>°(T), acting on
L?(T) by multiplication, is a masa. Moreover, the Z-action « is implemented
by the unitaries
(wng)(e2™) = (2™ e Z, g e L*(T). (3.4.26)
One checks that L>(T) N w, L>®(T) = {0} for n # 0, (a free action), and that
an(f) = f for all n € Z can only occur when f is a constant function, (an ergodic
action). Then L*°(T) is a masa in the finite factor L*° %, Z by appealing to
the theorems of [105, Chapter 13]. O

Remark 3.4.5. Easy examples of semi-regular masas are available from free
products. A full discussion of the free product M x N of two finite factors would
take us too far afield, so we refer to [15, 200] for the background. If A is a masa
in M, then it remains a masa in M x N, essentially because there are no relations
between elements of M and N. Moreover, its normaliser in the free product is
equal to its normaliser in M, for the same reason (see [62]). Thus Cartan masas
in M give examples of semi-regular masas in M x N, their normalisers generating
the proper subfactor M C M % N. 0

3.5 Diffuse abelian algebras

A von Neumann algebra N is said to be diffuse if there are no non-zero mini-
mal projections in N. A typical example is L>°(X, 1) where the measure p is
nonatomic. Type II; factors have this property, and so do their masas. In The-
orem 3.5.2 we will show that abelian separable diffuse von Neumann algebras
are all x-isomorphic to L*[0,1] by an isomorphism that carries any specified
faithful normal trace to the state fol f(t)dt. When considered in isolation, this
shows that all masas in finite von Neumann algebras are isomorphic, (Corol-
lary 3.5.3), although the previous discussion of types of masas shows that other
considerations can enter the picture when the inclusion A C N is taken into
account.

The first lemma deals with part of the proof of the main theorem of the
section.

Lemma 3.5.1. Let A be a diffuse abelian von Neumann subalgebra in a sep-
arable finite von Neumann algebra N with faithful normal trace v. If F is a
mazimal totally ordered set of projections in A, then {7(f): f € F}=]0,1].

Proof. Let A be in the closure of {7(f): f € F}. Then there is an increasing
or decreasing sequence 7(fy,), with f,, € F, converging to A. Since F is totally
ordered, the sequence (f,,) is an increasing or decreasing sequence of projections
so converges strongly to a projection e € A. Suppose that f, is an increasing
sequence; the decreasing case is similar. If g is in F, then either f,,g = f, for all
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n or there is an N such that f,g = g for all n > N; in the former case eg = e,
in the latter eg = g. Thus the projection e is comparable with all projections in
F so FU{e} is a totally ordered family of projections. By maximality, e € F.
Hence {7(f): f € F} is closed since 7(e) = A by the strong continuity of the
trace. If the set {7(f): f € F} were disconnected by omitting the open interval
(1(g1),7(g2)) with g1 < g in F, then there is a non-zero projection h in A with
h < g2 — g1 and

0 <7(h) <7(g2— g1); (3.5.1)
since A has no minimal projections. Hence
G <gn+h<g (3.5.2)
and
T(91) <7(g1 +h) <7(g2), (3.5.3)
so FU{g1+h} is a totally ordered family of projections in A properly containing
F. The resulting contradiction proves the lemma. O

Theorem 3.5.2. If A is a diffuse separable abelian von Neumann algebra with
faithful normal trace T, then there exists a x-isomorphism 0 from A onto L*°[0, 1]
such that

1
7(z) = /0 O(x)(t) dt (3.5.4)
for all x € A.

Proof. By the separability of the predual of A, there is a sequence P = {p,,: n =
0,1,...} of projections in A such that the algebra By generated by this set of
projections is weakly dense in A. Assume that po = 1. A totally ordered set G
of projections in A will be constructed from P by induction so that the algebras
generated by G and P are equal and G is the image of the dyadic rationals in
[0,1] under an order preserving mapping ¢ — ¢(t). Let ¢(0) =0, ¢(1) = 1 and
q(1/2) = p1. Then
q(0) < ¢q(1/2) < q(1) (3.5.5)

and

Alg{g(j-271): j=0,1,2} = Alg{po, p1}. (3.5.6)
Suppose that the map ¢ from {j27": 0 < j < 2"} into Ap has been defined
such that 0 < j < k < 2™ implies that

q(j-27") <q(k-277) (3.5.7)

and
Alg{g(j-27"): 0<j<2"} =Alg{p;: 0<i<n}. (3.5.8)

The next step in the induction requires the definition of ¢((2j +1)27"~!) which
is done by splitting the difference between the projections ¢((j + 1)27™) and
q(j-27") using py41. Let

a2+ 127" ) =q(j-27"+27"7)
=q(G-27") 4+ pur{a(G+ 127" —q(527™)}  (3.5.9)
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for0<j<n-1.
Then for these values of j,

a2 <q((2j+1) 27 < q((G+1)277) (3.5.10)

so the map ¢ preserves the order. Note that the inductive definition implies
directly that

Alg{g(j-27"1): 0<j< 2"}y CAlg{p;: 0<i<n+1}. (3.5.11)

Observe that the equation

2" —1

pori= Y (@(G+1)27") = gq(G-27")pnsa
=0
2n 1

= (@(@j+1) 27" ) —q(G-27") (3.5.12)

j=0
holds by (3.5.9) so that
Pry1 € Alg{q(j-27""1): 0<j<2ntt) (3.5.13)

and the two algebras in (3.5.11) are equal.

By Zorn’s Lemma, choose a maximal totally ordered set F of projections
in A with G C F. Then Alg(F) D Alg(G) = Alg(P) so that Alg(F) is weakly
dense in A. By Lemma 3.5.1, the trace is an injective order preserving map from
F onto [0,1]. This is the stage at which we move from G with its unusual dyadic
order to the usual order of A. The *-isomorphism 6 is defined from Alg(F) into
L*>[0,1] by

0(f) = Xjo,r (1) (3.5.14)

where X, is the characteristic function of a subset W of [0,1]. Note that 6 is a
x-isomorphism because if fi, fo € F, then

T(f1f2) = min(7(f1), 7(f2)) (3.5.15)

which matches the product of the characteristic functions. Clearly |0z = ||z||
for all z in Alg(F) because the norm in Aj is a C*-algebra norm. The equation

1
/0 0(f)(t)dt = 7(f) (3.5.16)
for all f in F extends by linearity to Alg(F) so
/ o) (t)dt = 7(2) (3.5.17)
0

for all z in Alg(F). Thus [|0(x)[]2 = ||z||2 for all z in Alg(F). Since the |[|-[|-unit
ball of Alg(P) C Alg(F) is dense in the || - [|-unit ball B of A in the || - ||2-norm
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by the Kaplansky density theorem and by the equivalence of the || - ||2-norm and
strong topologies on B, it follows that € extends to a *-homomorphism € from
A into L*[0, 1] with

/01 O(x)(t)dt = 7(x) (3.5.18)

for all  in A. The map @ is surjective because §(Alg F) is strongly dense in
L*[0,1]. This proves the theorem. O

Corollary 3.5.3. Let N be a diffuse separable finite von Neumann algebra with
a faithful normal trace T, and let A be a masa in N. Then A is diffuse and is
x-isomorphic to L0, 1].

Proof. Suppose that A has a minimal non-zero projection p. Then we have
the decomposition A = Cp & A(1 — p). Since N is diffuse, we may choose a
projection ¢ € N such that 0 < ¢ < p. But then g € A’ N N = A, contradicting
the minimality of p. Thus A is diffuse, and the result now follows from Theorem
3.5.2. 0

3.6 Conditional expectations

Throughout this section N will denote a finite von Neumann algebra with a
fixed faithful normal trace 7 and B will denote a von Neumann subalgebra
of N. The inner product (-,-) on L?(N) induced by the trace is defined by
(z,y) = 7(zy*), (z,y € N). Usually an element z € N will be regarded as
being in L?(N) so N C L?(N) as a dense linear subspace in || - ||o-norm. When
convenient to treat N as a separate entity from its image in L?(N), we shall
denote 1 in L?(N) by € and  +— x€ : N — L?(N) as the natural || - ||-isometric
embedding. Throughout these notes we will reserve the letter £ for this purpose.

The elements of NV act naturally by left multiplication on the dense subspace
N¢ with unique bounded extensions to L?(N). When N is represented in this
way, we say that IV is in standard form. This is the most convenient represen-
tation of a finite von Neumann algebra, and there will only be a few occasions
in these notes when we will wish to consider any different representation.

There is another useful space associated to the pair (N, 7). This is L*(N),
defined as follows. The polar decomposition allows us to show that, for any
x € N, 7(Jz|) = sup{|7(zy)|: |ly|| < 1, y € N}, and the latter expression is
easily checked to define a norm on N, written as ||z||;. The completion of N
with this norm is denoted by L'(N). A standard duality argument shows that
the set {0.(y) := 7(zy): z,y € N} of normal linear functionals is norm dense
in N,, and this identifies the predual as L'(N), since ||0,] = 7(|z|). It is also
possible to define the spaces LP(N) for p > 1, but only the cases p = 1 and
p = 2 will concern us subsequently, and we omit further details.

Let J be the extension to L*(N) of the conjugate linear || - ||2-isometry given
by J(z) = 2* (x € N). Then J? = I and J is conjugate linear self-adjoint in
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the sense that

(J&n) = (Jn, &) and  (JE Jn) = (n,&) forall & ne L*(N). (3.6.1)

The operator J is the conjugation operator for N.
Note that if n € L?(N) and x,y € N, then the equations

(JaJn,y) = (n”,y) = (n,yx) and (zn,y) = (n,z7y) (3.6.2)
follow from
(Jadz,y) = (za™,y) = 7(z2*y*) = 7(2(yz)*) = (2, yz) (3.6.3)
and
(xz,y) = T(x2y") = (z,2"y) (3.6.4)
for all z € N.

Lemma 3.6.1. Let N be a finite von Neumann algebra with o fized faithful
normal trace T.

(i) The relation JNJ = N’ holds and the map x — Jz*J : N — N’ is an
anti-isomorphism.

(ii) Ifn € L?(N) and there is a constant k such that |(JxJn, y)| < k||z|]2]|y]l2
forallxz,y € N |, thenn € N.

Proof. (i) By definition of J,
xJyJz = xJyz" = zzy* = J(y(xz2)*) = JyJzxz (3.6.5)
for all z,y,z € N. Hence JNJ C N'.
If¢=1¢€ L3(N), 2’ € N and y € N, then by equation 3.6.1
(J2's,y) = (Jy,2'€) = (y°&,2'§) = (2"y"¢,€)
= (y 2", &) = ("¢, y€) = (2"¢,y) (3.6.6)

so that Jx'€ = z/*£. Since £ is a separating vector for N, it is a cyclic vector
for N’ (Lemma 2.3.1) so N’¢ is dense in L2(N). If 2,4, 2" € N’, then, as in
equation (3.6.5),

2 Ty JZE =2 Ty =22y E = T (2'2))E = Ty T2 ¢ (3.6.7)

so that Jy'J € N = N. Hence JN'J C N so N’ C JNJ proving JNJ = N'.
The anti-isomorphism of 2 +— Jz*J follows from J2 = I and the observation
that « — z* reverses products. Note that JxJ is just right multiplication on N
by x*.

(ii)  The assumed inequality implies that the linear operator ¢ : & — Jaz*Jn :
N — L?(N) extends to an operator in B(L?(N)). If x,y € N , then

(tJyJ)(x) = tlxy™) = Jyz*Jn = JyJ Ja* Jn = (JyJt)(x) (3.6.8)
so that tJyJ = JyJt for all y € N. Hence t € N by (i), and n =t£ € N. O
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Let ep denote the (orthogonal) projection from L?(N) = L?(N,7) onto
L?(B) which is the closure of B in L?(N). The trace preserving conditional
expectation of Eg of N onto B is defined to be the restriction eg|y of eg to N,
which is regarded as an operator from N into N by the following lemma.

As we will see in Lemma 3.6.2, conditional expectations enjoy a special
property called complete positivity, explored first by Stinespring [183] and then
by Arveson [3]. A bounded linear map ¢: A — B between C*-algebras is
positive if ¢(a) > 0 whenever a > 0. For each n > 1, there is an induced map
On = 0 Qidy,: AQM, — B M, and ¢ is completely positive if every ¢, is
positive. The theory of such maps is extensive and may be found in the books
of Effros and Ruan, [66], Paulsen, [128], Pisier, [134, 135], these authors, [172],
and Takesaki, [187] as well as other sources. We mention only two results that
we will use subsequently. If ¢: A — B is a linear map, then we may regard the
range as B(H) by faithfully representing B on a Hilbert space H. A theorem
of Stinespring, [183], characterises completely positive maps as those that have
the form ¢(a) = V*n(a)V for a € A, where m: A — B(K) is a *-representation
of A on a Hilbert space K and V: H — K is a bounded linear operator. There
are two easy consequences of this. The first is that ||¢|| < 1 if and only if V' is
a contraction. The second is the inequality

() ¢(a) < d(a"a), a € A, (3.6.9)

for all completely positive contractions ¢, which uses the Stinespring represen-
tation and the relation VV* < I when ||V| < 1.

When ¢: X — Y is a map between B-bimodules for an algebra B, we say
that ¢ is B-modular if ¢(bixby) = bigp(x)be for all by,by € B and z € X. We
note the important property, expressed in Lemma 3.6.2(ii), that conditional
expectations onto subalgebras B are B-modular.

Lemma 3.6.2. Let N be a finite von Neumann algebra with a fized faithful
normal trace T and let B be a von Neumann subalgebra of N. Then eg and Eg
have the following properties:

(i
(ii

eg|lny = Eg is a norm reducing map from N onto B with Eg(1) = 1;
Eg(bxzc) = bEg(x)c for allxz € N, b,c € B;

(iii) 7(zEp(y)) = 7(Ep(z)Ep(y)) = 7(Ep(z)y) for all z,y € N;
(v

(vi

{eg’ NN =B and B' = (N'U{ep})”;
Eg is a normal completely positive map;

)
)
)
(iv) epreg = Ep(x)eg = egEp(x) for allz € N;
)
)
) egJ =Jep and EgJ = JEp.

(vii

If ¢ : N — B with ¢(bixbs) = b1d(x)be and 7(p(x)) = 7(x) for all z € N and
b1,b2 € B, then ¢ =Eg.
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Proof. (i) If x € N C L?(N) and by,by € B C L%*(B), then the properties
(I —eg)L?(N) L B and BB = B, and equation (3.6.1) imply that
(Jb1Jep(x),ba) = (ep(x)br, bo) = (ep(z), b2b7) = (z,ep(b2b1))

so that

[(JbiJep (@), b2)| = [(eB(x)b1, b2)|
< [Jabill2llb2ll2 < llz[[[[b1]l2[1b2]l2- (3.6.11)
By Lemma 3.6.1 eg(x) € N and |leg(z)|| < ||z|| for all x € N. Hence Ep :=
eg|n : N — N is a well-defined linear operator from N onto B with ]EQB =Epg,
IEg||=1and Eg(1) = 1.
(i) Let p be a projection in B. If z,y € N, then

Ipz + (1= p)ylI*> = [[(pz + (1 = p)y)*(pz + (1 — p)y)||
= [lz"px +y* (1 — p)yl|
< [lz"pz|| + ly* (1 — p)yll
= [lp|” + (1 = p)yl*. (3.6.12)

Since (1 — p)Ep = ((1 — p)Ep)? is norm reducing on N, for each a € R and
r €N,

|
|(1 = p)Ep{pz + (1 — p)Ep(pz)}|?
|

<z + a(1 — p)Eg(px)|?
<lpz|? + (1 = p)Ep(p)|?, (3.6.13)
so that
2+ 1)[|(1 = p)Ep(pz)| < [lpz|>. (3.6.14)

The last inequality holds for all &« € R so that (1 —p)Eg(pz) =0 and Eg(pz) =
pEp(px). Replacing p by 1 — p yields

Ep((1—p)z) = (1 —pEs((1—p)z) = Ep(z) — pEp(x) — Ep(pr) + pEs(pr)
(3.6.15)
so that Eg(pz) = pEg(z). Since B is the closed linear span of its projections,

Egp(bz) = bEp(z) (3.6.16)

for all z € N and b € B.

For each state ¢ on N, ¢Ep is a state on N, so is positive. Hence Ep is
a positive operator and so self-adjoint. Taking the adjoint of equation (3.6.16)
shows that Ep(zb) = Ep(x)b for all x € N and all b € B.
(iii)  This is the standard equality

(z,Ep(y)) = (Ep(z),Ep(y)) = (Ep(x),y) (3.6.17)
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for projections on a Hilbert space.
(iv) Ifz,y € N, then

(epzep —Ep(x)ep)(y) = eprepy — Ep(x)epy
= ep(zEp(y)) — Ep(2)Ep(y)
=Ep(zEp(y)) —Ep(z)Ep(y) =0 (3.6.18)

by (ii) and Eg = eg|y. Since N is dense in L*(N), egzep = Ep(z)ep and
conjugating gives the other equality of (iv).

(v) By (@v), BC{eg} NN. Ifz € {eg} NN, then (x — Ep(z)){ = ep(x —
Ep(x))egé = 0 so that x — Eg(x) = 0 since £ is a separating vector for N.

(vi)  The inequality

[7(2Ep ()| = [T(Ep(x)y)| < [[Es()[llyll < [lz/lllylly (3.6.19)

for all z,y € N implies that Eg : N — N defines a continuous linear map
(Eg)y : LY(N) — LY(N). Identifying the predual N, of N with L'(V) via the
pairing induced on N x L*(N) by (z,y) — 7(zy) : N x N — C induces a map
(Eg)« : N. — N, with the property ((Eg).)* = Ep, which shows that Ep is a
normal operator on N.

Let n € N, let M,,(N) denote the algebra of n x n matrices over N and let
(Eg), denote the n-fold amplification of Eg. If (x;;) € M, (N) with (z;;) > 0
and (b;) is an n-column matrix from B, then

(Ep)n(xiz) (b)), (b)n = (Ep(xi;))(b;), (bi))n
= Z(}EB(xij),bibp = Z<xij,bib;>
= Z(xij bj, bi) = ((zi;)(bs), (b3))n
>0 (3.6.20)

where (-, -),, is the inner product on the n-fold direct sum of L?(N). Since B is
dense in L?(B) in the || - ||o-norm, it follows that (Eg),(x;;) > 0 so that Ep is
completely positive.
(viil)  The operator Eg = ep|y is self-adjoint and lifting to L?(N) implies that
Jegp =epJ and JEg =EpJ.

Let ¢ be a map from N into B with the required properties. Then

((¢ = Ep)(x)b1, b2) = 7(b3¢(x)b1 — b3Ep(2)b1)
7((¢ — Ep)(b32b1)) =0 (3.6.21)

for all z € N and all by,by € B. This shows that ¢ = Eg. O

Note that ¢ has not been assumed to be linear, or continuous, in the above
lemma.
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Definition 3.6.3. If B is a von Neumann subalgebra of a finite von Neumann
algebra N with (fixed) faithful normal trace 7 the (trace preserving) conditional
expectation Eg from N onto B is defined by Ep = ep|y using Lemma 3.6.2. O

Conditional expectations are always taken to be trace preserving in these
notes.

Remark 3.6.4. (1) In Section 3.2, we introduced the conditional expectation
E of the group algebra CG onto CH for an inclusion H C G of discrete groups.
The unique bounded extension of this map to £?(G) is the projection onto
(?(H), and Lemma 3.6.2 shows that there is also a normal extension of E to the
conditional expectation Ey, gy of L(G) onto L(H).

(2) A useful elementary method of constructing the conditional expectation
Ep from N onto B is to find a natural orthonormal basis in B for L?(B) and
use this to define ep and hence Ep. If B is separable in || - ||o-norm, and (b,,) is
a sequence in B that is an orthonormal basis for L?(B), then

Ep(x) =ep(z) =Y _r(ab;)b, forall ze N. (3.6.22)
The case when B is a finite dimensional abelian self-adjoint subalgebra of N
with minimal projections fi,..., f, gives
Eg(z) = ZT(fj)_lT(fL'fj)fj for all z € N. (3.6.23)
j=1

This has proved to be very useful: see, for example [136, 137, 139, 141].

A von Neumann subalgebra B is called diffuse if it has no minimal projec-
tions. If B is a diffuse abelian von Neumann subalgebra of a separable type
IT; factor N, then (B, 7) is isomorphic to (L>[0,1], [ - dt) (see Theorem 3.5.2).
This implies that there is a Haar unitary u € B, that is, a unitary satisfying
7(u™) = 0 for all n € N and u generates B as a von Neumann algebra. This is
equivalent to {u" : n € Z} being an orthonormal basis for L?(B), and

Ep(z) = Z T(xu™")u" for all z € N. (3.6.24)
neL

This formula has been used recently in [125] and [174].

If B is isomorphic to the algebra M, of n x n matrices over C, then the
conditional expectation onto B is easily written down in terms of matrix units,
for example.

(3)  Properties of orthogonal projections on Hilbert spaces carry over to the
conditional expectations onto subalgebras. For example, if M and N are finite
von Neumann algebras with faithful normal traces 75, and 7, and A C M and
B C N are von Neumann subalgebras, then the equation E gp = E4 ® Ep
follows from e g5 = €4 ® ep when 7y,5x = Tar @ 7yv. This is sometimes useful
with N = M,, = M,,(C) and B = C1 in the standard technique of turning an
equation in n elements into an equation in one matrix element.
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(4) Let G be a discrete subgroup of unitary operators in B generating B by
B = G” and suppose that there is a left invariant mean p on G. Define a map
¢: N — N by

(@(x)C,m) = plg = {gzg™"¢,m)) (3.6.25)
for all z € N and all ¢,n € L?(N) by regarding g — (grg~1(,n) as a function
of g. Clearly ¢ is a || - ||-norm continuous linear operator from N into N (since

¢(x) commutes with N’) with ¢(1) = 1, ||¢]| = 1 and ¢(bjab,) = bj¢(x)bh for
all z € N and all b},b5 € B’ N. The left invariance of p on G implies that

(h ()¢, ) = pg(hgz(hg) = h¢,n) = pglgrg™ " h¢,m) = (d(x)h¢,n)  (3.6.26)

forall h € G, z € N and (,n € L*(N) so that ¢(z) € G’ "N = B'N N. With
& =1¢€ L*(N) gives

T(p(x)) = ($(2)€, &) = pglgrg™ "€ &) = pgr(gzg™") = (). (3.6.27)

Hence ¢ is the unique trace preserving conditional expectation from N onto
B’'N N by Lemma 3.6.2.
(5) Let B be a von Neumann subalgebra of a finite von Neumann algebra N
with a faithful normal trace 7. If p is a projection in B, then the conditional
expectation [E,p, from p/Np onto pBp is the restriction of Eg to pNp. This
follows from Lemma 3.6.2 because Ep is a pBp-module map and 7(Eg(pzp)) =
7(pxp) for all z € N.
(6) If ¢ € B'NN is a projection, then the conditional expectation of ¢Ng onto
qB is given by

E,5(qzq) = ¢qEp(Eg(q) 'qzq), = € N, (3.6.28)

where we will give a suitable interpretation of the second term in (3.6.28). When
Ep(q) has a bounded inverse in B then it is easy to verify that this formula is
correct. However, the inverse may define only an unbounded operator on the
orthogonal complement of the kernel, so the right-hand side of (3.6.28) will be
defined in terms of spectral projections. First observe that Ep(q) lies in the
centre Z(B), since

bEB(q) = EB(bq) = ]EB(qb) = EB(q)b (3629)

for b € B. Let e, € Z(B) be the spectral projection of the positive operator
h = Ep(q) corresponding to the interval [1/n,1] for each n > 1. Then e,h >
en/n, S0 e,h has an inverse b,, in the algebra e, Z(B) for each n > 1. By the
functional calculus, the sequence {b,}52, is increasing. If z € N*t, ||z|| < 1,
then

Ep(bngzq) = bY/*Ep(qrq)bt/? < bY/*Ep(q)b/? = e, (3.6.30)

for n > 1, and so {Ep(bnqrq)}52, is a norm bounded sequence in B for each
2 € N since N is spanned by NT. For any pair of integers r < n, and for
zE€NT,
Ep((bn — br)qzq) = (b, — by )Ep(qzq)
= (b, — b)) ?Eg(qzq) (b, — b,)/? >0, (3.6.31)
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and we conclude that {Eg(b,qzq)}32, converges strongly to an element of B
for each « € N, since the sequence is monotone increasing and norm bounded
for each z € N*. We take Eg(Ep(q) 'gzq) to mean the limit of this sequence
for all x € N.

If we define E(gxq) to be the strong limit of gEg(b,qzq) for x € N, then the
B-modularity of Eg shows that E is ¢ B-modular, and it is an expectation onto
gB. Since

7(E(qzq)) = lim 7(¢Ep(bnqrq))

= lim 7(Eg(q)bnEr(g2q))
= lim 7(e,Ep(qxq)) = 7(qxq), (3.6.32)

n—0o0
we see that E is the unique trace preserving conditional expectation from ¢Ng
onto ¢B. The last equality in (3.6.32) required the observation that, for z € N,

7((1 = en)Ep(gzq)) < 7((1 = en)l|2|[En(q))
< [lzlll(1 = en)Ep(g)l| < [|=]/n, (3.6.33)

so that lim, . 7((1 — e, )Ep(qrq)) = 0 for all x € N. O

In part (4) of this remark, we obtained a conditional expectation from a left
invariant mean on a generating group of unitaries, a special situation that we
cannot expect to always occur. The following technique extends this to general
von Neumann subalgebras B of N using an idea that goes back through the
works of Barry Johnson and M.M. Day to John von Neumann. Erik Christensen
used several versions of this technique in von Neumann algebras, where the
Hilbert space is L2(NN) [24]. An important observation in his proofs is that the
|| - ||2-closure in L2(N) of a || - ||-norm bounded set in N is contained in N. Here
is a result that is used subsequently and is implicit in [24].

Lemma 3.6.5. Let N be a finite von Neumann algebra with o fized faithful
normal trace T and let B be a von Neumann subalgebra of N.

(i) Define a map ¢: N — N by letting ¢(z) be the unique element of minimal
Il - |l2-norm in

Kp(x) =conv’{uzu*: w a unitary in B}. (3.6.34)
Then ¢ = ]EB’ON-
(ii) Ife > 0 and = € N, then there is a unitary u € B such that

2V2||z — Epian (2)||2 < |luz — zul|s +¢. (3.6.35)

Proof. (i) The embedding of N into L?(N) is continuous for the respective
weak topologies, since if 2, — x in the w*-topology of N and n € L?(N) is an
arbitrary vector, then (z,&,n) — (x€,n). Thus the image of any norm closed
ball is convex and weakly compact in the latter space. Hence Kpg(z) is a weakly
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closed convex set, and thus a || - ||2-closed convex set, in L?(N) and N. Then
the element ¢(z) of minimal || - ||-norm in Kp(x) is in N. From this definition
of ¢, the weak continuity of 7 and 7(uxu*) = 7(z) for all unitaries u, it follows
that ||¢(x)| < ||z]| and 7(¢(z)) = 7(z) for all x € N. If v is a unitary in B,
then vKp(x)v* = Kp(x) and the map y — vyv* : N — N is a || - ||2-norm
isometry. The uniqueness of the element of minimal norm in a closed convex
set in a Hilbert space implies that vo(x)v* = ¢(z), and thus ve(z) = ¢(x)v for
all z € N. Hence ¢ : N — B'NN.
If w is a unitary in B’ N N, then

Kp(wz) =wKg(z) and Kpg(zw) = Kp(x)w (3.6.36)

so that
p(wx) =wp(x) and ¢(zw) = ¢(z)w (3.6.37)

for all x € N. Since any von Neumann algebra is the span of its unitaries, the
equalities of (3.6.37) are also valid for all w € B’ N N. These conditions imply
that ¢ = Epnns by the uniqueness in Lemma 3.6.2.

(ii) Suppose that

luz — zul|ls = |luzu™ —z|ls < 8 = 21/2||x —Epnn(@)]2—¢ (3.6.38)

for all unitaries v € B. Let y be in conv{uzu*: u a unitary in B} with y =

m . . . .
> j—1 ajujzuj, where u; are unitaries in B, a; > 0 for 1 < j < m, and

>ty aj = 1. By (3.6.38)

m
2Hx||§ —2ReT(yz™) = 2||CEH§ — 2R6T<Z awxu}%*)

Jj=1

M-

Q; (2Hx||§ — 2Re T(u]xujm*))
1

<.
Il

-

ajllz — u]xu;‘H% < B2 (3.6.39)
1

<.
Il

It follows from (3.6.39) that
2|z — Epnn(2)]3 = 2]|z]3 — 27 (Epnn (2)*)
= 2||z||3 — 2Re T (yz*) + 2Re7((y — ]EB,QN(x))x*)
< 6 + 2l ly - Epow (@) 2 (3.6.40)

By (i), Eg/nn(2) lies in the norm closure of conv{uzu*: wu a unitary in B}, so
we may let y — Ep/ny(z) in Kp(z). Equations (3.6.38) and (3.6.40) yield the
contradiction

2z — Epn (@)} < 6 < 2llx — Egw (@) 3 (3.6.41)

This completes the proof. O
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Remark 3.6.6. If we take B = N in Lemma 3.6.5, then we obtain the conditional
expectation onto the centre Z = N’ N N of N. For a fixed pair of unitaries v
and w in N, averaging uwvwu* over unitaries u is the same (after the change of
variables u — wv*) as averaging (uv*)(vw)(uwv*)* = uwou*, from which we see
that Ez(vw) = Ez(wv). We can then replace the unitaries v and w by arbitrary
elements of N, and this conditional expectation now fulfills all the requirements
to be the centre-valued trace discussed in Section 3.2. (]

There are two cases where the technique of Lemma 3.6.5 is particularly
interesting. If NV is a II; factor and B is a subfactor with B’ N N = Cl1, then
¢(z) = Epan(x) = 7(x)1 for all 2 € N. This was exploited by Popa in [136].
If B is a masa in N, then B’ N = B so that ¢ = Ep.

Remark 3.6.7. Let N be a finite von Neumann algebra with a faithful normal
trace 7 and let B be a finite dimensional abelian von Neumann subalgebra of
N with minimal projections f1,---, f,. Then

B'NN = ijxfj:xeN and
j=1
Epnn(z) =Y fjof; forall zeN. (3.6.42)
j=1

Ifz € BNN, then z = E?Zl fix = Z?Zl fjzf;, and conversely this equation
implies that ¢ € B'NN. If ¢ : N — N is defined by ¢(x) = Z;;l fijzf; for
all x € N, then 7(¢(z)) = 7(z) and ¢(bjxby) = b P(x)by for all x € N and all
by, by € BN N. Thus ¢ = Epqny by Lemma 3.6.2. This formula and the one
for Ep in this case are used in constructive applications of Lemma 3.6.8.

Lemma 3.6.8. Let N be a finite von Neumann algebra with a fized faithful
normal trace T and let A,, be an increasing sequence of von Neumann subalgebras

of N with A the weak closure of UA,,. Then, for all x € N,
(i) limp, oo [Ea, (2) = Ea(z)[]2 = 0;

(ii) limy—oo [[Ear an(z) — Earnn ()2 = 0.

Proof. (i) The || - ||2-norm closure of UA,, is equal to the || - ||s-norm closure of
A, since UA,, is strongly dense in A and |||z = ||z||2 for all x € N, where &
is 1 in L?(N). The following elementary Hilbert space property then proves (i)
since E 4, and E4 are restrictions of Hilbert space projections (e, and e below).
If X; C X5 C .- are closed linear subspaces of a Hilbert space H with norm
II-ll2 » X = (UX,,) ", and e, and e are the (orthogonal) projections from H onto
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X, and X, then for all ( € H
0 = inf{|le — |2 : n € UX,, }
= infinf{lleC —nll2 :n € Xn}
= inf le¢ — enec]l
= lim |le¢ — en]|2, (3.6.43)

since (||e¢ — en(||2) is a decreasing sequence.
(ii) Commutants give

N(AI, NN)=(NA,)NN = (UA,)) NN =A"NN. (3.6.44)

Let 2 € N. Then (Ea ~n ()52, is a bounded sequence in N in || - [[-norm so
has a subnet converging weakly to some y € N; this y is in A’ N N. With this
x and y, Eas nn(y) = y for each n € N, so that

IEa,nn(z) —yll3 = [[Easnn(z — y)l3
=7((@" =y )Earan(z —y)). (3.6.45)

Letting n run over the net for which E 4, nn(2) —y converges weakly to zero im-
plies that (3.6.45) above tends to zero over the net. The nearest point property
of projections ensures that

[Eaynn (2) = Eann (@)ll2 < [Eaynn (@) — yll2 (3.6.46)
tends to 0 as n — oo. ]

The technique above was developed and exploited by S. Popa in the form
of the following corollary on the approximation of a masa by a finite dimen-
sional subalgebra [136, 137, 139, 140, 141]. We will also use it several times
subsequently.

Corollary 3.6.9. Let N be a separable type 11y factor, let (A,,) be an increasing
sequence of finite dimensional abelian *-subalgebras of N and let A be the weak
closure of UA,,.

(i) Then A is a masa in N if, and only if,

IEaran(z) —Ea,(z)[[2 =0 as n—oo forall zeN. (3.6.47)
(i) If A is a masa in N then,
|[Earan(z) —Ea(z)|l2 =0 as n—oo forall x€ N. (3.6.48)

Proof. The algebra A is a masa if, and only if, A = A’ N. Thus Lemma 3.6.8
gives the result directly. O
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3.7 Group von Neumann algebras revisited

In Section 3.2, we stated Theorem 3.2.1 concerning commutants of group von Neu-
mann algebras. With the results of Section 3.6 available, we can now give a
proof.

Theorem 3.7.1 (Theorem 3.2.1). Let G be a discrete group and let L(G) and
R(G) be respectively the left and right group von Neumann algebras on (*(G).

(i) L(G) = R(G) and R(G) = L(G);
(ii) L(G) and R(G) are factors if and only if G is I.C.C.

Proof. (i) Let 7 be the trace (-d.,d.) on L(G). Then the representations of
L(G) on £*(@) and on L*(L(G), ) are identical, so the operator .J of Section 3.6
is given by (3.2.3).

If g,h € G, then

JAgJOn = JAgOp—1 = Jogp—1 = Opg—1 = pglp. (3.7.1)

Keeping ¢ fixed and varying h gives JA\;J = py. By Lemma 3.6.1, L(G)" =
JL(G)J, and so L(G)" C R(G). The reverse containment is clear, proving
equality. The second relation follows by taking commutants and applying the
double commutant theorem (Theorem 2.2.1).

(ii) If G is not I.C.C., then there is an element g # e with only finitely many
distinct conjugates which we list as {g1,...,9n}. Let = > | Ay, € L(G). For
each h € H,

AN, =D Angin-1 =1, (3.7.2)
i=1
since conjugation by h permutes the set {g1,...,gn}. Thus z is central in L(G).
Now z # 0 since

T(Aw) =14+ 7(\1,) =1 (3.7.3)
=2

However, 7(x) = 0, and thus = cannot be a scalar, giving a nontrivial central
element. Thus L(G) is not a factor.

Now suppose that G is I.C.C., and that = € L(G) is central. We will show
that z € C1, thus establishing that L(G) is a factor. Let

xde = Z agdg, Z lag|* < 0. (3.7.4)

geG geG
By (i), © commutes with both L(G) and R(G), so for any h € G,

Z g0y = 2de = TARPRIe = AnPrTde

geG
= >\hPh Z agég = Z ozg(5hgh71

geG geG

=Y 110y (3.7.5)

geqG
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Thus oy = ap-14, for all g,h € G. The I1.C.C. hypothesis then forces ay; = 0
for g # e, otherwise the ay’s would not be square summable. Thus zé. =
. Since 4. is separating for L(G), being cyclic for the commutant R(G), we
conclude that = = a,1 and that L(G) is a factor. This proof applies equally to
R(G). O

3.8 Hyperfiniteness

A von Neumann algebra is hyperfinite if it can be expressed as the weak clo-
sure of an ascending net of finite dimensional subalgebras. In the case of a
separably acting factor, this can be taken to be an ascending sequence of finite
dimensional subfactors. The simplest example is B(¢?(N)), where the oper-
ators are viewed as infinite matrices. The matrix algebras Ms» embed into
B(f*(N)) by repeating each matrix infinitely often down the diagonal, and the
weak density of their union is easy to verify. In the IIy case, |J,—; Ma» has a
natural trace, and the weak closure of the GNS representation with respect to
this trace 7 gives an example of a hyperfinite II; factor. This is also the case
for any sequence M,,, C M, C ..., where n; divides n;;+;, and the resulting
II; factors were studied in the original papers of Murray and von Neumann,
[116, 117, 118, 202], who showed that they were all isomorphic (although this
is far from true for the C*-algebras obtained by taking norm closures [82]).
Remarkably, hyperfiniteness is equivalent to several other apparently unrelated
notions, as we now describe.

In [3], Arveson showed that there is a Hahn—Banach theorem for completely
positive maps into B(H). If E C F are self-adjoint unital subspaces of a
C*-algebra A, then each completely positive map ¢: E — B(H) has a com-
pletely positive extension ¢: F' — B(H) of the same norm. Then we say that
B(H) is injective, and more generally a C*-algebra B C B(H) is injective if
it has this extension property for completely positive maps into B. Any norm
one completely positive extension ¢: B(H) — B of the identity map on B
gives a conditional expectation of B(H) onto B. On the other hand, if such a
conditional expectation E: B(H) — B exists, then B is injective because any
completely positive map into B can first be extended to a map into B(H) and
then composed with E. This gives a useful characterisation of injective C*-
algebras B C B(H) as those for which a conditional expectation E: B(H) — B
exists.

An older concept is that of Property P for a von Neumann algebra N C
B(H), defined by the requirement that

conv” {utu®: u unitary in N} N N’ # ()

for all t € B(H) [168]. Each hyperfinite von Neumann algebra is generated by
an amenable group G of unitaries composed of the finite groups which generate
the constituent matrix subalgebras. The invariant mean can then be used to
show that Property P follows from hyperfiniteness. A derivation §: N — X
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into a dual Banach bimodule X is a linear map satisfying the relation
d(ab) = ad(b) + é(a)b, a,be N. (3.8.1)

If x € X is a fixed element, then §(a) = ax — xa defines an inner derivation on
N. We say that N is amenable if every derivation of N into any such bimodule
X is inner.

The concept of semidiscreteness is defined by the requirement that the iden-
tity map on NN is the limit in the point weak topology of a net of finite rank
normal unital completely positive maps ¢o: N — N. We also need to mention
briefly the minimal tensor product norm on the algebraic tensor product of two
C*-algebras A C B(H) and B C B(K). This is defined by using the norm
induced by allowing elements of A ® B to act as operators on the Hibert space
H ®5 K. The completion in this norm is denoted A ®,in B, and we refer to [187]
for more details, including the independence from the Hilbert spaces on which
A and B act. We are now ready to state the extraordinary theorem which ties
together all of the quantities that we have just defined. It is primarily due to
Connes [36], but with major contributions from [18, 19, 65, 205].

Theorem 3.8.1. Let N C B(H) be a von Neumann algebra. The following
conditions are equivalent:

(i) N is hyperfinite;
(ii) N is injective;

)
)
(iii) N is semidiscrete;
(iv) N is amenable;
(v) N has Property P;
(vi) The map v ®a' — xz': N®@ N' — B(H) extends to a bounded map on
N @min N'.

Later papers, [87, 142], gave some simplifications of parts of the proof, but
it remains an extremely deep and difficult theorem, beyond the scope of these
notes. There is an extended exposition of this theorem in [189, Chapter XVI],
and a nice survey in [38].

There are two immediate consequences of Theorem 3.8.1 that we wish to
record. The first is that there is a unique separable injective II; factor, which
follows from the equivalence of (i) and (ii) and the known uniqueness of such
hyperfinite factors. It is customary to denote this unique factor by R and
we follow this convention subsequently. The second consequence is that a von
Neumann algebra is hyperfinite if and only if its commutant has this property;
this is most easily seen from the symmetric nature of Theorem 3.8.1 (vi).

We conclude this chapter by making the connection between amenable dis-
crete groups and hyperfinite von Neumann algebras, as in [168].
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Theorem 3.8.2. Let G be a discrete group. Then L(G) is hyperfinite if and
only if G is amenable.

Proof. Suppose that G is amenable, and let 1 be a normalised invariant mean
on ¢*°(@G). Fix the natural orthonormal basis {d,: g € G} for £*(G), so that
each g € G is represented in B(¢?(G)) by the unitary \, satisfying A\,(5) = d4n
for h € H. For each t € B(¢%(G)) and vectors 1y, 12 € £2(G), define an operator
E(t) by

(E()m,m2) = plg = AgtAg-111,12)), (3.8.2)

which is well defined since the function g +— (AgtA,-17m1,72) lies in £°(G).
It is clear from the definition that E is a contraction that is the identity on
R(G) = L(G)', the latter equality being Theorem 3.7.1. The invariance of u
allows us to conclude from (3.8.2) that E(t) € L(G)’ for all t € B(£*(G)), and
so [ is a conditional expectation of B(¢?(G)) onto R(G). Thus R(G) and L(G)
are both hyperfinite by Theorem 3.8.1.

Conversely, suppose that L(G) is hyperfinite, and let E: B(¢*(G)) — L(G)
be a conditional expectation. Let 7 be the trace on L(G) defined by the vector
functional (-d.,d.). Each function f € ¢>°(G) defines a bounded multiplication
operator my by m¢(dy) = f(h)dy for h € G. We may then define 1 € (°(G)*
by

u(f) = 1(E(my)),  f € (G, (383)

Left translation of f is accomplished by conjugation of m by Ag4, since
)\gmf)\;(éh) = )\gmf(égflh) = )\g(f(g_lh)(sg—lh) = f(g_lh)éh (3.8.4)

for all h € G. The modular properties of E and the tracial property of 7 then
show that p is a left invariant normalised mean on G, and so G is amenable. [



Chapter 4

The basic construction

4.1 Introduction

In Chapter 3, we discussed the theory of conditional expectations, and we now
apply this to the basic construction, a von Neumann algebra (N, ep) associated
to an inclusion B C N of finite von Neumann algebras where N has a faithful
finite normal trace. Conditional expectations and the basic construction are
the fundamental tools throughout these notes. They form the link between
subalgebras, the trace and the overall structure of the algebra.

In Section 4.2, the basic construction (N, ep) is defined and its properties
are set out in Theorem 4.2.2. Most of these are straightforward to verify, but the
existence of a semifinite normal trace satisfying certain conditions is a delicate
matter and occupies Section 4.3 (see also Appendix C where we give a second
approach to constructing this trace). Such traces are in general unbounded and
only densely defined, causing standard limiting arguments to be inadmissible.
This necessitates a circuitous route to the trace T'r (initially defined on a weakly
dense *-subalgebra) through two other functionals Tr and Tr that we introduce.
Once we have proved the equality of these three terms, the desired properties
of the trace become apparent.

The basic construction has a long history in the works of Skau [179] and
Christensen [24]. More recently it was employed by Jones [94] to launch the
theory of finite index inclusions of subfactors, and has also been applied by re-
searchers in subfactor theory with great success. Although easy to define, it is
a remarkably powerful tool for studying subalgebras of a given finite von Neu-
mann algebra, even in the abelian case. In Section 4.4, we present two examples
to illustrate the theory, the second of which will be useful subsequently. The
underlying philosophy is that knowledge can be gained about B C N by working
in the larger algebra (N,ep) and projecting back into N. There is no condi-
tional expectation down onto N in general, and the substitute for this is the
pull-down map ® onto N, which is usually unbounded and densely defined. Its
properties are discussed in Section 4.5.

92
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In these notes the emphasis is on applications of the basic construction to
other problems in von Neumann algebra theory, and so we do not give an ex-
tensive exposition here of index theory. There are several good sources for this
important topic, for example [83, 97, 95, 144]. However, in Chapter 10, we will
briefly describe those parts of the theory that we will use subsequently.

4.2 Properties

Throughout this chapter, N will be a finite von Neumann algebra with a faithful
normal trace T, represented in standard form on the Hilbert space L?(IN) (see
Section 3.6). Whenever we consider a von Neumann subalgebra, we assume a
common identity element. If this assumption were not in place, then many of
the results below would have significantly different formulations. We begin by
defining the basic construction, a von Neumann algebra associated to an inclu-
sion B C N. This term is often used to refer to the circle of ideas surrounding
this algebra. As we will see, the basic construction gives a very useful setting
in which to study the relationship of B to N and to other subalgebras.

Definition 4.2.1. If B is a von Neumann subalgebra of a finite von Neumann
algebra IV with faithful normal trace 7, the basic construction from the inclusion
B C N is defined to be the von Neumann algebra (N, ep) := (NU{ep})”. Tt is
sometimes denoted (N, B). O

The main properties of the basic construction are summarised in the follow-
ing theorem, which is really the idea behind it. It is essential for the reader
to study the original papers by Christensen [24], Jones [94], Pimsner and Popa
[133], Goodman, Jones and de la Harpe [83] and related works to get an overview
of the basic construction and its properties.

Throughout, Neg N denotes the linear span of the set {zepy : z,y € N}. If
A is a *-subalgebra of (N, ep), then At ={a € A:a>0}.

Theorem 4.2.2. Let B be a von Neumann subalgebra of a finite von Neumann
algebra N with a fized faithful normal trace 7. Then (N,eg) is a semifinite
von Neumann algebra with a faithful semifinite normal trace Tr satisfying the
following properties:

(i) (N,eg) = JB'J, (N,eg) = JBJ, and the *-subalgebra NepN is weakly
dense in (N,ep);

(ii) the central support of eg in (N,ep) is 1;
(111) GB<N, €B>€B = BeB;

(iv) egN and Nep are weakly and strongly dense in respectively eg(N,ep)
and (N,eglep;

(v) the map x — xep: N — Nep C (N,ep)ep is injective;

(vi) Tr(zepy) = 7(xy) for all z,y € N;
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(vii) NepN is dense in L2({N,eg),Tr) in || - ||2.7r-norm.

We will prove the first five items of Theorem 4.2.2 in this section. The
construction of the trace T'r requires lengthier arguments and is postponed to
Section 4.3, where the seventh item is also proved (see the remarks preceding
Corollary 4.3.13).

The calculations will take place in a semifinite algebra, since (N, ep) is semifi-
nite because JBJ = (N, ep)’ is a finite von Neumann algebra [105, Chapter 9].
The equation eg(N,eg)ep = Bep = B of part (iii) implies that ep is a finite
projection in (N,ep). It is crucial that Tr(repy) = 7(zy) (z,y € N) defines
a trace on NegN, which lifts to a faithful semifinite normal trace on (N, ep)
with Tr(eg) = 1. Many of the results derived from the basic construction rely
on this relationship between Tr and 7.

The proof of this theorem will be contained in a number of lemmas, which
also lay the foundation for the pull-down map and other results. The first of
these, Lemma 4.2.3, deals with N, eg and their related algebraic properties,
and proves (i)—(v) of Theorem 4.2.2. Corollary 4.2.4 gives analogous results for
N’ and eg.

Throughout this section let B be a von Neumann subalgebra of a finite von
Neumann algebra N with a fixed faithful normal trace 7.

Lemma 4.2.3 (Theorem 4.2.2 (i)—(v)). Let B be a von Neumann subalgebra of
a finite von Neumann algebra N with a faithful normal trace T. Then

(i) (N,ep) = JB'J, (N,ep)’ = JBJ, and the *-subalgebra NepN is weakly
dense in (N,eg);

(ii) the central support of eg in (N,epg) is 1;
(iii) ep(N,ep)ep = Bep;

(iv) egN and Nep are weakly and strongly dense in respectively eg(N,ep)
and (N,eg)ep;

(v) the map x — zeg: N — Neg C (N, ep)ep is injective.
Proof. (i) By Lemma 3.6.2 (v), (vii) and Lemma 3.5.1 (i),
JB'J = J(N'U{ep})'J = (JN'J U {Jep})" = (N, ep) (4.2.1)

and JBJ = (N, ep)’ follows from this.
The equation
egrep = Eg(z)ep = egEp(x) (4.2.2)

implies that NegN = span{zepy : z,y € N} is a *-subalgebra of (N, ep),
and is non-unital in general. If e is the projection onto the closed subspace
span{NegN L*(N)} in L?(N), then e = 1 since N¢ C NegN L%(N). If p is
the identity of the weak closure of Neg N, then span{NegN L?(N)} C pL?(N),
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and it follows that p = 1. Thus we may apply the double commutant theorem
(Theorem 2.2.1) to conclude that

(NegN) = {{eg} UNY = (N, ep), (4.2.3)

and that (N,eg) = (NegN)" as required.

(i)  The central support z of a projection p in (N, ep) is the projection from
L?(N) onto the closure of the subspace (N, eg)pL?(N). Thus the central sup-
port of e is 1, since N¢ C (N, ep)epL?(N) and N¢ is dense in L?(N).

(iii) Ifz,y € N, then eg(zepy)ep = Ep(z)Ep(y)ep € Bep. This shows that
egNepNep = Bep. The set {x € (N,ep) : egrep € Beg} is weakly closed
and contains NegN so equals (N, ep) by (i).

(iv) Since (NegN)ep = Nep, with a similar relation for multiplication on
the left by ep, the weak density statement follows from (i). Strong density is a
consequence of the Kaplansky density theorem (Theorem 2.2.3) and the relation
(NegN)" = (N, eg), proved in (i).

(v) Ifz e Nandzep =0, then Eg(z*z)ep = epr*rep =0. Thus Eg(z*x) =
0 and 7(z*z) = 7(Eg(x*x)) = 0, which gives x = 0. O

Note that, by Lemma 4.2.3 (i), (N,ep) is a factor if, and only if, B is a
factor, and that (N, ep) is finite if, and only if, B’ is finite.

The following corollary of Lemma 4.2.3 has N and B replaced by N’ and
JBJ. The corresponding parts are deduced from Lemma 4.2.3 using the equa-
tions JNJ = N’', Jep = epJ and J? = I. Tt will be very useful in our
construction of Tr on (N, eg) in Section 4.3.

Corollary 4.2.4. Let B be a von Neumann subalgebra of a finite von Neumann
algebra N with a fixed faithful normal trace 7. Then
(i) (N',eg) = B’, (N',;eg) = B, and N'egN' is a weakly dense *-subalgebra
of (N',ep);

(ii) the central support of ep in (N’ eg) is 1;
(111) 63<NI,€B>€B = JBJeB;

(iv) egN’ and N'ep are weakly and strongly dense in respectively eg(N', ep)
and (N’ eg)ep;

(v) the map x — xep: N' — N'eg C (N’ ep)ep is injective.

This raises the following question: is the map z — zeg: N — (N,ep)ep
surjective if, and only if, B is of finite index in N? If Nep is norm closed in
(N,ep), then the injective linear map = — zep: N — Nep has a continuous
inverse by the open mapping theorem, so there is a finite k such that ||z| <
kllzeg]l for all x € N. Conversely if this inequality holds then Nep is norm
closed. This inequality is equivalent to

lo*2ll < k*|lepz*zep| = k*||Ep(z"2)en|| = k*|[Ep ()| (4.2.4)
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for all € N. The inequality |ly|| < k||Eg(y)| for all y € N is equivalent to
B being of finite index in N provided that B is a subfactor of a II; factor N by
[133, Theorem 2.22]. The answer to the question is not known in general (see
[133, p. 73]).

Given z € (N, ep), parts (iii) and (v) of Lemma 4.2.3 show that egzep has
the form bep for a unique element b € B. Consequently there is a well-defined
map ¢: (N,ep) — B satisfying the equation egzep = ¢(2)ep.

Corollary 4.2.5. Let B be a von Neumann subalgebra of a finite von Neumann
algebra N with o fized faithful normal trace 7. The map ¢ : (N,eg) — B is
a completely positive unital surjective B-module map whose restriction to N
coincides with Eg.

Proof. The map ¢ is the composition of the following two completely positive
maps: the compression z — epzep (2 € (N, ep)), and the *-isomorphism bep
b (b € B). Since ¢(b) = b for b € B, we see that ¢ is a completely positive
conditional expectation of (N,ep) onto B. The general theory of such maps
[193, 194, 195] yields the B-modularity of ¢, and the equation egrep = Eg(x)ep
for x € N implies that ¢(z) = Eg(x) for such z. O

Remark 4.2.6. The basic construction is related in a nice way to the algebra
giving rise to the Pukénszky invariant for a masa in a separable factor. If B
is a masa in a separable II; factor N, the Pukdnszky invariant Puk(B) of B is
derived from the exact type of the type I von Neumann algebra B’ = (BUJB.J)’
(see Chapter 7). For the masa B,

B =B NJBJ=(Nes)n (N eg)

by Lemma 4.2.3. O

4.3 The trace on (N, ep)

In this section we will construct the trace on (N, ep) and verify its properties,
thus completing the proof of Theorem 4.2.2. This will involve several steps, the
first of which is to define a trace Tr on NegN by the formula

Tr(zepy) = 7(xy), x,y € N. (4.3.1)

The following two lemmas split off the standard parts of the argument used to
deduce properties of this natural trace Tr on NegN. We have anticipated the
future by naming this quantity as T'r, but we will soon have the justification
for this. Lemma 4.3.1 handles the question of whether it is well defined, and
Lemma 4.3.2 establishes the tracial properties of T'r.

We will encounter here unbounded normal weights, and there are two reason-
able definitions of normality. One is that p(supya) = sup p(y.) for increasing
non-negative nets (y,). The other is to require p to be a sum of positive vector
functionals. We will adopt the first of these, which is implied by the second.
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For some years it was an open question as to whether these two possible defini-
tions were equivalent. The positive solution by Haagerup [85] is quite difficult,
so the arguments that we give below have been chosen to minimise the use of
this theorem. This appears only once, in Theorem 4.3.11. In Appendix C, the
reader will find a second and different approach to the existence of T'r.

The construction of the trace on (N, eg) ™' requires some auxiliary functionals
which we now describe. We first define Tr on NegN by (4.3.1), and prove that
this is a trace in Lemma 4.3.2. We then obtain a representation of Tr as a sum
of positive vector functionals in Lemma 4.3.4. The formula given in (4.3.15)
defines a weight Tr on (N,ep)™, but which is not obviously a trace, although
it will prove to be so. In Definition 4.3.6, we introduce a third map Tr; at the
outset this is just a function. Lemmas 4.3.7 and 4.3.8 establish that this is a
normal semifinite trace on (N, eg)™, making use of T'r. It is also shown that
Tr and T agree on their common domain (NegN)*. Theorem 4.3.11 proves
that Tr = Tr, and that Tr is the unique normal weight on (N, eg) which agrees
with Tr on (NegN)™T. It is here that we use Haagerup’s theorem [85].

Lemma 4.3.1 (ii) is important as it permits one to intuitively define natural
linear operators from NegN using operators on IN. Both the semifinite normal
trace Tr (Lemma 4.3.2) and the pull-down map ® of Section 4.5 are examples
of this, with ® being the universal one. The first part of this lemma is needed
in the algebraic definition of T'r; the second gives positivity and is helpful in the
proof of Theorem 4.3.15. The proof of Lemma 4.3.1 (ii) is a standard technique
going back to von Neumann (see [104, Theorem 5.5.4] or [167, p. 50]).

We note that almost all of the subsequent work can be avoided in the case
that B is a factor, due to uniqueness up to scaling of traces on semifinite factors.
The details are contained in Remark 4.3.16.

Lemma 4.3.1. Let B be a von Neumann subalgebra of a finite von Neumann
algebra N with a faithful normal trace T, and let x1,...,Tn,y1,.--,Yn € N.

(i) If Z;’L:I xzjepy; =0, then Z?:l zjy; = 0.

(ii) In M,,(B), consider the two matrices

‘/I;l ... l‘n yl O ... O
X=|0 - 0|, v= 0 -~ 0
0 --- 0 Yo O - 0

Then Z;;l zjepy; = 0 if, and only if, there exists a projection P €
M, (B) such that XP = X and PY = 0.

Proof. (i) If w € N'egN’, then Z;.l:l zjwy; = 0, since xuepvy; = uxrjepy;v
for all u,v € N'. Hence -7, xjwy; = 0 for all w € (N',ep) = (N'egN')" by
Corollary 4.2.4 (i) so that Z;;l z;y; = 0. Alternatively part (i) follows directly
from (ii) since Z?zl x;y; = 0 corresponds to XY = 0.

(ii) Let A=B®CI C M = N ®DM,, with the tensor product trace. The
equation E;’:l xzjepy; = 0, corresponds to XeaqY = 0. From the assumption
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XesY =0,

XGAYY*GAX* = XGAEA(YY*)eAX*
= (XeAEA (YY) (XesEa(YY™)Y2)* =0, (4.3.2)

implying that XeAIEA(YY*)l/2 =0 and XEA(YY* ey = Xe Eao(YY™) =
0. Lemma 4.2.3(v) applied to A in M gives XE4(YY™*) = 0. If L is the
weakly closed left ideal in A generated by E4(YY ™), then XL = 0 and there
is a projection 1 — P in A such that L = (1 — P)A [105, Section 6.8]. Hence
X(1—-P)=0and (1 - P)Y =Y proving the XP = X and PY =0 . The
reverse implication follows from Pey = ey P. O

Since eg (N, ep)ep = Bep from Lemma 4.2.3 (iii), a simple algebraic calcula-
tion shows that ayyas € NegN whenever y € (N,ep) and a; € NegN, i =1,2.
This observation is important in the statement of the next lemma and is also
used in subsequent proofs.

To define and study the canonical trace T'r on (N,ep) and check its prop-
erties we define and introduce two weights 7r and Tr on (N,ep). These two
weights have certain different properties that are easy to check. Here is the
purely algebraic definition of Tr on Neg N that is the motivation and the first
step.

The faithfulness and positivity of Tr could be omitted from the following
lemma as they are both proved by other methods subsequently (see Lemma 4.3.4).
However here is a purely algebraic account of Tr on NegN, whereas the sub-
sequent methods are analytic.

Lemma 4.3.2. Let B be a von Neumann subalgebra of a finite von Neumann
algebra N with a faithful normal trace 7. Then Tr(xzegy) = 7(xy) for all z,y €
N, defines a faithful trace Tr on the *-algebra NegN. Moreover Tr(aya™) > 0
for alla € NegN and y € (N,eg)™.

Proof. The map Tr is well defined on NegN, since 23'1:1 zjepy; = 0 implies
that Z?Zl z;y; = 0 by Lemma 4.3.1 (i). The tracial property follows from the
following calculation. If x1,x2,y1,y2 € N, then

Tr((ziepr2)(yresyz)) = Tr(z1Ep(zay1)epy2) = T(z1Ep(x2y1)y2)
= 7(Eg(y271)z291) = Tr(y1Ep(y271)epr2)
=Tr((yiepy2)(r1€B822)). (4.3.3)

Let ¢ be the completely positive map of Corollary 4.2.5 and satisfying egzep =
¢(z)ep for all z € (N,ep). If x,y € N, a = xzepy and z € (N,eg)™, then

zepyzy epx” = xzepp(yzy®)r™. (4.3.4)
Since ¢(yzy*) > 0,

Tr(aza*) = Tr(zepyzy*epz™) = Tr(zepp(yzy*)z™)
= r(z¢(y2y*)z") = 0. (4.3.5)



4.3. THE TRACE ON (N, ep) 59

The case when a = Z?zl xjzy; with z;,y; € N (1 < j < n) is the same idea
using A=B®RC1ICM=N®M, with y =7®tr, and E4 = Eg ® Ecy,,,
where tr, is the normalised trace on M, and 1,, is its identity (see the proof of
Lemma 4.3.1). Let

xl .. xn yl 0 .. O
X = 0O --- 0 , Y = .0 - 0],
0O --- 0 Yo O -+ 0

and Z = z® I be in M. With this notation

n

Tr(zjepy;zyiency) = Tr(zjepd(y;zyi)w})
1 jk=1

Tr(aza®) =

J

T(xi0(yizyi)wh) = T (Xon(YZY*)X*) 20, (4.3.6)
1

NRNINGE

J

where ¢,, = ¢®1 is the n-fold amplification of ¢ and ¢, (Y ZY™*) > 0 by Corollary
4.2.5.

Let a = Z?Zl zjepy; € NegN with Tr(aa*) = 0. In the calculation above
take z = 1 and Z = 1,, so that YY* € M and ¢,(YY™*) = (Ep),(YY™). By
equation (4.3.6)

Tr(aa*) = T (X (YY) X)) = 7 (X (Ep), (YY) X™) = 0. (4.3.7)

Note that ¢, = (Ep), is distinct from E4. Since (Eg),(YY™*) > 0 and 7y
is a faithful trace on M, we have X(Ep),(YY*)X* = 0. This implies that
(E)n(YY*))/2X* = 0, and hence that (Eg), (YY*)X* = 0. Since X* has
only the first column non-zero, the matrix (Ep), (YY™*)X™ has first column with
ith element

S Es(yy))e =o0. (4.3.8)
j=1

Multiplying by ep in (4.3.8) gives

n

Z epyiy;epr; =0 (4.3.9)
j=1
for all 4, so that
aa* = Z riepyiyjepx; =0, (4.3.10)
ij=1
and a = 0. ]

Observe that the faithful trace Tr defined above is really just defined by
Tr(x) = 7(®(x)) on NepN, where @ is the pull-down map of Section 4.5. No
use of this can be made for extending the trace beyond NegN because defining
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the pull-down map ® on a domain larger than NegN requires T'r to already be
defined there. The first extension of T to (N, ep) from NegN in Lemma 4.3.3
yields a map that has most of the properties we require though not the tracial
property on all of (N, ep) nor uniqueness. These are obtained subsequently.

The following technical result is useful in a subsequent lemma in handling
elements related to N and N’. Note the reversal of v and v* caused by J in the
next lemma.

Lemma 4.3.3. Let B be a von Neumann subalgebra of a finite von Neumann
algebra N with a faithful normal trace T and let € be 1 in L*>(N). Ifv € (N’ ep),
then

(xv*epvyé, &) = (xepyJv*E, Jv*E) (4.3.11)
forall x,y € N.

Proof. By Lemma 4.2.4 (ii), the central support of ep in (N’ jep) is 1. Let
Co = span{N’ep N’} and let C' be the norm closure of the *-algebra Cy. Then
C' is a C*-algebra that is weakly dense in (N’,ep) by Corollary 4.2.4 (i). In
particular, the weak closure of C contains 1. By the Kaplansky density theorem
(Theorem 2.2.3) the unit ball of C, hence of Cy, is *-strongly dense in the unit
ball of (N’,eg). Thus there is a net (v; : j € A) in Cy, with [jv;|| < ||v]
for all j € A, converging *-strongly to v. Hence vjep converges *-strongly to
vep. Since epv; € egCy = egN’ = epJNJ, there is a z; € N such that
epv; = egJz;J for each j. Then lim;epJz;J = epv *-strongly, so Jz;‘JeB
tends strongly to v*ep. Since J is a || - ||2-isometry,

lim |25 — Jv*¢]l2 = lim [|J25€ — v"¢]l2

= lim || Jz} Jep§ — v¥epll2 = 0. (4.3.12)
J

If x,y € N, then
(zv*epvys, &) = (epvy€, epvx™f) = hjr_n(egng,/f7 epv;x*E)
= li;rrl(eBszJyﬁ, epJzJr*E) = 1ijrrl<eBszjJ£, epx*Jz; JE)
= li]m<eByz;, x*z7) = (epyJv*E, " Jv*E)
= (zepyJv*E, Jv*E), (4.3.13)

where we have used JNJ = N’ for the fourth equality, and (4.3.12) for the
penultimate one in this calculation. O

By Corollary 4.2.4 (ii), the central support of e in (N’,ep) is 1 and so there
is a net (v;) in (N’,ep), or sequence in the case N is separable, such that

ZU;@B’U]‘ =1 (4.3.14)
J



4.3. THE TRACE ON (N, ep) 61

We do not have a precise reference for this, so we sketch the argument, valid in
any von Neumann algebra. Let (v;) € (N’,ep) be a maximal set of operators
such that (vjepv;) are orthogonal projections, and let p be their sum. If p # 1,
then the product of the central supports of 1 —p and ep is non-zero and so 1 —p
and ep have equivalent non-zero subprojections p; and ps, by [105, p. 403].
Choose a partial isometry v € (N’ eg) such that v*v = p; and vv* = py. Then
v'ep = v*, and so v*egv = p1 < 1 — p, contradicting the maximality of (v;).
Thus p = 1 as required. .

We will use (4.3.14) to define the map T'r as an extension of T to (N,eg)™.
It will also be defined and agree with Tr on NegN. In the next lemma, Tr seems
to depend on the choice of the v;’s. However, it follows from Theorem 4.3.11
that any net satisfying (4.3.14) will give the same definition of Tr. Here we
make a choice once and stick with it. The symbol Tr for the map below will be
justified later by proving that it is a trace, which agrees with Tr on the common
domain of definition.

Lemma 4.3.4. Let B be a von Neumann subalgebra of a finite von Neumann
algebra N with a faithful normal trace T. Let (v;) be a net in (N',eg) satisfying
equation (4.3.14). Then

Tr(t) =Y (tJviE, Jvi€) for all te (N,ep)* (4.3.15)

J

defines a weight on (N,eg). Moreover, equation (4.3.15) also defines Tr on
NepN, and Tr = Tr on this space.

Proof. Assume that N is separable: if it is not separable, then the index j below
runs over a general net A rather than over N. Let §; = J CHS for all j € N. Then

the defining equation (4.3.15) for Tr becomes

Tr(t) = (t&,&) forall te (Nep)t. (4.3.16)

J

Clearly Tr maps into [0, o0], is additive on (N, eg)™*, commutes with multipli-
cation by positive scalars and is a sum of normal positive linear functionals on
<N, €B>. N

The next equation implies that Tr has the desired value on NegN. If
x, y € N, then by Lemma 4.3.3

T(xy) = (@lys, &) =) (xvjepvyt, &)
;

= (zepyJujE, Juj€) =) (zepyé;, &). (4.3.17)
J

J

This implies that Tr is also defined on Ne BN where it agrees with Tr. [
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The notation §; = Jvj¢ for all j is used from now on so that

Tr(y) = > (y€.&) forall ye (NegN)U (N, ep)?t. (4.3.18)

J

It is not clear that the weight Tr defined above is a trace. The trace Tr will
now be extended from NegN to a faithful semifinite normal trace Tr on (N, ep)
using the observation that NegN(N,ep)NegN = NepN and a supremum

over a suitable set. The two weights Tr and Tr are shown to be equal in
Theorem 4.3.11.

For calculations it is helpful to replace the supremum in Definition 4.3.6 by
a limit over a bounded approximate identity {ky : A € A} in NegN for NegN
and use k) tends strongly to 1. These properties are provided by Lemma 4.3.5
(i); part (ii) gives a modification of the standard C*-algebra proof for showing
that there are always increasing approximate identities. This enables us to see
that the net {ky: A € A} may be chosen to be increasing, although this is not
essential.

Lemma 4.3.5. Let B be a von Neumann subalgebra of a finite von Neumann
algebra N with a faithful normal trace 7.

(i) There is an approzimate identity {kx : A € A} in NegN for the C*-algebra
NepN with 0 < ky and ||kx|| <1 for all X € A. Moreover, kyx — 1 strongly
in (N,ep).

(ii) Let A ={x € NepN : 0 <z, ||z|| < 1} with the order relation < induced
by the C*-algebra NegN. Then A is an increasing net and a bounded
approzimate identity for NegN.

Proof. (i)  The norm closure Neg N of NegN is a C*-algebra that is weakly
dense in (N, ep), by Theorem 4.2.2 (i). Let {a, : v € I'} be an approximate
identity in NegN with ||ay|| <1 for all v € T'. Define a net A = {(y,n) : v €
I', n € N} ordered by (v,n) < (d,m) if, and only if, v < § and n < m. For each
A = (v,n) pick a ky € NegN such that

1
lexll <1, flox —ayll < . (4.3.19)

Then {ky : A € A} is an approximate identity in NegN for NepN, with
kx|l <1 for all A € A. Replacing ky by ((kx + k3)/2)? means that we can also
assume that 0 < k) for all A € A.

The unit ball of the algebra NegN is *-strongly dense in the unit ball of
(N,ep) by the Kaplansky Density Theorem (Theorem 2.2.3), and hence there
is a net {zy : 7 €'} in NegN with ||z,|| <1 for all y € " and z, — 1 strongly
over the net. Givene > 0 and 71,...,n, € L*(N) with |[n;|| <1 for all j, choose
v such that ||z,n; — n;ll2 < /3 for 1 < j < n and then choose Ay such that
lkxzy — 2zy|| < e/3 for all A > Xg. Then

1kxn; — njll2 < k(0 — 24m5) + (kazym; — 24m5) + (2405 — n5)ll2
< 2|[zym; — mjllz + [[kxzy — 24][2 < €. (4.3.20)
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Thus k) tends strongly to 1 over the net.

(ii)  Here we shall show that the standard proof that a C*-algebra has an in-
creasing bounded approximate identity bounded by 1 gives such an approximate
identity in NegN for Neg N, because

(NGBN)NGBN(NGBN) = (N@BN)<N,GB>(N€BN) = NSBN, (4321)

using Theorem 4.2.2.

Ifu € A, then 0 < (1—u) lu = utu(l—u)"tu € NegN since u(l—u)"tu €
NepN. If u,v € A, then a = (1 —u)"'u and b = (1 — v)"'v are in (NepN)™T
and

w=(1+a+b) " a+b) = (a+b)—(a+b)(14+a+b)"L(a+b) € NegN (4.3.22)
with 0 <w < 1. Let
fe@®) = (e+t)" = (14t/e) L (t/e) (4.3.23)

for all e > 0 and all ¢ > 0 (see [187, Lemma 7.2] for the notation and omitted
parts of the proof). Then w = fi(a+b) > fi(a) = w and w > v by [187, Lemma
7.2]. This shows that A is an increasing net and the remainder of the proof

follows the standard C*-algebra proof that an approximate identity exists (see
[104, 131, 187]). O

For the remainder of this section we shall assume that {kx : A € A} is an
approximate identity in NegN for NegN with 0 < ky and kx| < 1 for all
A € A. If {ky : X € A} is such an approximate identity then, for allt € B(L*(N))
and vectors n,v € L*(N),

[(katkan,v) — (tn,v)| < ([tllvl2llkan = nll2 + [[Elnlllkxv — vl (4.3.24)

Since limy(kx — 1) = 0 strongly, by Lemma 4.3.5 (i), the inequality (4.3.24)
shows that kxtky — t weakly over the net A for all t € B(L?(N)).

The suggestive notation Tr is used in the following definition because sub-
sequently Tr is proved to be a faithful semifinite normal trace on (N, ep).

Definition 4.3.6. Define Tr : (N, ep)t — [0, 00] by
Tr(y) = sup{Tr(zyxz™): x € NegN, ||z| <1} (4.3.25)
for all y € (N,ep)™. O

This is well defined because each term zyz* in (4.3.25) lies in (NepN)* and
T'r takes non-negative real values on this cone by Lemma 4.3.4. At the moment,
Tr is just a function; additivity is established below.

Lemma 4.3.7. Let B be a von Neumann subalgebra of a finite von Neumann
algebra N with a faithful normal trace 7 and let {kx : A € A} be a bounded
approzimate identity for the C*-algebra NegN from NegN with ||ky|| <1 and
0 < ky for all \.
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(i) For eachy € (N,ep)™,

Tr(y) = Lm Tr(kayks)- (4.3.26)
(ii) Ify € (N,eg), then
Tr(yy*) = sup Tr(kxykiy k). (4.3.27)
A, HEA

Proof. Both parts of the lemma will be deduced from the following implication,
which is tackled first: if y € (N,eg), © € NegN with ||z|| < 1, and § <
Tr(xyy*z*), then zyy*z* € NegN and there is a Ay € A such that

§ < Tr(zykiy*z*) < Tr(zyy*z*) forall A > . (4.3.28)

The proof is written for separable N; for general IV replace N by a net. By
the definition (4.3.15) of Tr(zyy*z*) = > (zyy*z*¢;,§;) and the equality of

Tr and Tr on (NegN)T (Lemma 4.3.4), there is an m € N such that

m

> (zyytaté;, &) > 0. (4.3.29)

1

Since the net {k)} converges strongly to 1 and is bounded, {ki} also converges
strongly to 1 and there is a Ag € A such that ||(k3 — 1)y*2*;||2 is so small for
1<j<mand X\ > )\ that

m

D (wykly e, &) > 6. (4.3.30)
1

for all A > X\o. Hence Tr(zykiy*z*) = ﬂ(xykiy*x*) > 4 for all A > A by
definition of Tr and the equality of T'r and Tr on (NegN)*" (Lemma4.3.4). The
map z — Tr(zyzy*z*): (N,eg) — C is a positive linear functional on (N, ep)
by Lemma 4.3.4, and hence Tr(zykiy*z*) < Tr(zyy*z*), since ykiy* < yy*.
This proves the inequality (4.3.28).

(i) Let y € (N,eg)" and let § < Tr(y). Choose x € NegN with ||z|| < 1
such that § < Tr(zyz*) < Tr(y), possible by Definition 4.3.6. By the inequality
(4.3.28) there is a \p such that

6 < Tr(xy'?k3yt 2a*) < Tr(y) (4.3.31)
for all A > )\q. Since T'r is tracial on NegN and a:yl/QkJ)\ € NegN, we have
6 < Tr(xy'?k3y 2ae*) = Tr(ky' 2oy ?ky) (4.3.32)

for all A > ). As before, the map z +— Tr(kay'/22y"/?ky): (N,ep) — C is a
positive linear functional and hence

6 < Tr(zy*?k3y*2a*) < Tr(kayky) (4.3.33)
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for all A > X\g. Because Tr(kyyky) < Tr(y) for all A by definition of Tr, (i)
follows.

(i) Let § < Tr(yy*). By (i) choose A € A such that 6 < Tr(kayy*ky) <
Tr(yy*) and then by the inequality (4.3.28) choose pu € A such that

0 < Tr(kxykiy*l@\) < Tr(kxyy™ky). (4.3.34)
This proves (ii). O

For future use, we note that the validity of Lemma 4.3.7 rests only on {k)}
being a bounded approximate identity in NegN with 0 < k) and ||kx|| < 1 for
all A, so we could replace {ky} by {k3} with the same conclusion. We will have
occasion to do this in Lemma 4.3.10.

Lemma 4.3.8. Let B be a von Neumann subalgebra of a finite von Neumann
algebra N with a faithful normal trace 7. Then Tr is a faithful semifinite normal
trace on (N,eg)™ with Tr =Tr on (NegN)™.

Proof. The properties Tr(xz + y) = Tr(z) + Tr(y) and Tr(az) = oTr(x) for all
z,y € (N,ep)" and all @ > 0 follow from the limit characterisation of Tr in
Lemma 4.3.7 (i).

If y € (N, ep), then by Lemma 4.3.7 (ii)

Tr(yy*) = S}\UPTT(kAyk yky) = iupTr(kuy*kiyku) =Tr(y*y), (4.3.35)
b "

since 1'r is a trace on NegN and kxyk, € NepN for all A\, u € A.
Let {y, : v € I'} be an increasing net in (N,ep)™ converging weakly to y.
Let 6 < Tr(y). By Lemma 4.3.4, choose A € A such that

Tr(kayky) =Y (kayka&s, &) >0 (4.3.36)
1
and then choose m € N such that
> (kayka&; &) > 6. (4.3.37)

1
Since y, — y weakly, there is a vy such that

m

Zﬂﬁyvkxé}v &) > 6. (4.3.38)

1

for all v > 9. Hence

Tr(yy) > Tr(kay,kx) = ﬁ(hywlﬂ)

= Z(k/\y“{k/\gj7£j Z k)\y'yk)\f];gj (4339)
1 1
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for all v > ~g. This proves that Tr is normal.

In order to show that Tr = Tr on (NegN)™T, their common domain of defi-
nition, we introduce an auxiliary linear functional 1) on a subspace Y containing
NeBN. Let

Y={ye(Neg): liin Tr(kyyky) exists and is finite}.

This is a linear subspace on which we define the linear functional ¢y: ¥ — C by

Y(y) = h}I\l’l Tr(kayky) forall yeY. (4.3.40)

If z,z € N then, for all ),
Tr(kawepzky) = Tr(epzkizep), (4.3.41)

and this converges to Tr(epzaxep) = Tr(zepz), since Tr(ep - ep) is a bounded
linear functional on (N, ep) and

li/r\n llesz(1 — k)| = li)r\n (1 — kx)zegl|| = 0. (4.3.42)

This shows that Neg N C Y, and that ¢ and Tr agree on NegN. By Lemma 4.3.7
(i), Tr and ¢ agree on (NegN)*, and the same is then true for Tr and T'r.

Lety € (N,ep)™ with Tr(y) = Tr(y'/?y"/?) = 0. Then Tr(kxy*/?k2y"/?ky) =
0 for all A, p € A by Lemma 4.3.7 (ii). Since T'r is faithful on NegN by
Lemma 4.3.2 and k:Ayl/Qk# € NegN, it follows that I@\yl/zku = 0 for all A, p.
Since ky converges strongly to 1, y'/2 = 0 and hence Tr is faithful.

Finally we show that Tr is semifinite. This entails showing that any non-zero
y € {N,ep)T dominates a positive element of non-zero finite trace. Since

Te(y' /213y 2) = Tr((ay2) (hay'/?) = Tr(haghs) = Tr(kagks) - (43.43)

and limy Tr(kaykx) = Tr(y), we may choose A so large that Tr(kayky) > 0.
For this choice of A ,
0 < Tr(y'/?k3y"/?) < oo, (4.3.44)

while the inequality y'/ Qk?\yl/ 2 <y follows from k3% < 1. O

Remark 4.3.9. Note that once we have proved the faithfulness of Tr, and that Tr
and Tr agree on (NegN)™ the faithfulness of T'r follows, so providing another
proof of this (see Lemma 4.3.2). We now show the faithfulness of Tr without
using Lemma 4.3.2, which will also establish the same property for Tr. Consider
y € (N,eg)" with y # 0. Since NegN is weakly dense in (N,ep), there must
exist € N such that y'/2zep # 0, otherwise it would follow that y'/2(N,eg) =
{0}, showing that y = 0. Then epx*yrep # 0, and this positive element
lies in eg(N,ep)ep = Bep, so that egr*yxep = bep for some b € B with
b # 0. Since b — bep : B — Bep is a *-isomorphism we have b > 0, so that
Tr(beg) = 7(b) > 0. Then

Tr(y'/ 2zepa*y'/?) = Tr(epr*yzep) = Tr(beg) = 7(b) > 0, (4.3.45)



4.3. THE TRACE ON (N, ep) 67

where we have used the agreement of Tr and Tr on (NegN)T proved above.
Since
y'Pzeparryt/? < |z|?y, (4.3.46)

the inequality Tr(y) > 0 follows. O

Lemma 4.3.10. Let B be a von Neumann subalgebra of a finite von Neumann
algebra N with a faithful normal trace 7. For the faithful normal semifinite trace
Tr, the *-algebra NegN is dense in L?({N,eg), Tr).

Proof. Let y € (N, ep) with Tr(y*y) finite and let {kx : A € A} be an approxi-
mate identity in NegN with 0 < ky and ||ky|| < 1 for all \. Because Tr = T'r
on (NegN)*, Tr is tracial and kx(N,ep)kyx C NegN for all A, we have

ly — Yk 115 o = Tr(y*y + KXy yk3 — kxy™yka — kayy*ka)
= Tr(y*y) + Tr(kiy*yki — kay*vky — kayy™ky)  (4.3.47)

The final three terms in equation (4.3.47) converge to Tr(y*y) = Tr(yy*) over
the net A by Lemma 4.3.7, since {ky} and {k3} are approximate identities in
NepN with 0 < ky and ||k, || < 1. Thus lim, ||y —yk%|l2,me = 0. The adjoint .J is
a conjugate linear isometry in || - ||2 re-norm, so ||y — k3yll2 1 = [|v* — y* k3 || 2,1v
also tends to zero over A. From the triangle inequality, we obtain

ly — EXyk3 2w < ||y — B3yll2me + 163 (v — yk3) |21
< ly — k3yloae + Iy — yk3 |2 mes (4.3.48)

and the norm density of NegN in L?({N,eg), Tr) follows by taking the limit
over ), since k?\yki € NepN. O

The following theorem shows that Tr and Tr are equal on (N,ep)™, and so
Tr is an infinite sum of normal positive linear functionals on (N, ep) without
appealing to Haagerup’s Theorem on the equivalent properties of normal weights
[85, 188]. If Haagerup’s Theorem is assumed, then Theorem 4.3.11 shows that
a normal weight on (N, eg) equal to Tr on (NegN)T is also equal to Tr.

The idea of the following proof is to show that F(x) = p(z*z) = [|z[3 , is a
continuous function on the normed space

Y ={x € (N,eg) : Tr(z*z) < 0o} = (N, eg) N L*({(N,eg), Tr)

with norm ||-||2, 1, which agrees with the continuous function G(z) = Tr(z*z) =
||z||2,m on the dense set Neg N C Y. The equality of continuous functions on
dense sets finishes the proof once we have handled Tr(y) = oo is equivalent to
p(y) = oo for y € (N,ep)™ at the end of the proof.

Theorem 4.3.11. Let B be a von Neumann subalgebra of a finite von Neumann
algebra N with a faithful normal trace 7.

(i) Let p be a weight on (N,ep) with p=Tr on (NegN)™. If p is a sum of
normal positive linear functionals on (N, ep), or p is normal, then p = Tr.
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(ii) The faithful normal semifinite trace Tr and the weight Tr are equal on
<N, €B>+ .

Proof. (i) Let y € (N,ep)" and let a < p(y). By the assumption there are

normal positive linear functionals ¢; on (N, ep) such that p(y) = 3_; ¢¥;(y) for

all y € (N,ep)™, where the sum is over the index set of the ¢;. Hence there is
a finite set F' such that

p(y) > > 1;(y) > a. (4.3.49)
jEF
Since ||kx|| < 1 for all A and k) — 1 strongly over A, the net kyyky — y weakly

over A. Since the 7; are normal linear functionals on (NV,ep) and F is finite,
there is a A € A such that |¢;(kayky) — ¢;(y)| is so small for j € F' that

> i(kayky) > a, (4.3.50)
JjeEF
from (4.3.49). By the equality of p and Tr on (NegN)™,
Tr(y) = Tr(y"/?k3y"?) = Tr(kayks) = Tr(kayks)
= p(kayky) =Y _ i (kaykn) = > ;(kayka) > o, (4.3.51)
J

jEF
where the last inequality is (4.3.50). Hence Tr(y) > p(y) and
Tr>p on (N,ep)™. (4.3.52)

This shows that if y € (N, eg)™ with p(y) = oo, then Tr(y) = oo. The reverse
of this infinite case implication is handled after the finite case, which is required
in its proof.

The inequality (4.3.52) shows that

lyll3. , = p(y*y) < Te(y*y) = lyl5.2 (4.3.53)

forally € Y = {y € (N,ep) : Tr(y*y) < oo}. This implies that ||-||2, , < ||-[l2,1x
on (N,ep)NL*((N,ep), Tr) so that the norm | - ||2, , is continuous with respect
to || - ||2,7r- By Lemma 4.3.8 and the hypothesis,

5, =0y =Tr(y*y) = Tr(y*y) = |yll3 o (4.3.54)

for ally € NegN, so the norms ||-||2, , and || - ||2, v are equal on the linear space
NepN, and hence on its closure in Y by continuity. Since Neg N is dense in Y’
in the || - ||2,e-norm by Lemma 4.3.10,

50 = W3 = Tr(y™y) (4.3.55)

for all y € (N, ep) with Tr(y*y) < co.
Hence

1yl

p(y*y) = lly

p=Tr on {yec (N,ep)t:Tr(y) < oo} (4.3.56)
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The proof will be complete once we have shown that Tr(y) = co implies that
p(y) = co. Let y € (N,ep)t with Tr(y) = co. Let m € N. By Lemma 4.3.7 (i),
there is a A € A such that Tr(kyyky) > m. Since kyykx € NepN on which Tr
and Tr are equal,

Tr(y'2k3yt?) = Tr(kayky) > m (4.3.57)

and all of these terms are finite. By equation (4.3.56), Tr(y'/2k3y'/?) =
p(y'/?k3y1/?) so that
p(y) = p(y' K3y %) = m, (4.3.58)

from (4.3.57). This implies that p(y) = oo and finishes the proof of (i) for p of
this type.

If p is normal, then p is a sum of normal positive linear functionals on
(N,epN) by Haagerup’s Theorem [85, 188]. The proof above now applies.
(ii) The weight Tr satisfies the hypotheses of (i) by Lemma 4.3.4. O

Theorem 4.3.11 thus completes the proof of Theorem 4.2.2 by showing that
the two constructions yield the same faithful semifinite normal trace Tr = Tr,
which is an infinite sum of normal positive linear functionals on (N, ep)™.

Definition 4.3.12. Let B be a von Neumann subalgebra of a finite von Neu-
mann algebra N with a faithful normal trace 7. The faithful normal semifinite
trace Tr = Tr on (N, ep) defined in Definition 4.3.6 and Lemma 4.3.4 is denoted
by Tr from now onwards. O

At this point we have achieved the main goal of this section, the construction
of a faithful normal semifinite trace on (N, ep), satisfying the requirements of
Theorem 4.2.2 (vi)—(vii).

Corollary 4.3.13. Let B be a von Neumann subalgebra of a finite von Neumann
algebra N with a faithful normal trace T.

(i) The map b — bep : (B,7) — (eg(N,ep)ep,Tr) is a trace preserving
isomorphism.

(ii) If Z(B) is the centre of B and Z({N,ep)) is the centre of (N,ep), then the
map z — Jz*J : Z(B) — Z({N,eg)) is an isomorphism with Tr(Jz*Jeg) =
7(z) for all z € Z(B), and Jz*J is the unique element zy in Z((N,ep))
such that zpep = zep.

(iii) {eg} N(N,ep) = J(B,ep)'J.
Proof. (i) This is a direct consequence of Theorem 4.2.2 (iii) and Lemma 4.3.2.
(i) By Theorem 4.2.2 (i)
Z((N,ep)) = (N,eg) N (N,eg) = JB'JNJBJ = JZ(B)J,  (4.3.59)

which shows that the map z — Jz*J : Z(B) — Z({N,ep)) is a *-isomorphism.
If zo € Z((N,ep)) with zpep = zep, then (Jz*J—zp)ep = 0 so that Jz*J—z9 =
0, since the central support of eg is 1.
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Let z € Z(B). If z € N, then

Jz*Jepxé = Jz*Jegrept = J2" JEp(x)€
=Ep(z)z§ = zEp(x)§ = zepxf (4.3.60)

so that Jz*Jep = zep, since N¢ is dense in L?(N). Hence
Tr(Jz*Jep) =Tr(zep) = 7(2) (4.3.61)

for all z € Z(B).
(ili)) By Theorem 4.2.2,

{es} N (N,ep) = {JegJ} N (JBJ) = (JegJ,JBJ) = J{eg, B)J. (4.3.62)
O

Remark 4.3.14. If B is a masa in a separable II; factor N, then there is a
*-isomorphism 6 from L°°[0, 1] onto the centre Z({N,ep)) of (N,ep) such that

Tr(0(f)ep) = /01 f(t)dt for all fe L*[0,1]. (4.3.63)

This follows from the corresponding *-isomorphism from L°°[0, 1] onto B with
the integral corresponding to the trace (Theorem 3.5.2) and Corollary 4.3.13
(ii).

Note that in the case of a masa B in a separable II; factor N the basic
construction algebra (N, ep) is always isomorphic to L*°[0,1]|®@ B(H) with the
faithful semifinite normal trace that arises from the tensor of the usual traces of
the two algebras L>°[0,1] and B(H) . Thus the algebra (N, ep) is independent
of the masa or separable factor in this case. It is how B C N lies in (IV, ep) that
encodes the information. This is similar to the situation of the hyperfinite factor
R contained in a non-hyperfinite separable factor, when (N,eg) = (JRJ)" =
B(H)®R. O

The unitary normaliser N'(B) of B in N is linked with ep in a nice way. Let
u € N(B). Since uBu* = B and uB*u* = B+, where B+ = L?(N) © L*(B),
we have eguJuJep = uJuJep and

(I —ep)uJuJ(I —ep) =egruduleg.
=uJuJegr = uJuJ(I —ep) (4.3.64)

so that eguJuJ = uJuJeg. Hence
uJuJ € {eg} N (N,eg) = J(B,ep)'J. (4.3.65)
The converse also holds so that

N(B)={u€U(N) :uJuJ € J(B,eg) J}
={ueU(N) :uJuJ € (B,eg)'}
={u€U(N):uJuJ € (B,eg) NJ(B,eg) J}, (4.3.66)
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where the second equality results from the commutation of v and JuJ. Note
that with the notation B = (B U JBJ)" used in Chapter 7 on the Pukdnszky
invariant, we have

(B,ep) NJ(B,ep)'J = (BUJBJ)" U{ep})
= (B,eg) =B n{es}" (4.3.67)

Here we record a useful technical observation (see the proof of Theorem 4.5.3).
If {yx : A € A} is a bounded net in (N, ep) converging strongly to 0, then

luresllzarr — 0 over A. (4.3.68)

The equality of the strong and o-strong topologies on closed balls in a von
Neumann algebra [187, p. 69] implies that y» converges o-strongly to 0. If §; is

as in the definition of T, (4.3.15), then

D lleséills = (epg; &) = Tr(es) = 1. (4.3.69)
7 J
Thus
lyxesll3.rr = Triesyiyaen) = > llyress;lls — 0 (4.3.70)
J

over A.
Parts of Theorem 4.2.2 characterise the basic construction as in the following
theorem (see [144] or [206, Theorem 1.1]).

Theorem 4.3.15. Let M be a von Neumann algebra with a semifinite faithful
normal trace Tryr and von Neumann subalgebras B C N C M. If there is a
projection e € M such that

(i) M is the weak closure of the *-subspace NeN;
(il) Try(e) =1 and 7(x) := Try(xe) defines a faithful normal trace T on N;
(iii) eMe = Be =¢B;

then there is a trace preserving isomorphism 6 from (N,eg) onto M with 0(x) =
x for allz € N and f(ep) = e.

Proof. Firstly note that (i) and (iii) imply that NeN is a *-subalgebra of
M. The map x — xe : N — Ne is injective, since xe = 0 implies that
T(z*z) = Try(ex*x) = Try(ex*ze) = 0 and 7 is faithful. This is used in
the proof of Lemma 4.3.1 (ii) as can be seen by examining that proof. Hence if
T1y-eyTny Y1,---,Yn € N, and

xl ... .’L‘n yl 0 ... O
X = 0O --- 0 ., Y= 0 - 0],
0O --- 0 Yo 0 -+ 0
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then Z}l:l zjepy; = 0 if and only if there is a projection P € M, (B) such that
XP = X and PY = 0. This shows that the map 0 : zegpy — zey : NegN —
NeN is well defined, injective and surjective with

Try(0(xzepy)) = Tra(zey)) = 7(xy) = Tr(xzepy) (4.3.71)

for all z,y € N. Thus if x € N, there is a unique ¢(z) € B such exe = ¢(x)e.
Then 7(p(x)) = Tra(Pp(x)e) = Tra(exe) = 7(x) for all x € N.

If b € B with b = b* and be = ec for some ¢ € B, then ebe = ec is self-adjoint,
so be is self-adjoint and be = eb. It follows that

d(brzba)e = ebyxboe = biexeby = bid(x)bae, (4.3.72)

and so @(biaby) = b1o(x)bs for all by,ba € B. The uniqueness conditions of
Lemma 3.6.2 are satisfied and ¢ = Ep. Consequently

0((z1epy1)(z2epYy2)) = 0(x1Ep(y172)epy2)
=11 Eg(y122)eys = (z1ey1)(z2eys). (4.3.73)

Thus 6 is a trace preserving *-isomorphism from the weakly dense *-subalgebra
NepN of ((N,eg),Tr) onto the weakly dense *-subalgebra NeN of (M, Trys).
Since 0 is a trace preserving *-isomorphism,

1013 7ryy = Tras(O(z"2)) = Tr(a*) = ||2]13 7, (4.3.74)

for all z € NegN. Hence 6 lifts to a unitary operator U : L2({(N,ep),Tr) —
L2(M,Try) with U(z) = (z) for allz € NegN. If (N, ep) is represented using
its left action on L2({N,eg),Tr) and M using its left action on L*(M,Trys),
then 6(z)U(y) = U(zxy) for all z,y € NegN so that 6(x)U = Uz for all
x € NegN. The map 6(z) := U*zU (z € (N,ep)) induces the required
*_isomorphism from (N, epg) onto M. O

In this theorem, if T'rjs(e) is finite but not 1, then just rescale T'rps to be 1
on e. The same result then holds.

Remark 4.3.16. The technical complications of constructing the trace for (N, ep)
disappear if B is a factor. In this case the basic construction is a semifinite factor
since its commutant is the finite factor JB.J, so standard von Neumann algebra
theory gives a faithful normal semifinite trace which is unique up to scaling.
The projection ep is finite, so there is a unique trace with Tr(eg) = 1, and
whose restriction to the algebra Bep = B must then give the trace 7 on B.
Thus Tr(beg) = 7(b) for b € B. For x,y € N, we have

Tr(zepy) = Tr(egyzep) = Tr(Ep(yz)ep)
=1(Ep(yx)) = 7(yz) = 7(xy). (4.3.75)
Thus T'r automatically has this crucial property Tr(zepy) = 7(xy), which re-

quired considerable work in the general case. This was unavoidable as many of
the applications of the basic construction occur when B is not a factor. O



4.4. EXAMPLES 73

4.4 Examples

In this section we will present two examples. The first is to illustrate that in
simple cases of the basic construction, the operator eg and the trace Tr can be
computed explicitly. The second example, (Theorem 4.4.4), serves two purposes.
It is a result which will be needed when we discuss general perturbations of
subalgebras in Chapter 10, but it is also intended to show the power of the
basic construction. A particular case would be the following. Let § > 0 be
given (assumed close to 0) and let B be a weakly closed subalgebra of L>°[0, 1]
with the property that, for each f € L*°[0,1] with | f]lec < 1, there exists
g € B with ||f — g|l2 < 6. Then there is a measurable subset F' of [0,1] of
large measure such that B and L°°[0,1] agree on F. At first sight it should be
possible to resolve this by elementary measure theory, but it seems to require
the basic construction.

Example 4.4.1. Let N = ¢*(3), viewed in its standard representation as
3 x 3 diagonal matrices with minimal projections p1, p2, p3. Let &1, &2, &3 be the
standard orthonormal basis for C3. Let B C ¢°°(3) be the algebra span{p; +
D2, p3}, and define a normalised trace T on £°°(3) by

3 3
T (Z Olzpl> = Z 042')\1‘, o; € (C, (441)
1=1 =1

where \; > 0, 1 <14 < 3, are fixed scalars summing to 1. In the GNS represen-
tation for this trace, p; corresponds to v/ A;&; for 1 < i < 3, and so ep is the

projection onto span{v/A1&1 + v/ A2&a, £3}. Thus

A1 VA1 A2 0
ArtAd2 AitAe
VA1 A2 A2 0
A1t+A2 A1+A2

0 0 1

e =

Then (N,ep) = My @ C, and the set of all faithful traces on this algebra are
combinations of the traces on My and C, the former being multiples of the unique
trace 7o for which 79(Iz) = 2. The requirements Tr(eg) = 1 and Tr(p1egp1) =
T(p1) easily lead to

Tr(X + pps) = (A + A2)72(X) + Asp (4.4.2)

for X € My and p € C. In this case Tr(I3) = 2 — A3. Thus abelian inclusions
can lead to nonabelian algebras, and the operator e can vary with the choice
of trace in the non-factor case. Il

We now require two preliminary lemmas. The first of these is an inequality
which might be useful in other contexts, and is valid in any von Neumann
algebra.

Lemma 4.4.2. Let N be a von Neumann algebra containing two projections e
and f. If X > 0, then efe < Xe if and only if fef < Af.
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Proof. The stated inequalities are equivalent respectively to |lef| < VA and
| fell < V/A. The result follows because |lef| = ||(ef)*|| = || fell. O

Lemma 4.4.3. Let A C B be an inclusion of abelian von Neumann algebras,
and let E: B — A be a faithful conditional expectation with the property that if
p1,P2 € B are orthogonal projections, then the supports of E(p1) and E(ps2) are
disjoint. Then A = B and E is the identity.

Proof. Let p € B be a projection. If we apply the hypothesis to p and 1 — p,
then E(p)E(1 — p) = 0, implying that E(p) = E(p)2. Thus E(p) is a projection
since this element is self-adjoint. Using the A-modularity of E, we see that

E(E(p)(1 —p)) = E(p)(1 - E(p)) = 0, (4.4.3)

so faithfulness of E gives E(p)(1 — p) = 0. Thus E(p) < p. This applies equally
to1l—p,s01—E(p) <1—p. These two inequalities imply that E(p) = p, and
the result follows since the projections span a norm dense subspace of B. O

The following result could be proved more efficiently by using the techniques
developed in Chapter 9, but we include it now to illustrate the basic construc-
tion. With a somewhat different statement, it is [152, Lemma 3.2]. The proof
given here fills a gap in the proof from [152].

Theorem 4.4.4. Let A C B be an inclusion of abelian von Neumann algebras
where B has a faithful normal normalised trace 7. Let § > 0 be given, and
suppose that ||b —E4(b)|l2,r < for allb € B with ||b|| < 1. Then there exists a

projection p € B such that Ap = Bp and 7(p) > 1 — 452,

Proof. Consider the basic construction A C B C (B,e4), and let Tr be the
semifinite normal faithful trace on (B,e4) from Theorem 4.2.2. The unitary
group U(B) is abelian and so amenable when viewed with the discrete topology.
Let p be an invariant mean on £°°(U(B)) with (1) = 1. For each ¢ € (B, ea)«,
the equation

o(h) = p(u — ¢p(uesu™)), weU(B), (4.4.4)

defines an element h € (B, e4)™" satisfying 0 < h < 1, and the invariance of u
shows that h € B’ N (B,e,). Since B is maximal abelian in B(L?(B,T)), we
also have h € B, and all of its spectral projections have this property as well.
For any unitary u € U(B),

1—Tr(eauegu”) =1—Tr(esEa(u)u*) =1—7(Ea(u)u”)
=1—-71(Ea(w)Ea(u*)) =1 [Ea(u)|3,
= [lu —Ea(w)|3, <&, (4.4.5)

and so |Tr(ea — equequ®)| < §%. Since Tr(ea - e4) is a normal bounded linear
functional on (B,e4), we may apply p to the function u — Tr(eq — equeu™)
to obtain

1 —Tr(eah) =1—Tr(eahes) < 6% (4.4.6)
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For each © € BeaB, ||z|| < 1, Tr(z - z*) defines a bounded normal linear
functional on (B, e4), and so

Tr(zuequ™z™) = Tr(eaux zues) < Tr(ea) =1, uelU(B). (4.4.7)

If we apply p, regarding the terms in (4.4.7) as functions of u, then we obtain
Tr(zhz*) < 1. The definition of Tr on (B,e)™ then implies that Tr(h) < 1.
Thus Tr(h'/? - h'/2) defines a bounded normal linear functional on (B, e4), and
applying u to the function

u— Tr(h?ue u*h'/?) = Tr(esu*huey) = Tr(eqh)
gives Tr(h?) = Tr(eah), and also shows that h € L?((B,e4),Tr). Then

Ih — €A||§,Tr =Tr(h?* —2heys +ea) = Tr(es — hen)
=1-—Tr(hes) < 6°. (4.4.8)
For each A € (271,1), let f» € B be the spectral projection of h for the

interval [\, 1]. Fix an arbitrary A in the specified range.
We first show that, for every projection ¢ < fy, the inequality

Ea(q) = Asupp(Ea(q)) (4.4.9)

holds. If not, then there exists a projection ¢ < fy and € > 0 so that the spectral
projection gy € A of E4(q) for the interval [0, A — ] is non-zero. Then

0#Ea(qq) <A —e. (4.4.10)

From this it follows that ea(ggo)ea < (A — €)ea, and so ggoeaqqo < (A —

€)qqo, applying Lemma 4.4.2 to the projections e4 and qqo. If we average this
inequality over unitaries uqqo € Bgqo where u € U(B), then we obtain

hqgqo < (A = €)qqo. (4.4.11)
The inequality hfy > Af) implies that
hqqo = hfxqq0 > Afxqq0 = Aqo, (4.4.12)

and this contradicts (4.4.11), establishing (4.4.9).

Let g\ € A be the support projection of E4(fx). Then, by (4.4.9), Ea(fy) >
Aga, and so there exists ay € AT such that E4(fy)ax = gn. Moreover, the A-
modularity of E4 gives E4(fx(1 — gx)) = Ea(fa)(1 — gx) = 0, and faithfulness
of this conditional expectation then gives fy = fiagn. Define E: Bfy — Afy
by E(z) = Ea(z)axfy for x € Bfy. We will show below that E is a faithful
conditional expectation. Note that it is clearly completely positive since E 4 has
this property.

Consider two orthogonal projections ¢; and ¢ in B fy, which both lie below
fr. From (4.4.9) we obtain

1> Ea(q1 + q2) > A(suppEa(q1) + suppEa(qz2))
> 2\(suppE (q1) - suppE4(g2)). (4.4.13)
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Since 2\ > 1, this forces E4(q1) and E 4(g2) to have disjoint support projections,
and the definition of E shows that this is also the case for E(¢q;) and E(g2).
For a € A, the A-modularity of E, implies that

E(afy) = Ea(afr)axfr = aEa(fr)axfn = agafr = af, (4.4.14)

showing that E is the identity on Af, and thus is a conditional expectation. If
b€ BT and E(bfy) = 0, then E4(bfy)axfn = 0. Multiply by b and apply E 4.
This yields axE4(bfy)? = 0. Multiply by Ea(fy) and use Ea(fy)ax = ga to
obtain gz\E4(bfy)? = 0. Move g, inside E4(bf), and the result is E4(bfy)? = 0.
The faithfulness of E 4 shows that bfy = 0, proving faithfulness of E. We may
now apply Lemma 4.4.3 to the containment Afyx C Bf) to obtain equality of
these algebras.

Let p be the spectral projection of h for the interval (271, 1]. By taking the
limit A — 2714, we obtain Ap = Bp, and the estimate 7(p) > 1 — 452 follows
by taking limits in the inequality

(1= X2 = 7(£)) = 7((L = N = L)) < 7((1 - 0)?)
— Tr(ea(l = h)?) = llea(t — )3,
— llealea — )3, < llea—hlp < 6% (44.15)

the last inequality being (4.4.8). This completes the proof. O

4.5 The pull-down map

This section is devoted to the pull-down map ® defined and exploited by Popa
(see [144]). This map ® plays an important role in certain calculations, since it
is an N-module map which is norm reducing in the || - ||;-norms and which is
an isometry from Nep to N for || - ||2-norms. Here, as with the trace T'r, we
start with a purely algebraic definition before giving the full definition and it
properties.

Lemma 4.5.1. Let B be a von Neumann subalgebra of a finite von Neumann
algebra N with o faithful normal trace 7. There is a well defined N -bimodule
*map ® from NegN — N defined by

O(zepy) =zy forall z,ye N (4.5.1)
satisfying:
(i) 7(®(z)) =Tr(x) for allz € NegN;
(ii) ep®(epx) = epx for allx € NegN;
(iii) [|®(2)|l1 < ||zl1,0r for all x € NepN;
)

(iv) @ maps egN onto N with ||®(x)||2 = ||z|l2,rr for all z € egN.
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Proof. Note that ® is well defined by Lemma 4.3.1 and is an N-module map
by definition. Equation (i) follows from Theorem 4.2.2. Equation (ii) is a
consequence of the following. If x = yepz for y,z € N, then

ep®(epx) = epP(epyepz) = epP(epEp(y)z)
=epEp(y)z = epyepz = ep. (4.5.2)

(ili) Let y € NegN. If x € N with ||z|| < 1, then

IT(x@(y))| = [7((zy)| = |Tr(zy)| < lzyllrr < lyllo (4.5.3)

since ® is an N-module map. Taking the supremum over all such z € N shows

that [|[®(y)l[x < [[yll1.zr-
(iv) If x = yep for y € N, then

570 =Tr(esy*yen) = Tr(esEp(y*y))
=7(Ba(y*y) = m(y"y) = [@(2)]3. (4.5.4)

O

[l

There are two ideals associated to (N, ep) and the trace, and these can be
defined in any semifinite von Neumann algebra:

Ny, ={z € (N,ep): Tr(z*z) < 0o}

and
My = {leyz Ti,yi € Nyw, M€ N} ;

i=1
and both contain NegN.
Before lifting the algebraic definition of ® from NegN to 9y, here is a
lemma on the density of NegN in L'((N,ep),Tr) in the || - ||1,7-norm, which
uses the standard duality between (N, ep) and L*((N,ep),Tr) (see [187]).

Lemma 4.5.2. Let B be a von Neumann subalgebra of a finite von Neumann
algebra N with a faithful normal trace 7. The *-subalgebra NegN is dense in
SUITT m H : ||1,Tr'

Proof. Tt is sufficient to consider y € (N, eg)t with T'r(y) < 1, since My, is the
linear span of My, N (N,ep)™ = {y € (N,ep)™ : Tr(y) < oo} by [187, Lemma
V.2.16].

Let ¢ > 0. By the density of NegN in L?2((N, eg), Tr) thereis an x € NegN
with ||y'/2 — 2|27 < e. For each w € (N, ep) with [Jw|| < 1,

Tr((y — w2 )w)| < [Tr((y"? — )y *w)| + [Tr(wa(y'/* — z*))|
1/2 1/2

< |y""? = zla ey Pwllare + 1192 = zllaz0 |lwello,rr

< ly*"? = @llzre (Tr(y) /2 + |lallorr) <26 +€% (4.5.5)
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using the inequalities

ly 2 wl3 7 = Tr(y Pww*y'?) < |JwlPTr(y) < Tr(y) (4.5.6)

and
[wz||3 7, = Tr(z*w wz) < |lwl*Tr(c*z) < [|l2|3 7, (4.5.7)

Taking the supremum over w € (N, ep) with ||w| < 1 gives ||y — zz*|1,1r <
2¢ + €2 by the duality between (N,eg) and L*((N,eg),Tr) (see [187, Theorem
V.2.18]). This proves the lemma since zz* € NegN. O

The pull-down map & is lifted from a map of NegN into N to a map
of L*((N,eg), Tr) into L'(N) by continuity, completeness and density. Note
that the map = — zep : N — NegN lifts to an isometry from L!(N) into
L'((N,ep),Tr).

Theorem 4.5.3. Let B be a von Neumann subalgebra of a finite von Neumann
algebra N with a faithful normal trace 7. There is an N-bimodule *-map ® from
LY((N,ep),Tr) to L*(N) such that

®(zepy) =y for all z,y €N, (4.5.8)
satisfying:
(i) 7(®(x)) = Tr(z) for all z € L'((N,ep), Tr);
(i) ep®(epx) = epx for all x € L'((N,ep), Tr);

[=h

(i

)
)
i) |®(z)|x < ||zlli0r forall z€ LY((N,eg),Tr);
(iv) ® maps egN onto N with ||®(z)||2 = ||z|l2,7r for all x € egN;
)

(v) the equations ®(xepy) = xJy*¢ and ®(yepx) = Jx*Jyé hold and both
are in L*(N) for allz € N and y € (N,ep).

Proof. The map ® lifts from NegN to L'({(N,eg),Tr) by continuity, density
and the completeness of L'(N) (Lemmas 4.5.1 and 4.5.2). The properties (i) to
(iv) follow directly from Lemma 4.5.1.

(v)  The algebraic case when y € NegN is proved first. Let x € N and let
y = vepw with v,w € N. Then

O(zegvepw) = P(2Ep(v)epw) = zEp(v)w
= zJw*Eg(v*)epé = aJw epvepé = xJy*E, (4.5.9)

O(xzepy)

since z = Jz* = Jz*¢ = Jz"ep€ for all z € N. Similarly

O(yepr) = P(vepwepx) = P(vEp(w)epx)
= vEp(w) = Jr*Eg(w)*v* = Ja* JvEg(w)
= Ja* Jvegwé = Jx* Jy&. (4.5.10)
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Let x € N and y € (N,ep). By the Kaplansky Density Theorem (Theo-
rem 2.2.3), there is a bounded net {yy : A € A} in NegN with y, converging in
the strong-* topology to y. By Remark 4.3.14 based on the equivalence of the
strong and o-strong topologies on closed balls and on the T'r definition of the
trace, [[(yx —y)es|l2,rr and [[ep(yr —y)ll2,7r = [|(¥3 —y*)esll2,rr tend to 0 over
the net. If z € (N, ep) with ||z|| < 1, then by the Cauchy—Schwarz inequality,

|Tr(zzep(yr — )| < llzzepll2,rrlles(yx — y)l2.1r
< ||zesll2,rrlles(yxr — y)ll2, 7 (4.5.11)

Taking the supremum over all such z gives

lzes(yx — y)lli7r < lzeslle,rrlles(ys — y)ll2r — 0 (4.5.12)

over A. Similarly ||(yx — v)esx|/1,7+ — 0 over A. Finally

[®(zepyr) —wJy*Ella = lled (yx — y™)Ell2 < [lzllli(yx —y™ )l (4.5.13)

tends to zero, since y, converges strong-* to y. Since ||-]j1 < |- |l2 on N, we have
d(zepy) = zJy*é € L*(N). In a similar way ®(yepz) = Jr*Jyé € L3(N). O

Note that the ideal 97, is contained in L*((N, eg), Tr). We have not found
a single formula for ® from (N,eg)ep(N,ep) to N, nor a general formula that
defines ® on (N, eg)™. In general the space ®((N,eg)ep (N, ep)) contains un-
bounded operators affiliated with V. Such operators are discussed in Appendix
B, particularly in Sections B.4 and B.5.



Chapter 5

Projections and partial
isometries

5.1 Introduction

In this chapter we consider various useful technical results concerning projec-
tions, partial isometries and || - ||2-norm estimates arising from the polar decom-
position. Many of these will be crucial when we come to discuss perturbations
in Chapters 9 and 10. Everything in this chapter is well known and can be found
in [36, 188], although the proofs are sometimes different from the originals.

We begin by considering two projections, and we show that the algebra
they generate has only irreducible representations of dimensions 1 and 2. This
reduces the study of such a pair to the 2x2 matrices, and we use this in obtaining
Theorem 5.2.5. We also draw attention to Lemma 5.2.7 which contains estimates
that we use repeatedly in the sequel. The third section is devoted to estimates
concerning pairs of projections.

The concluding Sections 5.5 and 5.6 are devoted to some work of Kadison,
[99, 100], which constructs abelian projections with desirable properties in type
I von Neumann algebras. These will be relevant in Chapter 9 since masas in II;
factors can lead to problems in type I von Neumann algebras.

5.2 Comparison of two projections

We begin by proving that the von Neumann algebra generated by two projec-
tions is, in general, a direct sum of an abelian algebra and one of type I. The
first few lemmas lead in this direction.

Lemma 5.2.1. Let H be a Hilbert space and let p and q be projections that
generate B(H). Then the dimension of H is at most 2.

Proof. Suppose that the dimension of H is at least 3. The projections p A g,
(I—-p)Ag,pA(1—q)and (1 —p)A(1—gq) all commute with both p and ¢, and

80
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thus must all be 0. This means that the intersections of kerp and ker(1 — p)
with ker ¢ and ker(1 — ¢) are all trivial. Now consider the operator (1 — p)gp.
If € is in its kernel, then ¢p¢ is in ker(1 — p) and ker(1 — q), so gp§ = 0. Thus
p€ € ker(1—p)Nker g, so p€ = 0. This shows that (1 —p)gp maps pH injectively
into (1 —p)H. Any vector n orthogonal to the range of (1 —p)gp is in the kernel
of the adjoint pg(1 — p), and we may repeat the previous argument to conclude
that (1 — p)n = 0. Thus no non-zero vector in (1 — p)H is orthogonal to the
range of (1 — p)gp, showing that this range is dense in (1 — p)H. Thus the
source and range projections of (1 — p)gp are respectively p and 1 — p, so these
are equivalent projections in B(H). If we let K be the range of p then, up to
unitary isomorphism, H = K&K, p= ({ ) andg= (2 °) witha,b,c € B(K).
Note that the dimension of K is at least 2. The injectivity of (1 — p)gp on pH
implies that b* € B(K) is injective, and injectivity of b is implied by a similar
argument for pg(1 — p). Thus b is injective with dense range so the partial
isometry in its polar decomposition is a unitary, allowing us to write b = du
with d > 0 and u unitary. Thus ¢ has the form (u‘l d dcu). Conjugation by the
unitary (§9) shows that B(H) is generated by the projections p = (§§) and
q = (g ‘ei) where e = ucu* and a,d,e > 0. If we express §> = ¢ in terms of
the matrix entries, then we find that d = (¢ — a®)"/? and e = 1 — a. Since
K has dimension at least 2, there is a nontrivial projection f € B(K) which
commutes with a. If a is a multiple of the identity, then f can be any rank one
projection; otherwise take f to be a nontrivial spectral projection for a. The

element (é ?p) € B(H) then commutes with p and ¢, and hence with B(H).
This contradiction proves that dim H is at most 2. O

Lemma 5.2.2. Let p and q be projections in a von Neumann algebra M, and let
N be the von Neumann algebra generated by p,q and 1. Then there exist abelian
von Neumann algebras Ay and Ay such that N is isomorphic to A1 @ (As @My).

Proof. Let B be the C*-algebra generated by p,q and 1. Then B” = N. By
Lemma 5.2.1, any irreducible representation of B must be on a Hilbert space of
dimension at most 2. If we take a countable dense set of pure states of B and
let m be the direct sum of their GNS representations, then m embeds B into a
countable direct sum of copies of My, equivalently /*°®M,. Thus 7** embeds
B** into (¢*°)**®@M,. It follows that B** has only irreducible representations of
dimensions at most 2, and the same is true of N which is isomorphic to B**z for
a central projection z € B**. Thus N is a direct sum of von Neumann algebras
of types I; and I5. O

The next lemma constitutes part of the proof of the following theorem.

Lemma 5.2.3. In My, let P =(}§) and Q = (Csc:m Csi;m); where ¢ = cos b,

s =sinf, 0 < 0 < w/2. Then there exist a partial isometry W € My and a
unitary U € My satisfying

(i) WW =P, WW*=@Q;
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(ii) WIP = Q| = |P - QW and U|P — Q| = |P - Q|U;
(iii) [W = P[,|W - Q| <v2|P - Ql;

(iv) UPU* = Q;

(v) [l —U| < V2|P - Q.

Proof. Let W = (Sec;qs 8). Then (i) is a simple matrix computation. Since
P—-Q = —cii¢ _cfi;m), we see that P — Q = sV for a unitary V, and so

|P — Q| = sl. Thus (ii) holds.
Now W — P = (671 0), and

se'® 0
W —=P|?=(c—1)?+5*=2—-2c<2 -2 =257, (5.2.1)
and so
W — P| < ||W — P||I, < V2 s, = V2|P — Q| (5.2.2)

This proves the first inequality in (iii). For the second, observe that
W—Q=WP-WW*"=W(P - W*), (5.2.3)

and so
W —=Ql <||IP-W*|=[IP-W|<V2s (5.2.4)
from (5.2.1). This gives |[W — Q| < /2 sy, as required.
Define U = ( 6, ) Then UP = W, so UPU* = WW* = Q, showing

se®

(iv). The eigenvalues of U are ¢ £ is and so
I = U|> = (1 —¢)* + 5% =2 — 2c < 257, (5.2.5)
and (v) follows since |P — Q| = sls. O

Remark 5.2.4. Tt is useful to note that, in Lemma 5.2.3, the matrix W is
QP/||QP||, while U can be obtained from W by U = W + Uy WU,, where

0 —e 2 0 1
U, - <1 eO ) 7 Uy = (1 O) . (5.2.6)

Consequently, if s, c and ¢ are regarded as measurable functions on some mea-
sure space, then the matrices U and W are also measurable. O

Theorem 5.2.5. Let M be a von Neumann algebra, and let e, f € M be finite
equivalent projections. Then there exist a partial isometry w € M and a unitary
u € M satisfying

(i) w*w =e, ww* = f;

(ii) wle — f] =le — flw and ule — f| = |e — flu;
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(iii) Jw —el, Jw — f| < V2le ~ f;
(iv) ueu* = f;
(v) 1 —ul < v2le~fl.

Proof. By cutting M by the projection e V f, we may assume that M is a finite
von Neumann algebra. Let N be the von Neumann algebra generated by e and
f. By Lemma 5.2.2, there is a central projection z € N such that z/N is abelian
and (1 — 2)N is type Io. We will first consider the latter summand, and so we
will assume that z = 0, but drop the assumption that e and f are equivalent,
since in general this is not obviously so for (1 — z)e and (1 — 2)f (z need not be
central in M).

Since N is type I, there is a measure space (€2, 1) such that N is isomorphic
to L*(2,My), the space of Ms-valued bounded measurable functions. The
projections e and f are then projection valued functions e(w) and f(w). After
discarding a null set, we have that e(w) and f(w) generate My for all w € ,
and thus e(w) and f(w) must be noncommuting rank 1 projections. The general

form of a rank 1 projection in My is (c::”? “’Si;w), as in Lemma 5.2.3. Thus

e(w) has this form where ¢, s and ¢ are measurable functions of w. If we define

a unitary by _
" — c —se”
= \set® c

then u(w)*e(w)u(w) = (§§), and we may thus assume that e(w) is the constant
function w — (3 ). We are now in the situation of Lemma 5.2.3 with P = e(w)
and @ = f(w). In view of Remark 5.2.4, we see that Lemma 5.2.3 constructs
the operators u and w satisfying (i)—(v) pointwise on 2, and hence globally.

In the general case, the above discussion shows that (1 — z)e and (1 — 2)f
are equivalent projections in V. By applying the centre-valued trace for M, we
see that ze and zf are equivalent in M. Since z commutes with e and f we
also have equivalence in zMz. Restricting to zM z, we may now assume that e
and f are commuting equivalent projections. On that part of the space where
e = f we may take u = w = 1, and this reduces to the case when ef = 0. If we
decompose 1 as e + f + (1 — e — f), then relative to these projections we may
write

100 0 0 0
e=10 0 0], f=10 1 0]. (5.2.7)
0 0 O 0 00
We may then define
0 0O 0 -1 0
w=1[1 0 0], u=|1 0 0 (5.2.8)
0 0 0 0 0 1
Since
1 00
le—fl=10 1 0], (5.2.9)
0 00
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the verifications of (i)—(v) are routine matrix calculations based on (5.2.7)-
(5.2.9). O

In [36], Connes comments that this result is particularly important as it
permits good estimates of norm(u — 1) and norm(v — e) where norm(-) is
any norm on M satisfying norm(z) = norm(|z|) for x € M, and norm(z) <
norm(y) for commuting elements x,y € M with 0 < z < y. For a II; factor
M, this applies to || - ||, p > 1, and particularly to the special case p = 2.
The constant v/2 in Theorem 5.2.5 (iii), (v) is best possible, as may be seen by
considering the projections

(o) -0k i)
in M,.

We will return to Theorem 5.2.5 shortly, but we first establish some estimates
for the polar decomposition of an operator. These will be used several times
subsequently when we discuss perturbations in Chapter 9. We begin with an
estimate in the operator norm.

Lemma 5.2.6. Let N be a von Neumann algebra and let k € [0,1). Ifx € N
has polar decomposition x = uh and satisfies |1 — z|| < k, then

1 —wu <221 = (1= k)22 < 21/, (5.2.10)

Proof. The hypothesis implies that x is invertible and so u € N is a unitary.
Then

lu— hl| = |Ju* — h|| = |1 - uh| < k. (5.2.11)

Since u generates an abelian C*-algebra, the norm of 1 — u is determined by
states on N that are extensions of characters on C*(u,1). If ¢ is such a state
and ¢(u) = a + i3 then a? + 3% = 1 and

18] < l¢(u) = d(h)] < [lu —hll < k (5.2.12)

from (5.2.11) and the fact that ¢(h) € R since h > 0. Using (5.2.12), we see
that

- =N-a—iff>=01-a)?+=1-2a+a®+ 3
=2—20=2(1-(1-p%)Y?)

<2(1—(1—Kk)Y?) < 2k, (5.2.13)
and (5.2.10) follows from (5.2.13). O
The following gives estimates in the || - ||z-norm for a finite von Neumann

algebra. The subsequent remark explains the modifications necessary to obtain
the same results in a semifinite von Neumann algebra.
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Lemma 5.2.7. Let N be a finite von Neumann algebra with a faithful normal
trace 7. Let w € N have polar decomposition w = vk where k = (w*w)/?, and
let p = v*v and g = vv* be the initial and final projections of v. If e € N is a
projection satisfying ew = w, then

(i) [lp = Ellz < lle = wll2;
(i) fle —gll2 < lle = wll2;
(iii) Jle = vll2 < 2fle — w]l2.
Proof. The first inequality is equivalent to
T(p + k?* — 2pk) < 7(e +w*w — w — w*), (5.2.14)
since ew = w. Since p = v*v, we have
k* = w*w = kpk < k%, (5.2.15)
showing that (1 — p)k = 0 and pk = k. Thus (5.2.14) is equivalent to
T(w+w*) < 7(e — p+ 2k). (5.2.16)

The map = — 7(k'/2xk'/?) is a positive linear functional on N whose norm is
7(k). Thus

I7(w)| = |7(w*)| = |7(vk)| = |7 (kY ?vE?)| < 7(K). (5.2.17)
The range of e contains the range of w, so e > ¢q. Thus
7(e) > 7(q) = 7(p), (5.2.18)

and so (5.2.16) follows from (5.2.17) and (5.2.18), proving (i).
Since eq = g, the second inequality is equivalent to

—7(q) < T(w*w — ew — we) = 7(k* — w — w*), (5.2.19)

or to
7(w +w*) < 7(k* + p), (5.2.20)

since 7(¢q) = 7(p). By (5.2.17),
(w+w*) <271(k) = 1(p+ k? — (k —p)?) < 7(p + k?), (5.2.21)

proving (5.2.20) and establishing (ii).
The last inequality is

le = vll2 < lle = vkll2 + [lo(k = p)ll2
<lle —wllz + [|k = pll2 < 2[le — w2, (5.2.22)

by (i). O
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Remark 5.2.8. (i) We point out two special cases of Lemma 5.2.7 in which e is
taken to be either ¢ or 1. We also note that 2 is the best possible constant in
(iii), as may be seen by taking e = 1 and w = —¢1 for € > 0.

(if) Lemma 5.2.7 is also valid for semifinite von Neumann algebras with a faithful
normal semifinite trace under the additional hypothesis that p,q and e are all
finite projections. Then fN f is a finite von Neumann algebra, where f = eVpVq,
and the proof of Lemma 5.2.7 applies to fN f which contains w, v, k, p, ¢, and
e. g

The next lemma gives an estimate on the operators appearing in the polar
decomposition of a product of projections, and it forms part of the argument of
Theorem 10.4.1.

Lemma 5.2.9. Let N be a von Neumann algebra with a faithful normal semifi-
nite trace Tr. Let e, f € N be finite projections and let ef = (efe)'/?v be the
polar decomposition of ef. Then

(i) e —v]?, |f —v]* < 2le— fI?;
(i) lle = vllozr, If = vll2or < V2[le = fll2,zr

Proof. (i) If we cut N by the finite projection eV f, then we may assume that
T'r is a finite trace. By Lemma 5.2.2, the von Neumann algebra generated by e
and f is a direct sum of an abelian algebra and one of type Is. The inequalities
of (i) are obvious in the abelian summand, and so we may reduce to the case
when the algebra is A ® My for an abelian von Neumann algebra A. As in
Theorem 5.2.5, we may assume that A @ My is L™ (Q,My) for some measure
space (€2, 1), and that

2 —ip
(@ =(g o) T = (e “%").

where ¢, s and ¢ are measurable functions of w. By Lemma 5.2.3, there is a
partial isometry w € L*°(£2, My) such that

w(w) — ()], [ww) = f(w)] < V20e(w) = fw)| = V2sI. (5.2.23)

The proof of that lemma shows that

w) = (o o)

and it is a direct matrix calculation to show that the polar decomposition of
ef is ef = (efe)'/?w*, since (efe)(w) = c(w)?e(w). Thus v(w) = w(w)*. From
(5.2.2) and (5.2.4), we obtain

le(w) = v(@), [f(w) = v(@)* < 25(w)*L2 = 2le(w) - f(w)]*. (5.2.24)

The inequalities of (i) follow, since (5.2.24) shows that they hold pointwise over
Q.
(ii) Apply the trace Tr to the inequalities of (i). O
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The following is a special case of Theorem 5.2.5, proved using an elementary
algebraic method from Banach algebra K-theory [163, p. 22]. Note that the
estimate is not as good, but the method is simpler.

Lemma 5.2.10. (i) Let k € [0,1) and let p and q be projections in a von
Neumann algebra N satisfying ||p — ql| < k. Then there is a unitary
v € N with p = vqu* and

1 -l <2Y2(1 — (1= E)YV2)Y2 < 212, (5.2.25)

(ii) Let p and q be projections in a semifinite von Neumann algebra N with
a faithful normal semifinite trace Tr. If Tr(p) and Tr(q) are finite and if
lp — qll2, 7w < k < 1, then there is a partial isometry v € N satisfying

pUv = g, 0¥ p = puv’®, v g = quTv, (5.2.26)
11 —vv*|l2, 1 < K, 11— v|l2, 1 < 2E. (5.2.27)

Proof. The first part of the proof is common to both cases. Let z = pg + (1 —
p)(1 —¢q). Then pz = pqg = xq and

l—z=p+q—2pg=(2p—-1)(p—q) =(pP—-q(2¢—1). (5.2.28)
The operator 2¢ — 1 is a unitary, so from (5.2.28) we obtain the two estimates

lp+aq—2pq|l =1 —=|| <|lp—dqll, (5.2.29)
lp+q—2pqllerr = [I1 = |27 < [Ip — qll2,7r (5.2.30)

Let = hv be the polar decomposition of z, where h? = zz* and v is a partial
isometry. Then
ph? = pra* = zqr* = za*p = h’p, (5.2.31)

and so p commutes with 2? and thus with h. Since vv* is the range projection
of x and of zzx*, it follows that pvv* = vv*p. A similar calculation shows that
v*vq = qu*v. We now consider the two cases separately.

(i) In this case x is invertible and so v is a unitary. Then

q=x ‘pz =v*h phv = v*pu, (5.2.32)

since p commutes with h. Thus p = vgv*. Moreover, by Lemma 5.2.6 applied
to x* = v*h, we obtain (5.2.25) from (5.2.29).
(ii) Let us first suppose that N is finite. From properties of the polar decompo-
sition, v is the strong limit of the sequence {(h—l— %)_133}:;1. Since p commutes
with & and pxr = zq, we may multiply by (h + %)_1 and let n — 0o to obtain
pv = vq. Lemma 5.2.7 (iii) gives ||1 —v|l2.7r < 2||1 —2|l2,1r, 50 ||1 — 02,7 < 2k
follows from (5.2.30). The other estimate of (5.2.27) is |1 —vv*||2,7» < k, which
is a consequence of (5.2.30) and Lemma 5.2.7 (ii).

For the general case, let f be the finite projection pV q. Then the preceding
discussion gives a partial isometry v € fN f satisfying (5.2.26) and (5.2.27) when
1 is replaced by f. The result follows by replacing v by v+ (1 — f) € N. O
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We close this section with a result concerning the spatial implementation of
*_homomorphisms which are close in norm to the identity. This will be needed
in Theorem 9.3.1.

Theorem 5.2.11. Let N be a Il factor with a unital von Neumann subalgebra
A. Ifa €]0,1) and ¢: A — N is a unital *-homomorphism satisfying ||¢—1I|| <
«, then there exists a unitary v € N such that ¢(a) = vav* for a € A, and
1T —o] < V2(1 = (1 —a?)/2)12.

Proof. Denote the unitary group of A by U(A) and consider the set
K =conv{¢(u*)u: u e U(A)} C N.

For each u € U(A), ||¢p(u*) — u*|| < «, and so ||¢p(uv*)u — 1| < @. Thus K is
contained in the norm closed ball of radius « centred at 1, and so every operator
in K is invertible in N. This set is weakly compact when viewed as a subset of
L?(N), and so there is a unique element ¢ € K of minimal || - ||z-norm. Since
each u € U(A) induces a || - ||2-isometric map k — ¢(u*)ku of K to itself, the
uniqueness shows that each such map fixes t. Thus ¢(u)t = tu for u € U(A)
and, by linearity, we also have

¢(a)t =ta and t*¢(a)t =t"ta, a€ A. (5.2.33)

Taking a € AT in the second of these equations shows that ¢t*¢ lies in A’ N N,
and the same conclusion holds for (t*t)'/2. Let t = v(t*t)'/? be the polar
decomposition of ¢ in N, where v is a unitary since ¢ is invertible. Substitution
for t in the first equality of (5.2.33) yields

P(a)o(t )2 = v(t*t) %0 = va(t*t)/?, a € A, (5.2.34)
and so ¢(a)v = va. Hence ¢(a) = vav* for a € A. The norm estimate for 1 — v
follows immediately from (5.2.10) with k replaced by a. O
5.3 Approximations of projections

The following lemma on approximating a positive element by a projection is
well known: see [21, 36, 48, 139]. The proof below is that of Christensen [21].
The following two functions appear frequently in estimations: the first is

G)=64+2"11—(1—-40)"?), 0<d5<1/4, (5.3.1)
while the second is
H(k)=2Y21-(1-)YHY2 0<k<1. (5.3.2)

The first is used immediately and both will appear in Chapter 9 where their
properties will be discussed.
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Lemma 5.3.1. Let N be a semifinite von Neumann algebra with faithful normal
semifinite trace Tr. Let h be in N with 0 < h < 1 and let f be the spectral
projection of h corresponding to the interval [1/2, 1].

(i) If Tr(h*h) < oo, then
lle = fll2,7r < 2|le = All2,7r (5.3.3)
for all projections e € N of finite trace.
(ii) The increasing function
GO =64+2711 - (1 -40)Y/?) (5.3.4)
on the interval [0,1/4] satisfies

1f =pll < G(lh = pl) (5.3.5)
for all projections p € N with ||h — p|| < 1/4.

Proof. (i)  The functional calculus for the projection f associated with the
interval [1/2,1] for h implies that

1 1
ifgh and §(l—f)§1—h (5.3.6)
so that

f<4h® and (1-—f) <4(1—h)% (5.3.7)

This inequality, combined with orthogonality and the positivity of Tr, implies
that

le = flI3z = 11— e)f —e(t = P57,
=11 =) fl3,7r + lle(@ = N3 7r
=Tr((1—e)f(1—-e))+Tr(e(l— fe)
< ATr((1—e)h?(1 —e€)) + 4Tr(e(1 — h)%e)
= 4)|(1 = e)hll3 7, + 4lle(1 = h)[I5 7
=A4[[(1 = e)h —e(1 = h)[3 7,
=4|le — hH%’Tr. (5.3.8)

(i) Let h =p+z so [zl = [[h —p| = 4. Since 0 < h < 1, properties of
self-adjoint operators yield

0<h—h*=xz—ap—pz—2a°

= 2(1/2-p) + (1/2 - p)z — 22
<z(1/2-p)+ (1/2 — p)x, (5.3.9)



90 CHAPTER 5. PROJECTIONS AND PARTIAL ISOMETRIES

implying that || — h?|| < 4, since ||1/2 — p|| < 1/2. The spectrum o (h) of h lies
in the set [0, 2] U[1 — a, 1], where « is the smaller root 271 (1 — (1 —48)'/?) of the
equation A2 —\+§ = 0. Then the inequality ||h— f|| < « is a simple consequence
of the functional calculus. Hence || f —p|| < 042711 — (1—46)"/?) = G(5). O

The constant 2 in Lemma 5.3.1 is best possible as the following elementary
example shows. Let e and f be orthogonal projections in a finite factor N with
e+ f=1let 0 <A< 1/2 and let h = Ae+ (1 — \)f. The spectral projection
of h corresponding to [1/2,1] is f. Here |le = f||3 5, = 1 and |le = hl|3 1, =
(1 —=X)le— f||§7TT =1 — XA so the constant in Lemma 5.3.1 is no smaller than
(1—=X)"!for 0 < A <1/2and 2 is best possible.

Replacing 1/2 in the hypothesis of Lemma 5.3.1 by & for 0 < k < 1 gives a
similar result. In this case f corresponds to the projection for h on [k, 1], and
the inequality

le = fllo.rr <max{k™', (1 —k)"'}e— hlar: (5.3.10)

holds by the same method.
It is sometimes helpful to approximate a projection by a projection in a masa
with the same trace.

Lemma 5.3.2. Let B be a masa in a type 11y factor N with trace 7. If e is a
projection in N, then there is a projection f in B with 7(f) = 7(e) and

le = fll2 < 2%/2|le — Ep(e)| 2. (5.3.11)

Proof. Let fo be the projection corresponding to the interval [1/2,1] for Eg(e)
given by Lemma 5.3.1. If 7(fo) > 7(e), then there is a projection p in foB with
7(p) = 7(fo — e), since fyB is a masa in foN fo. Let f = fo —p so 7(f) = 7(e).
Here

lle = foll3 = 7(fo — €) +27(e(1 — fo)e) = 7(fo — €) = 7(p)- (5-3.12)

This equation and the relation pfy = p imply that

lle = f1I3 = lle = foll3 + 27((e — fo)p) + 7(p)
= [le = foll3 + T(p(2¢ — 1)p)
<lle= foll3 +7(p)
<2[le — foll3 < 8lle — Ep(e)]3. (5.3.13)

The case 7(e) > 7(f) is similar but is handled by working in (1 — fy)B. O
We do not know if the constant 23/2 in Lemma 5.3.2 is best possible.

It is useful to be able to approximate a pair of projections by a pair of
orthogonal projections as in the following lemma.
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Lemma 5.3.3. Let B be a von Neumann subalgebra of a finite von Neumann
algebra with trace 7. If e1 and ea are projections in N, then there are orthogonal
projections f1 and fo in B such that

les = fill2 < 22"2 + 1)|lej — Ep(ej) 2 + 2'/%[|ereal| (5.3.14)
for 3 =1,2.

Proof. Suppose that |[e; — Eg(e1)]l2 < |lea — Ep(ez)]|2- Let f1 be the spectral
projection for the self-adjoint element Ep(e;) corresponding to [1/2,1]. By
(5.3.3),

[f1 —e1ll2 < 2[lex — Ep(en)ll2- (5.3.15)

By orthogonality,

llez — (1= f1)ea(1 = f1)lI3 = Il fre2(1 = f1) + e2 13
= |l fre2(1 = fL)II5 + lleafall3
< |l fre2ll3 + llefall3
= 2| frez|3 (5.3.16)
since ||z*||2 = ||z||2 for all z € N. By (5.3.16) and (5.3.3)

llez = (1= f)ea(1 = fi)ll2 = 22| (f1 — ex)ea + ereal2
< 21/2”( —er)eall2 + 21/2H€1€2||2
<2V2|[(fr = e1)ll2 + 2" [|eres]l
< 23/2|e; —Ep(er)|l2 + 212 |erea]l2.  (5.3.17)
Let fy be the spectral projection for

h= (- fi)Eg(e2)(1 = f1) =Ep((1 — f1)(e2)(1 = f1)). (5.3.18)
Then
lea — fallz < flea — (1 = fi)ea(1 — fi)ll2 + [I(1 = f1)e2(1 — f1) — fall2
<252|ley —Ep(e1)]| +2"/%|lerez]l2

+2[[(1 = fi)e2(1 — f1) —Ep((1 — fi)e2(1 — f1))ll2
< (2% 4 2)[les — Eg(ea)|la + 2'/*[leres] 2, (5.3.19)

by the supposition on |le2 — Eg(ez)||2 and (5.3.3). These are the required in-
equalities. O
5.4 Commutants of compressions

In this section we describe some basic results concerning the interplay between
compressions of von Neumann algebras and of their commutants.
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Theorem 5.4.1. (i) Let M C B(H) be a von Neumann algebra and let p €
M be a projection. Then

(pMp) NpB(H)p = M'p.

(ii) Let B C N C B(H) be von Neumann algebras and let p € B be a projec-
tion. Then
(pBp)' NpNp = (B'N N)p.

(iii) With the hypothesis of (i), let ¢ € (pBp)' N pNp be a projection. Then
there exists a projection p’ € B' NN such that ¢ = pp’.

Proof. (i) The containment M'p C (pMp)' N pB(H)p is clear. The reverse
containment is equivalent, by the double commutant theorem on pH (Theo-
rem 2.2.1), to the statement (M’'p) NpB(H)p C pMp. To establish this, con-
sider t € (M'p)’ N pB(H)p, and extend this operator to t € B(H) by setting it
equal to 0 on (1 —p)H. Since M’ = M'p+ M'(1 — p), we have t € (M) = M,
and t = ptp € pMp as required.

(ii) Since p € B C (B'NN)’, we may apply (i) with M = (B’ N N)' to obtain

(p(B'NN)'p) NpB(H)p = (B'NN)p. (5.4.1)
We may also apply (i) with M = N, yielding
(pNp) NpB(H)p = N'p. (5.4.2)

If we denote the von Neumann algebra generated by two algebras as W*(-,-),
then

((pBp)' N pNp)' N pB(H)p = W*(pBp, (pNp)' N pB(H)p)
= W*(pBp, N'p), (5.4.3)

using (5.4.2). Since B and N’ commute, it is easy to check that W*(pBp, N'p) =
pW*(B, N')p. Taking commutants in (5.4.3) gives

(pBp)' N pNp = (pW* (B, N")p)’ N pB(H)p
= (W*(B,N")p) = (B'n N)p, (5.4.4)

using (i) with M = W*(B, N'), which contains p.

(iii) By (ii), x — zp: B NN — (B’ N N)p is a normal *-homomorphism of
B’'N N onto (pBp)' NpNp. It follows that there is a projection p’ € B'N N such
that ¢ = pp’. O

Remark 5.4.2. If we take B to be N in Theorem 5.4.1, and p € N is a projection,
then we obtain Z(pNp) = Z(N)p, where Z(-) denotes the centre. This follows
because Z(M) = M’ N M for any von Neumann algebra M. O

The next result is the counterpart of Theorem 5.4.1 when the projection lies
in the commutant.
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Theorem 5.4.3. Let M C B(H) be a von Neumann algebra with centre Z(M),
and let p € M' be a projection.

(i) The commutant of Mp in pB(H)p = B(pH) is pM'p.
(ii) The centre of Mp is Z(M)p.

Proof. (i) Tt is clear that pM'p C (Mp) NpB(H)p. Let t € B(H) be such
that ptp € (Mp)'. Since each m € M can be written m = pmp+ (1 —p)m(1—p),
we see that ptp € M’ showing that ptp € pM'p.

(ii) The containment Z(M)p C Z(Mp) is clear. If z € Z(Mp), then z = yp
for some y € M. For each unitary u € M,

z = (up)yp((up)” = (uyu”)p. (5.4.5)
The Dixmier approximation theorem (Theorem 2.2.2) then shows that there
exists Z € Z(M) such that z = Zp, proving the reverse containment. O

5.5 Basic lemmas for Kadison’s results

This section contains the basic lemmas on which the main results of the next two
sections are built. We begin by recalling two standard definitions from Section
2.4.

Definition 5.5.1. (i) A projection p in a von Neumann algebra M is said
to be abelian if the algebra pMp is abelian. The prototypical example is
a rank one projection in B(H).

(ii) The central support (also known as the central carrier) z of an element
x € M is the smallest central projection satisfying zx = x. It is denoted
¢, and clearly depends on the containing algebra M.

The rest of this chapter, and a number of calculations in Chapter 9, depend
on studying the central support of the projections under discussion. One simple
property is the following: if ¢ is a central projection in M, then ¢y, = gc, for all
x € M. The standard cut down results on commutants are also required. The
ones stated here are special cases of more general results in Theorem 5.4.1.

If M is a von Neumann algebra acting on a Hilbert space H with centre Z,
q 18 a projection in M' and p is a projection in M, then

(1) Mgq is a von Neumann algebra acting on ¢H with centre Zq and commu-
tant gM'q and

(2) pMp is a von Neumann algebra acting on pH with centre Zp and commu-
tant pM’.

The proofs of the next two lemmas require this simple observation: the algebra
generated by the centre and any given self-adjoint element in M is abelian, so
the centre is a masa precisely when it contains every self-adjoint element. This
forces the algebra M to be abelian.
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Lemma 5.5.2. Let B be a masa in a von Neumann algebra M and let p be
a projection in B with central support c, in M. If p is minimal in B among
projections with central support c,, then p is abelian.

Proof. If Z is the centre of M, then Z C B and the centre of pMp is Zp as
noted above (see Theorem 5.4.1). Additionally, Bp is a masa in pMp. Let ¢ be
a non-zero projection in pB. Then ¢ € B and ¢ < p, and so ¢ = cqq < ¢gp. If
q < cgp, then (1 —cy)p+q=p+q—cqp <pand (1 —c¢y)p+ ¢ is a projection
in B with central support ¢, = (1 — ¢4)c, + ¢4. This contradicts the minimality
of p. Hence ¢ = cgp. Thus each projection in Bp is in Zp so that Bp = Zp;
the centre Zp of pMp is the masa Bp. Thus pMp = Zp is abelian, since if the
centre of a von Neumann algebra is a masa, then the algebra is abelian and
equal to its centre. O

Lemma 5.5.3. If M is a non-abelian von Neumann algebra and B is a masa
in M, then B contains two non-zero projections p and q with pg = 0, ¢, = ¢4
and p < q.

Proof. If f is a projection in B such that cyci—y = 0, then f = c¢, since
cf <1 —ci_yf so that

fSeg<l-ayp<1-Q10-f)=/ (5.5.1)

Because M is non-abelian there is a non-central projection f in B so that
z =cyfci—5 # 0. Thus the central supports of zf and z(1 — f) are equal since

Cof = 2CF = CfCl_j = 2= ZCl_f = Cy(1—f)- (5.5.2)

By the comparison theorem for projections [105, Theorem 6.2.7], there is a
non-zero central projection zg such that zp < z and either

zof K z0(1—f) or zo(1—f) < 20f. (5.5.3)

Choosing p = zof and ¢ = 20(1 — f) in the first case (or p = z9(1 — f) and
q = zof in the second) gives the required projections with

Cp = 20Cf = 20 = 20C1—f = Czy(1—f) = Cq- (5.5.4)
O

Lemma 5.5.4. If M is a von Neumann algebra that has no abelian central direct
summand and if B is a masa in M, then B contains a non-zero projection p
such that cy =ci—p=1andp<1—p.

Proof. Let {py : A € A} be a family of non-zero projections in B that is maximal
with respect to the properties that {c,, : A € A} is an orthogonal family and
px < 1 —py for each A € A. By Lemma 5.5.3, B contains non-zero projections
po and go such that pg < g0 < 1 — po. Thus there is a family {pg} with a single
projection in it of the required type and hence a maximal family exists by Zorn’s
lemma.
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Let p =Y px. Then ¢, = Y ¢,,, by a standard result on central supports,
[104, Proposition 5.5.3], applied to finite partial sums. If z = ¢, # 1, then
(1 — 2)M is a non-abelian von Neumann algebra by hypothesis and (1 — z)B
is a masa in (1 — z)M. By Lemma 5.5.3 again, there is a non-zero projection
p1 in (1 — z) B such that p; < (1 — z) — p1. This contradicts the maximality of
the family {p) : A € A}, since {p1} U{px : A € A} is a larger family with the
required properties. Hence z = 1.

For each A,
Px = CpaDa S Cpa (1= P2A) = Cpy — P (5.5.5)
so that
P=> <D (o —p)=1-p (5.5.6)
and ¢, = z =1 = ¢;_,, as required. O

5.6 Range of the centre-valued trace

Theorem 5.6.2 is the result that the centre-valued trace fills up its range in the
strongest way in a II; von Neumann algebra.

Recall the following standard method from conditional expectations, which
is required later in the next lemma 5.6.1. If M is a type II; von Neumann
algebra with a faithful normal trace 7 and centre Z, then the centre-valued
trace Tys is Ez. This follows easily from Remark 3.6.6 applied to the whole
algebra M as a subalgebra of itself, as the following little calculation shows. If
r € M, let

Ky (x) =conv’{uzu™: wa unitary in M} (5.6.1)

be the weakly closed convex hull of {uzu*: wa unitary in M}. If v is a unitary
in M, then

{uzu®: wa unitary in M} = {u(vzv*)u”: wa unitary in M} (5.6.2)

so that Ky (z) = Ky (vav*). Thus Ky () and Ky (vzv*) have a common
element h of minimal || - ||2-norm. By Lemma 3.6.5 and Remark 3.6.6, h =
Ez(z) = Ez(vzv*), since Z = M N M'. Replacing z by zv, and using the
observation that the unitaries span M, gives Eps(zy) = Eps(yz) for all z,y € M.
The Z-module property of Ez and 7(Eu(z)) = 7(z) for all € M imply that
E is the unique centre-valued trace Ty, [187, p. 312]. If p is a projection in
M, then Ty (p) < ¢p, since p < ¢, and ¢, € Z.

Lemma 5.6.1. Let B be a masa in a 111 von Neumann algebra M and let p be
a non-zero projection in B. If e > 0 and z is a non-zero central projection in
M with z < ¢, then there is a non-zero projection q in B with

g<p, cg=2 and Tp(q) <ezTpr(p). (5.6.3)
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Proof. Assume that ¢, = 1 by replacing M by ¢, M, B by ¢, B and Tps by Te,as-
By induction on n construct a sequence of non-zero projections p,, € B such
that p; = p,

Pn < P, DPn+1 <X Pn — Pn+1 and Cp, = 1 (564)

for all n € N. The same calculation that works form n to n+1 gives po. Suppose
that p1, ..., p, have been constructed. Apply Lemma 5.5.4 to the masa p, B in
the IT; von Neumann algebra p, Mp, to obtain a projection p,4+1 in B with

Pnt1 < Pns  Pntl =N Pn — Pn+1 and Cppi1 (PnMpp) = pn, (5.6.5)

where ¢, ., (pnMpy) is the central support of p,41 in the von Neumann algebra
PnMpy. Note that the order relation < is calculated initially in p,Mp, and
then holds in M. If 2y is a central projection in M with p,41 < zp, then zop, is
a central projection in p, Mp,, with p,11 < zopy, so that p, = cp, ., (PnMpy) <
20pn- Hence p, < zg and 1 = ¢, < 29. Thus ¢p,,, = 1 as required in the
induction. From equation (5.6.4) it follows that Tps(prn) < Tar(Pr-1) — Tar(pn)
so that Tar(pn) < 27 Tar(pn_1) for all n > 2. This implies that Tas(p,) <
27" FIT(p) for all n € N, because p; = p.

Choose n € N with 27 "*! < ¢ and let ¢ = zp,,. Then Cq = Czp, = 2Cp, = %,
by equation (5.6.4) and Tps(q) = 2T (py) < e2Tar(p) as required. O

Theorem 5.6.2. Let B be a masa in a 113 von Neumann algebra M and let p
be a non-zero projection in B. If h is in the centre of M with 0 < h < T (p),
then there exists a projection q € B with ¢ < p and Tp(q) = h.

Proof. Assume h # 0. By the spectral theorem there is a non-zero central
projection z and a positive € such that 0 < ez < h. By Lemma 5.6.1, there
is a non-zero projection gy € B with g9 < p and Tjs(qp) < ez. Thus there
is at least one non-zero projection go € B with ¢o < p and Tps(qo) < h. Let
F be the set of all non-zero projections ¢; in B with ¢1 < p and Ty (q1) < h
with order < on F. If {g) : A € A} is an increasing totally ordered net in F,
then ¢ = sup{q : A € A} is a projection in B with ¢; < p and Tps(q1) =
Tas(sup gx) = sup Tar(gx) < h by the normality of the centre-valued trace Tjy.
Hence there is a maximal element ¢ € F. If Tys(q) # h, then by the spectral
theorem there is a € > 0 and a non-zero central projection z such that

ez < h—Tuy(q). (5.6.6)
Considering centre-valued traces and central supports,

ez < z(h—Ta(q) < 2(Ta(p) — Tar(q))
=Tam(2(p—q) < Co(pg) = 2Cp—q (5.6.7)

so that z < ¢,—4. By Lemma 5.6.1 applied to B in M, there is a non-zero
projection ¢; € B with

G <p—gq, ¢g, =cp—gand Ty (q1) <ezTpy(p—q) <h. (5.6.8)
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Then g+g¢; is a projection in B with g+¢1 < pand Tp(g+q1) < Tar(q)+ez < h,
so ¢ + g1 € F. This contradicts the maximality of ¢ in F and implies that
Ta(q) = h as required. O



Chapter 6

Normalisers, orthogonality
and distances

6.1 Introduction

This chapter is devoted to technical results that apply to von Neumann subal-
gebras of a finite von Neumann algebra with a fixed faithful trace 7. Section 6.2
contains results on the unitary, and partial isometry, normalisers of a masa that
are due to Dye [55], although they are presented here as in Popa [141] and
Jones and Popa [96]. We also discuss Cartan masas, and give a theorem on the
unitary conjugacy of two such subalgebras that will prove useful subsequently.
Section 6.3 on orthogonality of von Neumann subalgebras of a finite von Neu-
mann algebra is due to Popa [138]; this idea has played an important role in
the theory. Section 6.4 contains some properties of the set of all von Neumann
subalgebras of a II; factor when this is given a natural metric arising from the
|| - [[2-norm, by d2(A, B) = |[E4 — Epl|co,2 for all von Neumann subalgebras A
and B of N. These results are due to Christensen [24], although his formulations
are worded in terms of an equivalent metric d;, which is defined by

di(A,B)=inf{0 >0: ACs B and B C; A}

for all von Neumann subalgebras A, B of N. Here A Cs B is defined by the
requirement that

la —Eg(a)|z <4 for all a € A with [ja]| < 1.

The advantage of these equivalent metrics is that they are much smaller than
that induced by the uniform norm.

6.2 Normalisers of masas

Let U(N) denote the unitary group of a von Neumann algebra N. We begin by
recalling from (3.3.1) the definition of the unitary normaliser of a subalgebra.

98
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Definition 6.2.1. If M is a von Neumann subalgebra of a von Neumann algebra
N, then N (M), or N(M, N), denotes the unitary normaliser, defined by

{u e U(N) : uMu* = M}.
0

Thus N (M) is a subgroup of U(N) that is stable under automorphisms of N
that fix M as a set, and the von Neumann algebra N'(M)" is the || - ||2-closure in
N of the linear span of N'(M). There is a related notion of a groupoid normaliser
defined as follows.

Definition 6.2.2. If A is an abelian von Neumann subalgebra of N, let GN (A),
or GN' (A, N), be the normalising groupoid, consisting of those partial isometries
v € N which satisfy

v, v € A, vAV" = Avvt = vv™ A.
O

The results in this section are taken from [55], [141, Lemma 2.1] and [96,
Lemma 2.2]. The following two lemmas summarise the basic properties of the
normaliser and groupoid normaliser of abelian von Neumann subalgebras and
masas in N. Observe that the abelian hypothesis is used in the initial two parts
of the next lemma.

Lemma 6.2.3. Let N be a von Neumann algebra with a faithful normal trace
T and let A be an abelian von Neumann subalgebra of N.

(i) If v1, va € GN(A), then vive, vi € GN(A).
(i) If v1, va € GN(A) and if vivi = vivy = 0, then vi + vy € GN(A).

(i) A partial isometry v is in GN(A) if, and only if, there is a projection
e € A and a unitary u € N(A) such that v = ue = (ueu*)u.

(iv) The set GN(A) is in the linear span of N'(A) so that GN(A)" = N (A)".

Proof. (i) Clearly v1v9A(v1v2)* and v Av; are contained in A and vyve(viv2)*
is a projection in A, since

V1V (V102) V1v2 (V102)" = V1 (v2v3) (V] V1) (V23 ) VT

= vy (vivr)(v2V3 )V = v1V2VS V] (6.2.1)

from the commutativity of A.

(i) Let v, vo be in GN(A) with vjv; = viv; = 0 and let v = vy + v2. Then
v is a partial isometry and vAv* = v; Av] + vaAvax, since vivivav; = 0 and
viv1v5v9 = 0.
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(iii) By (i), only one implication need be proved. Let v be in GN(A) with
v'v =e € A and vv* = f € A. We begin by constructing a partial isometry w
in N such that
w'w=e—ef, ww*=/f—ef and (6.2.2)
wA(e — efyw* = A(f - ef)
from which the unitary u is subsequently constructed.

By (i), the partial isometries w,, = (1 —e)v™(1 — f) = (f — ef)v"(e — ef)
are in GN'(A) for all positive integers n, since 1 —e, 1 — f and v are in GN'(A).
Let e, = wjwy, and f, = w,w], be the initial and final projections of w,,. From
this, if n > m,

— Un(]_ _ f)v*(nfm) [U*mvm](l . f)'l}*m
=0"(1 = o™ (1 = £ ™™ = 0, (6.2.3)
since v"v*™ € A and v*(1 — f) =0, and
wnw,, = (f —ef)v"(e —ef)u™™(f —ef)

= (f —ef)" "™ (e —ef)o"|(f —ef)
=(f—ef)" (A = e (e —ef)u]f =0, (6.2.4)

since v (1 — f)v*™ € A, and v(1 — e) = 0. The equation w}w,, = 0 is derived
in the same way. If n < m, a similar calculation yields w,w}, = w}w,, = 0. If
m # n, then

enem = Wiwp,wh wy, =0 and  fp, frn = wpw) wpw), =0, (6.2.5)
so that {e,, : n € N} and {f, : n € N} are sequences of orthogonal projections
in A.

Let eg =e—ef =)~ en. The projections v™eqv*" are pairwise orthogonal
in A for n > 1, since v7eyv*” < v™(1 — f)v*™ and the latter projections are

orthogonal by equation (6.2.3).
By definition, eg < 1 — f and, for all n € N,

0=-epen, =eo(1 — o (1 —e)v™ (1 — f)eo
=egv™(1 —e)v"eq (6.2.6)

so that
(I—-e)v"e=0=(1—-e)v"eev™ and v"epv™™ <e. (6.2.7)
From (6.2.7), we obtain

T(v("+1)eov*("+1)) = 7(v"egv™ v ) = T(V"egv*"e) = T(vegv™™),  (6.2.8)
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so that the projections v™egv*™ are all equivalent for n > 0. The orthogonality
of these projections implies that they are all zero since N is finite. Thuse—ef =

> ns16n, and similarly f—ef =37 o) fo. fw=73" -, wy, then

ww* = Z W Wy, = Z en=e—ef (6.2.9)

n>1

since w,w, = 0 for m # n by equations (6.2.5). Similarly ww* = f —ef. Also

wA(e —ef)w* = Z wmAle —ef)w) = Z wyp Aep,w)

m, n n>1

=Y Afn=A(f —ef). (6.2.10)

n>1
Let

u=v+w' +1—e—f+ef
=v4+w +(1—-e)(l-f). (6.2.11)

Then direct calculations show that w is a unitary in N, that vAu* = A, and
that v = we.

(iv) Ifwvisin GN(A), then v = we by (iii) so that —2v = u(1 — 2¢) — u with
uw and (1 — 2¢) both in N(A). Hence GN(A) is in the linear span of A(A) so
GN(A)" = N(A)". O

See [96, Remark 2.2] for a discussion of Lemma 6.2.3. The masa hypothesis
A'N' N = Ais used at a crucial stage in each part of the proof of the following
lemma.

Lemma 6.2.4. Let N be a von Neumann algebra with a faithful normal trace
T and let A be a masa in N.

(i) Let M be a von Neumann subalgebra of N with A C M C N. Ifv €
GN (A, N), then there is a projection e in A satisfying By (v) = ve and
e < v*v. Moreover, e is the maximal projection in A with ve in M and
e < v*v. Hence

Enr(GN (A, N)) = GN (A, M). (6.2.12)

(ii) Suppose that 0 is an automorphism of A, that v is a partial isometry in
N satisfying

va =0(a)v forall a€ A, (6.2.13)

and that e = v*v. Then v € GN(A), O(e) = vv*, and there is a unitary u
in N such that v = ue.
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Proof. (i) Let v = uf be the decomposition of v € GN (A, N), where u €
N(A,N) and f is a projection in A. If ¢ is in A, then vau* € A, and

Er(u)a = Epr(ua) = Epr(uan™u) = uvauw™Epy (u), (6.2.14)

so that v*Ep(u)a = au*Eps(u). Hence e = w*Eps(u) is in A’ NN = A. More-
over,
En(e) = e =Epn(u"Ep(u)) =Epr(u) Epr(u) >0, (6.2.15)

and
e? =e*e =y (u) uu B (u) = Ep(u)*Epr(u) = e. (6.2.16)

Hence Ep(u) = ue so that Epy(v) = Epr(u)f = uef = ve is in M NGN (A, N)
and thus lies in GN (A4, M).
If eg is a projection in A with veg in M, eg < v*v and ege = 0, then

v(e+eo) =Ep(v(e+e)) =En(v)(e+ep) =ve(e+e) = ve, (6.2.17)

so that vey = 0 and eg = 0, since eg < v*v. This proves the maximality of e.
(ii) Let f = vv*. Repeated use will be made of equation (6.2.13). Since

v*va = v*0(a)v = (6(a™)v)*v = (va*)*v = av*v and (6.2.18)
vw*f(a) = v(0(a*)v)* = v(va®)* = vav* = 0(a)vux, (6.2.19)
eand f arein AN N = A. Hence
[ =vev" =0(e)vv* =6b(e)f (6.2.20)
and
e () = v vl (f) = v 00 (f))v =v* fuo=e. (6.2.21)

We conclude that the relations f < 6(e), e < 71(f) and 6(e) = f all hold. Tt
then follows that
O(ae) = 0(a)f = O(a)vv™ = vav™, (6.2.22)

for all a € A, so v € GN(A) and u exists by Lemma 6.2.3 (iii). O

Corollary 6.2.5. Let N be a von Neumann algebra with a faithful normal
trace T, let A be a masa in N with unitary normaliser N'(A) and let M be a
von Neumann subalgebra of N.

(i) If M CN(A)" , then M = N (A, M)".
(ii) If A is a Cartan masa in N, then A is a Cartan masa in M.

Proof. Let span®(X) denote the weak closure of the linear span of X. Since
M CN(A,N)"” and Ej; is a normal map, Lemmas 6.2.3 and 6.2.4 imply that

M = Ey (span” (N'(4, N))) = span” (Ey (GN (4, N)))
= span® (GN'(A, M)) = span® (N (A, M)) = (N (A, M))".  (6.2.23)

This proves (i). If A is Cartan, then N'(A, N)” = N and so (i) applies to M.
We conclude from (i) that A is Cartan in M. O
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Corollary 6.2.5 shows that being Cartan is a hereditary property of masas
in finite von Neumann algebras. Clearly being singular is also a hereditary
property. It is of interest that semi-regularity is NOT a hereditary property.
For an example of a masa A with A C M C N, A semi-regular in N and
singular in M, see [96, Example 2.6].

We now turn to the topic of unitary equivalence of Cartan masas and of
semi-regular masas. For non-conjugate masas A and B in a II; factor N, it
may be possible to find a partial isometry v such that v*v € A, vv* € B and
vAv* = Bvv*. An example of this is given by choosing masas A; and Az in
the hyperfinite factor R which are respectively Cartan and singular, and then
letting A = A; & A; and B = A; & As in R ® M,. However, we will show
that if both masas are taken to be Cartan or semi-regular, then the existence of
such a partial isometry v implies unitary conjugacy. We require the following
lemma. The two projections in the statement are equivalent in N; the point is
that the partial isometry implementing the equivalence can be chosen from the
groupoid normaliser GN (A). Note that the hypothesis applies to both Cartan
and semi-regular masas.

Lemma 6.2.6. Let A be a masa in a 11y factor N and let p,q € A be projections
with equal traces. If N'(A)" is a factor, then there exists a partial isometry
v € GN(A) such that p = vov§ and ¢ = vivo.

Proof. The masa A is Cartan in the factor N'(A)”. Then replacing N by N'(A)”,
if necessary, allows us to assume without loss of generality that A is Cartan in
N.

The weak density of the span of N'(A4) in N shows that there must exist
u € N(A) such that pug # 0, otherwise pNq = {0}. Then w = puq is a non-
zero partial isometry in GN(A) satisfying ww* < p and w*w < ¢q. Thus the
set

S={vegN(A): vv" <p, v'v<gq, v#0}

is a non-empty set of partial isometries. By Zorn’s lemma, we may select from .S
a subset Sy which is maximal with respect to having pairwise orthogonal initial
projections and pairwise orthogonal final projections. The trace dictates that
this subset is at most countable, so we may list the elements as Sy = {v;: i > 1}
without loss of generality. Let vg = > .-, v;. This sum converges strongly and
defines a partial isometry in GN(A) such that vovg < p and vivy < g, using
the orthogonality conditions for the v;’s. Let pg = wvov§ and qo = vgve. If
po < p then the trace shows that gy < ¢, and so we may apply the previous
discussion to the non-zero projections p — pg and ¢ — qp to obtain a non-zero
partial isometry v € S with v9* < p — pg and 9*0 < ¢ — qo. This contradicts
the maximality of Sy, and proves that vovg = p, vivo = ¢. U

The following theorem applies when we have that A and B are Cartan, are
semi-regular, or are one of each type.

Theorem 6.2.7. Let A and B be masas in a I1; factor N, and suppose that
there exists a non-zero partial isometry v € N such that vv* € B, v*'v € A, and
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vAv* = Bov*. If N(A)" and N(B)" are factors, then there exists a unitary
uw € N such that vAu* = B.

Proof. Let p = v*v € A. Let n be an integer such that n=! < 7(p), and
select a projection p; € A lying below p and having 7(p;) = n~!. Then let
¢1 = vp1v* € B. Now choose orthogonal sets of projections {p;}?_; € A and
{gi}"_, € B which all have trace n~! with both sets summing to 1. By Lemma
6.2.6, we may choose partial isometries u; € GN(A), w; € GN(B), 1 < i < n,
with w1 = p1, w1 = q1, and such that w;u} = pi, wiu; = p;, w,w; = g1, and
wiw; = ¢;. Then the partial isometries v; = wvu;, 1 < < n, satisty v;v] = g¢;,
vjv; = p;, and v;Avy = Bg;. Now define u = Z?:l v;, which is a unitary
satisfying u(Ap;)u* = Bg; for 1 <4 < n. From this it follows that uAu* = B,
completing the proof. O

6.3 Orthogonality of von Neumann subalgebras

The results in this section are from [138] (but see also [73, Lemma 2.4]). Through-
out this section IV will be a finite von Neumann algebra with a faithful normal
trace 7 with 7(1) = 1 and 2-norm given by ||z||2 = (7(zz*))}/? for all z € N. If
S is a non-empty subset of NV, let

St={zreN:7(zs*)=0 forall seS}. (6.3.1)

This orthogonal subspace notation is to hold in this section only in that S+
is a subset of N, whereas the orthogonal subspace would usually be taken in
L?(N, 7). Note that if M is a von Neumann subalgebra of N, then (M*)+ = M,
since if x is in (M=) then

|z = Ear(2)[|3 = 7(z(x — Ear(2))) — 7(Ear(2)(z — Ear(2)))
— 0, (6.3.2)

so x € M. From this it follows that if M7 and My are von Neumann algebras of
N, then M; C M, if, and only if, Mi- O Mj-. For von Neumann subalgebras to
be orthogonal, it is clear that the identity must be removed from consideration;
here are some of the equivalences.

Lemma 6.3.1. Let N be a von Neumann algebra with a faithful normal trace
7 and let My, Ms be von Neumann subalgebras of N. The following conditions
on My and Ms are equivalent, and are equivalent to the same conditions with
the order of My and Ms interchanged.

(i) If x € My and y € My with 7(x) = 7(y) =0, then T(xy) = 0.

(ii) If x € My and y € My, then 7(zy) = 7(x)7(y).

(i) If 2 € My andy € My, then [ay]ls = |zl ]lyla-
)

(iv) If z € N, then Epp, Epg, (2) = 7(2)1.
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(v) Ep, (Ms) =CL1.

Proof. Let x € My, y € Ms and z € N and let these elements vary when neces-
sary. The equivalence of the first three conditions follows from the equations

7((z — 7(2)1)(y — 7(y)1)) = 7(zy) — 7(z)7(y) and
lzyll3 = 7(z"zyy*), (6.3.3)
using linearity in (ii) to pass from positive x and y to all elements in the relevant

von Neumann algebras.
Condition (ii) implies (iv) by letting x € M; be arbitrary in the equations

T(Ear, (Bar, (2))2) = 7(Ear, (Ear, (2)2 )) 7(Ear, (2)7)

(
= 7(Ea =7(2)7(2)
= 7(7(2)x). (6.3.4)

N
~—
~—
A
5/

If (iv) holds, then, for z € M; and y € M, the equation

7(2)7(y) = 7(27(y)) = 7(2Er, (Bar, (y))
= 7(Ear, (2y)) = 7(2y) (6.3.5)

proves (ii).
If (v) holds, then the equation

T(Er, Eay(2) —7(2)1) = 7(2) = 7(2) =0 (6.3.6)

implies that Epr, (Ear,(2)) = 7(2)1, since 7 is one-to-one on Cl. Clearly (iv)
implies (v). The symmetry of (ii) in M; and Ms gives the symmetry of the
conditions. O

If My and Ms are von Neumann subalgebras of N with faithful normal
trace 7, then M; is said to be orthogonal to M, if, and only if, the equivalent
conditions of Lemma 6.3.1 hold. Observe that orthogonality depends on the
trace chosen but is unique in type II; factors due to the uniqueness of the
normalised trace. Note that orthogonality is preserved by *-automorphisms of
N that preserve the trace.

Discrete group von Neumann algebras provide a nice example of the orthog-
onality of von Neumann subalgebras that illustrates this definition.

Let H and K be subgroups of a countable discrete group G : then L(H) is
orthogonal to L(K) in L(G) if, and only if, H N K = {e}. This follows from
Lemma 6.3.1 (v) since Er gy (L(K)) = C1 if, and only if, H N K = {e}.

Lemma 6.3.2. Let M be a von Neumann subalgebra of the finite von Neumann
algebra N with faithful normal trace 7 and let u be a unitary element in N. If
there is a diffuse von Neumann subalgebra B of M with uBu* orthogonal to M,
then w is orthogonal to N'(M)".
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Proof. Let v be in N (M) and let € > 0. If Ay is a masa in B, then A is diffuse
by Theorem 3.5.2 and by repeated subdivision there is a positive integer n with
1/n < € and projections ey, ..., e, in Ag with Zj ej=1and 7(e;) <eforl<
J < n. Intuitively this depends on Ay with 7 being isomorphic to L*°[0, 1] with
its integral. Let A be the finite dimensional von Neumann subalgebra generated
by e1,...,e,. Since vuAu*v* C vuBu*v* is orthogonal to vMv* = M,

T(vuejutvre;) = T(vuejutv*)T(e;) = 7(ej)? (6.3.7)

by Lemma 6.3.1 (ii).

Since |7(z)| < |[Eannz||2 for all z € N, we may sum equation (6.3.7) over j
and apply the definition of the conditional expectation E4~n (see Section 3.6)
to obtain

[m(vu)? < [Eann(vu)ll3 = (1) ejoue;ll3
J
= llejoues|l3 = r(vuejutvie;) = > (e))?
J J J
<max{r(e;):1<j< TL}ZT(@j) <e. (6.3.8)
J

It follows that 7(vu) = 0 for all v € A(M) and so u is orthogonal to N (M),
and hence is orthogonal to N (M)" as required. O

Remark 6.3.3. We have already noted that orthogonality of subgroup von Neu-
mann subalgebras corresponds to the subgroups having trivial intersection. If
G1 and G5 are subgroups of a discrete group G, with G; N G2 = {e}, then
L(G1) and L(G3) are orthogonal von Neumann subalgebras of L(G). For group
elements g1 € G1 and g2 € Go such that g1g2 # e, we have 7(g192) = 0. This
formula extends by linearity and continuity to orthogonality of the relevant von
Neumann subalgebras by Lemma 6.3.1 (i). The converse is clear.

If H is a subgroup of the group G and g € G with gHg~' N H = {e}, then
gL(H)g~* is orthogonal to L(H). This explains the singularity of L(H) in L(G)
if gHg=* N H = {e} for all g € G\ H (see Lemma 3.3.2).

Orthogonality is a weaker notion than freeness (see [200]) and consequently
has wider applications. O

6.4 Distances between subalgebras

A natural way to handle the distance between two subalgebras A and B of a type
II; factor N is to consider a norm, or metric on E4 — Eg. The operator norm
is rather large though it leads to a nice perturbation result (Theorem 6.4.2)
due to Christensen [24]. On the other hand, strong operator, or weak operator
convergence is too weak for these results. The infinity-two norm || - || 2, or the
equivalent metric derived from Cg, is the natural metric in estimating distances
between subalgebras.
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The infinity-two norm || - ||ec,2 of an operator ¢ on a II; factor N is defined
by

[6llc.2 = sup{llo(@)2 : 2] <1, =€ N} (6.4.1)

This norm induces a metric, denoted by do, on the von Neumann subalgebras
of a type II; factor N. Christensen [24] defined a similar metric d to this;
ours is different from but equivalent to d, as we will see below. Letting Ej,
denote, as usual, the unique trace preserving conditional expectation of N onto
a subalgebra M, we define

d2(La M) = ||EL - ]EMHOO,Q (642)

for any pair of von Neumann subalgebras L and M. It is clearly a metric, and
we begin by showing completeness of the resulting metric space.

Lemma 6.4.1. Let N be a type 111 factor. The set of all von Neumann subal-
gebras of N is complete in the metric ds.

Proof. Let {L,}22, be a Cauchy sequence for dy. Then, for each x € N,
{EL, ()}52, is a Cauchy sequence in the || - |a-norm. Since the unit ball of N
in the operator norm is also complete in the || - ||2-norm, this sequence converges
to an element of N. Thus we may define

¢(z) = lim By (z), =z €N, (6.4.3)

n—o0

where the limit is taken in the || - ||2-norm, and we note that convergence in
the w*-topology also holds. From this it is easy to verify that ¢ is a unital
completely positive trace preserving map, since each E;_ has these properties.
The identity

¢’ —d=0(¢—Er,) + (6~ Er,)EL, + (Ez, — ¢) (6.4.4)

shows that ¢ is a projection, by letting n — oo in (6.4.4).
Let L be the range of ¢. It is clear that L is self-adjoint, and we now show
that it is a von Neumann algebra. Fach L,, is an algebra so, for all z,y € N,

Ep,(EL,(®)EL,(y) =EL, (2)EL, (y). (6.4.5)

The right-hand side of the identity

o(p(x)d(y)) — d(x)d(y) = (¢ — Er, ) (¢(z)d(y))
+Ep, (¢(z) —Er, (2))¢(y))
+Ez, (Er, (2)(¢(y) — Er,(y)))
+Er, (2)(EL, (y) — o(y))
+ (Er, (z) — o(x))d(y) (6.4.6)

tends to 0 as n — oo, showing that ¢(x)@(y) € L for all z,y € N. Thus L is an
algebra.
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Now counsider a net {z,} from the unit ball of L converging to = € L” in the
w*-topology. Then ¢(x,) = zq, SO

To — ¢(z) = (¢ —EL,)(xa —2) + Er, (20 — ), (6.4.7)

for each n > 1. The terms in (6.4.7) are uniformly bounded in norm, so to show
w*-convergence of (z,) to ¢(x), it suffices to consider normal linear functionals
of the form w(-) = 7(-y) for a fixed y € M. Applying w to (6.4.7) gives the
estimate

w(za = o) < l¢ = EL, loc2lza — ]| [yll2 + |w(EL, (20 — 2))|.  (6.4.8)

Each wE[, is normal so, from (6.4.8),

lim|w (2o — ¢(x))| < 2/|¢ — Ep,

Then let n — oo in (6.4.9) to obtain limw(z, — ¢(x)) = 0. We conclude that
«

x = ¢(x) € L. By the Kaplansky density theorem (Theorem 2.2.3), L = L”,
and L is a von Neumann algebra. This proves completeness. O

‘We now present some useful inequalities concerning conditional expectations
and the || - ||co,2-norm, which are motivated by ideas in [24].

Theorem 6.4.2. Let A, B and M be von Neumann subalgebras of a type I1;
factor N. Then the following inequalities hold:

(1) IEa(I —Ep)l%2 < 2(1(I = Ep)Ealloc,2;
(ii) (I —Ep)Eall% 2 < [[Ea( — EB)loo,2s
(iti) |({ —Epnn)Eannlloo2 < 2((1 —Ea)Ep|lec,2;
(iv) Earnm(I —Epan)lloo2 < 2([(I —Ea)Ep||oo,2;

(V) |1Eaany —Epanlloc2 < 4[Ea —EB|lco,2;

(vi) [Ea —Egl%2 < I(I =Ep)Eallsc2 + (I = EA)EB|loo,2;
(vii) [|[Eana —Epnslloc,2 < 5[Ea — Eplloo,2-

Proof. (i) Let x € N, ||z|| = 1, be arbitrary. Then, using the Cauchy—Schwarz
inequality, we have

IEa(I —Ep)z|3 = (I —Ep)Ea(l — Ep)z,z)
< (I = Ep)Ea)llsc2ll(I = Ep)z| [zl
<2||(I —Ep)Ealls,2- (6.4.10)

The result follows by taking the supremum over all such z in (6.4.10).
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(ii) Asin (i),
I = Ep)Eaz|3 = (Ea(] — Ep)Eaz, 2)
< NEA( = Eg)lloo,2[Eazl[|2]2- (6.4.11)

The inequality follows immediately.
(iii) Consider x € N, ||z|| < 1, and write w = Egnn(z). Let u be in the
unitary group U(B) of B. Then

|lw — vwu*||s = [Jwu — uwl|2
< lw(u = Ea(w)llz + (v = Ea(u))wllz + [[wEa(u) — Ea(w)wl,
(6.4.12)
and so
l[w = wwu™{|lz < 2[[(I = Ea)(u)ll2, (6.4.13)
since w commutes with E4(u) in (6.4.12). It follows that
lw — vwu*|la < 2||(I —EA)EB| co,2, (6.4.14)
and the same inequality holds if uwu™* is replaced by any element of
convll'l2 fuwu*: w e U(B)}.
By Lemma 3.6.5,
Hw — EB’ON(w)||2 < 2”([ — EA)EB||00,2~ (6415)

Replacing w by E sy (x) in (6.4.15) gives the required inequality.
(iv) Let x,y € N with ||z, ||yl < 1. Write w = Eaqp(y) and let u € U(B).
Note that w € A" and ||w||2 < 1. Then

[(Eanm (@ —uzw’), y)| = [z — uvau®, w)]
= |7((z — vau")w")|
= |7(zw* — zuw u)|
< |r(zw” — 2w Ei(w)w*| + |7 (zu*w* (u — Ez(u)))].
(6.4.16)

Here we have used the module properties of conditional expectations and that
w* and E 4 (u) commute. The last expression in (6.4.16) is no greater than

7 (zu" (u — Ea(uw))w*)| + [r(zu"w" (u — Ea(u)))|
<2[[(I = Ea)(uw)ll2
<2|(I —EA)EB|lco,2 (6.4.17)

since u = Ep(u). The estimates (6.4.16) and (6.4.17) combine to yield

| B (@ —uzu®)la < 2|7 Ea)Es .2, (6.4.18)
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letting y vary over the unit ball of L?(N,7). The argument which led from
(6.4.14) to (6.4.15) is also applicable here, giving

[Eanm(I —Epnan)(@)|2 < 2(( = Ea)Ep||co,2- (6.4.19)

The result follows by letting  vary over the unit ball of N in (6.4.19).
(v) Since we have the simple algebraic identity

(I -Ea)Ep = (Ep —E4)Ep, (6.4.20)
the inequality
[({ —EA)EB|oc,2 < [Ea — EB|loc,2 (6.4.21)

is immediate. The inequality of (iv) then implies that

[Earnn(I = Epan)lloo, < 2[[Ea — Eplloo,2, (6.4.22)

and this is also valid with A and B interchanged. For any two idempotents P
and @), we have

P-Q=(P-Q)(Q+Q")=PQ+PQ--Q=PQ" - PQ. (6.4.23)
Letting P and @ be respectively E4nny and Egqn in (6.4.23) gives

IEany —Epnmllo2 < [Eaanv(I —Epan)llocoz + |(I —Eann)Esnn|oco2
<4|Es — Epllc.2, (6.4.24)

using (6.4.22), (iii) and (iv).
(vi) For any z € N,||z|| <1,

[(Ea —Eg)(z)|l5 = (Ea(z ) (Ea —Eg)(z)) — (Ep(x), (Ea — Ep)(2))
={((I —Ep)Ea(z),z) + (({ —Ea)Ep(z), )
< = Ep)Eallsc2 + (I = EA)EB|cc,2, (6.4.25)

from which the result follows.
(vii) Suppose that 2 € A’N N and a € A. The module properties of E 4 imply
that

aE4(x) =Ex(azx) = Eg(za) = Ez(x)a. (6.4.26)

Thus E4(x) € ANA’. Replacement of by Eann(y),y € N, gives Ea(Eann(y)) €
AN A’. From this it follows that Egna/ = E4E 4/~n, since this product of con-
ditional expectations is the identity on A N A’. Then

IEana’ — Egnprlloc2 = [EaAEanN — EBEpnn|lco,2
< (Ea —Ep)Eannlloo2 + [Es(Eany —Epnn)llso,2
<|Ea —EBllos,2 + [Earnny — Epan]os,2
<5|Ea — Epllc,2, (6.4.27)

using the inequality of (v) to estimate the penultimate term in (6.4.27). O
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Corollary 6.4.3. If A and B are masas in a type 111 factor N, then

max{|[(I —EA)Eg|lec,2, [({ —EB)Eallco,2}
<|Ea —EB|lco,2
< 3min{|(I —EnEpllz, (I~ Ep)Ealwal  (6:428)

Proof. The first inequality is immediate. The second one follows from Theo-
rem 6.4.2 (iv) since symmetry, A= A’N N and B = B'N N give

IEs —Egllocz < IEA —EB)|loc2 + |(I = E4)EB o2
<3|( —Ea)Ep||cc,2- (6.4.29)

O

Remark 6.4.4. For each pair of von Neumann subalgebras A and B of a II;
factor N and for each § > 0, recall from Section 6.1 that A C5 B means that
la —Ep(a)llz < ¢ for all a € A with |ja]| < 1. In terms of the || - |oo,2 nOrm,
A Cs B if, and only if, [|(I —Ep)Ea|lcc,2 < 0.

The metric d; of Christensen [24] is defined by

di(A,B)=inf{6:6 >0, ACs B and B Cs; A}.
This corresponds, in our notation, to
d(A, B) = max{|(I ~ EA)Eplloz, (I ~Ep)Eallz}  (6:430)

for all von Neumann subalgebras A and B. It follows from Theorem 6.4.2 (vi)
that
di(A, B) < dy(A, B) < (2d1(A, B))Y/? (6.4.31)

and the two metrics are equivalent.
Note that the estimate between the metrics is not linear for general von
Neumann subalgebras but is linear for masas by Corollary 6.4.3. 0

All but part (iii) in the following corollary are due to Christensen in [24].
The idea of the proofs is the same but the technical results of Theorem 6.4.2
reduce the calculations to an elementary level. Several other subsets are shown
to be closed in [24]. We anticipate the result of Chapter 11 which says that a
masa A in a II; factor is singular if and only if it satisfies the inequality

[Ea = Euauslloo,2 > [lu = Ea(u)llo,r (6.4.32)
for all unitaries u € N. This will be used in part (iii) below.

Corollary 6.4.5. Let N be a type Il factor. The following sets of von Neumann
subalgebras are closed in the do-metric:

(1) abelian subalgebras;

(ii) masas;
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(iii) singular masas;
(iv) subfactors;
(v) subfactors with trivial relative commutant.

Proof. (i) A subalgebra A is abelian if and only if A C A’ N N, which is
equivalent to (I — Eann)Ea = 0. Suppose that {A4,}52, is a sequence of
abelian algebras converging to A in the dy-metric. The map B — B’ N N is
continuous, by Theorem 6.4.2 (v), so the result follows by taking limits in the
identity

(I—FEann)Ea=T —-Eann)(Ea—Ea,)+ I —Eann)Ea,
= —Eann)(Ea —Ea,)+ (I —Ea nn)Ea,
+ (Ear,nn —Eann)Ea,. (6.4.33)

(ii) A subalgebra A is a masa if and only if A = A’ N N. If a sequence of
masas {A,}22, converges to a subalgebra A then this sequence also converges
to A’ N N, by Theorem 6.4.2 (v). This proves the result.
(i) If a sequence of singular masas {A,}22, converges to a subalgebra A,
then A is a masa by (ii). From (6.4.32), for each unitary v € N and n > 1, we
have

1Bt —Ea, ooz > u— Ea, (u)]2, (6.4.34)

and this inequality persists after letting n — oo. This shows that A is also
singular, by (6.4.32).

(iv) The condition for M to be a subfactor is M N M’ = C1. The result then
follows from the continuity of the map A — A N A’, which is Theorem 6.4.2
(vii).

(v) The condition M'NN = C1 already entails that M is a factor, so the result
follows from continuity of the map M — M’ N N, which is proved in Theorem
6.4.2 (v). O



Chapter 7

The Pukanszky invariant

7.1 Introduction

Pukénszky [154] defined an invariant for a masa A in a separable type II; factor
N based on the type I decomposition of A" = (AU JAJ)". The latter algebra
is the commutant of an abelian algebra and so is type I. The standard theory
then gives a decomposition as a direct sum of n-homogeneous algebras (where
n = oo is allowed). The Pukdnszky invariant is essentially the union of these
numbers; the exact definition is given in Definition 7.1.2 whose wording takes
account of a subtle point that we explain subsequently. The only previous
invariants for masas were Cartan (= regularity), semi-regularity and singularity
due to Dixmier [47]. Attention is restricted to separable type II; factors to avoid
pathologies and so there is only one infinite cardinal, which is denoted co. See
the paper by Popa [139] for a discussion of some of the unusual problems that can
arise in non-separable type II; factors. In this chapter we define the Pukanszky
invariant, prove the basic theorems concerning it and give some examples.

We briefly review our standard notation from earlier chapters. Let A be a
masa in a separable type II; factor N with a faithful normal trace 7, let J be the
conjugate linear isometry Jz = z* on L?(N) and let £ be the vector in L?(N)
corresponding to 1. We let e4 be the projection of L?(N) onto L?(A). We
denote by A the abelian von Neumann algebra generated by A and JAJ. The
following lemma is required to justify the definition of the Pukanszky invariant
which we will give shortly.

Lemma 7.1.1. Let N be a1l; factor represented on L?(N) and let A be a masa
in N. Then eq € A and is a central projection in A’.

Proof. Let U be the unitary group of A, viewed as a discrete abelian group, and
let p be an invariant mean on £°°(U). We will exhibit e4 as a suitable average
of the operators uJu.J € A. Define a bounded sesquilinear form on L?(N) by

U(n1,m2) = p(u — (wJudni,m2)), m,n2 € L*(N), ueU. (7.1.1)

113
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Then there is an operator t € B(L?(N)) such that (tn1,72) is equal to this last
expression. If z € A’, then

(uJudJany,n) = (uJudn, x*ns) (7.1.2)
for all u € U and ny,n2 € L2(N). If we apply u to (7.1.2), the result is

(txn1,m2) = (tn, 2" n2), (7.1.3)

showing that t € (A’)" = Asince z € A’ was arbitrary. In particular, ¢ commutes
with both A and JAJ.

We now show that ¢ = e4. If 97 = af for a fixed but arbitrary a € A,
then uJuJa& = uau*€ = a€, and so (ta&,ns) = (a&,nz) for all ny, € L?(N), by
applying p. Thus taé = a€, and in particular, t£ = £. For each v € U, the
invariance of p gives

(u — (vuJoudn, n))
(u = (vJvJuJudny,mnz))
= (wJvJtn,n2), Mm,1m2 € LZ(N). (7.1.4)

<t7]1’ 772> =

I
I

If we let 71 be x for a fixed but arbitrary € N, then (7.1.4) becomes
(tx€, ne) = (tvav™ &, n2), v e U. (7.1.5)

Taking convex combinations and a weak limit in (7.1.5) gives

(tx§,m2) = (tEa(2)E, n2) = (Ea(2)t, 12)

= <EA($)€,7’]2> = <€A$£,772>, (716)
using t€ = £. Since z € N and 1y € L?*(N) were arbitrary, we conclude that
t =ea, and that ey € A. O

Since A is an abelian von Neumann algebra on L?(N), its commutant A’ is
a type I von Neumann algebra, because type is preserved under commutation
[105, Chapter 9]. The projection e4 is not I and is in A by Lemma 7.1.1, so
A’(1 —e4) is a type I von Neumann algebra with centre A(1 —e4).

Definition 7.1.2. The Pukdnszky invariant Puk(A) of a masa A in a separable
type II; factor N is the set of n € NU {oco} such that (1 —e4).A" has a non-zero
type I, part. Equivalently it is the set

{n : there is a projection ¢ € A, 0 # q < 1—e4, ¢A" is homogeneous of type I, }.

In cases of potential ambiguity, the ambient factor will be indicated by the
notation Puk(A4, N). O

Removing the projection e4 from A’ cuts off the part A’ey = Aey, which is
abelian for all masas A and leaves a better invariant for A. Its inclusion would
add the number 1 to all Pukdnszky invariants, so masas with invariants {2}
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and {1,2}, for example, could not be distinguished. Note that this projection
e4 plays an important role in the Pukdnszky invariant in tensor products (see
Theorem 7.3.1).

The Pukdnszky invariant is always a non-empty subset of N U {oco}, since
ea # I. Pukdnszky [154] defined this invariant and gave examples of singular
masas A in the hyperfinite type II; factor R that have Pukdnszky invariant {n}
for all n in NU {oco}. The notation Puk(A) comes from [176].

This invariant is an isomorphism invariant for masas in separable type II;
factors, because isomorphisms are spatially induced. If ¢ is an isomorphism
from a type II; factor M onto N with ¢(A) = B, where A is a masa in M, then
this isomorphism is spatially induced by the unitary w from L?(M) to L*(N),
where w(m) = ¢(m) for all m € M. The spatial isomorphism z +— wzw*
from B(L?*(M)) to B(L*(N)) sends A to B, e4 to ep, and Jy; to Jy. Thus it
maps e4 A’ to egB’, and consequently Puk(A) = Puk(B). It should be noted,
however, that it is quite possible to have non-conjugate masas with the same
Puk(-). Examples will be given below.

The Pukanszky invariant is well-behaved with respect to tensor products
of factors and masas inside them (Theorem 7.3.1) but is badly behaved with
respect to passing from the full factor to a subfactor containing the masa (Exam-
ple 7.5.5). The Pukdnszky invariant is upper semi-continuous for convergence in
the || ||co,2 norm, as we discuss in Section 7.6. We will give many values below of
Puk(-) in the hyperfinite and free group factors in Section 7.5. Recently White
[207] discovered that all possible values can occur in the hyperfinite factor and
also in certain McDuff factors. A discussion of his methods, which are quite
different from the ones presented here, would take us too far afield, so we refer
the reader to [207].

Section 7.2 contains an important technical theorem of Popa [141] relating
A, Aand A’ on Av for all v in the normaliser A/(A). Section 7.3 contains some
general results on the Pukanszky invariant and a discussion of known results of
the values it attains in various algebras. Methods for computing the invariant in
group factors are given in Section 7.4, and examples are presented in Section 7.5.

While this invariant was developed by Pukéanszky, it should be observed that
Ambrose and Singer also discovered a similar version but did not publish their
results; their notes seem to be unavailable. However, there is a discussion of
their ideas in the survey paper by Kadison [101]. They introduced simple masas
as those for which A is a masa in B(L?(N)); equivalently as those for which
Puk(4) = {1}.

The following values of the Pukdnszky invariant Puk(A4) of a masa A in
a separable type II; factor are known. Some of these mentioned here will be
shown in the examples of Section 7.5.

(a) For each n € NU {oo}, Pukanszky constructed a singular masa A in the
hyperfinite type II; factor R such that Puk(A) = {n} [154].

(b) Popa [141] proved that Puk(A) = {1} for all Cartan subalgebras A and
that the generator masa in the free group factor L(F,,), n > 2, has invari-
ant {oo}.
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(¢) Radulescu [156] proved that Puk(A) = {oco} for the radial (= Laplacian
masa) masa A in L(IF,) for 2 < n < co. He and Boca [8] proved a
corresponding result for certain masas in free products.

(d) Roberston and Steger [162] showed that oo is in Puk(A), or Puk(A) =
{00}, for certain masas arising in factors from As-groups. Their results

also give the result of (b) that Puk(A4) = {oo} for A a generator masa of
L(F,,).

(e) Nitica and Térok [123] showed that Puk(A) = {oo} for certain Laplacian
style masas in L(F,,).

(f) Neshveyev and Stgrmer [119] showed that if 1 € W C N U {oo}, then
there is a masa A in the hyperfinite type II; factor R with Puk(A) = W.
Their result is based on an ergodic theory example due to Kwiatkowski
and Lemanczyk [110].

(g) Ge [75] showed that each masa A in L(F,,) (2 < n < oo) has Puk(A4) # {1}
by showing that A¢A is not dense in L?(L(F,)) using important methods
of Voiculescu [199], who has shown that L(FF,,) has no Cartan masa.

(h) Dykema [59] showed that each masa A in L(FF,,) has Puk(A) not contained
in any finite subset of N by checking the hypotheses of Lemma 7.3.3, and
proved the same result for the interpolated free group factors. Stefan [181]
extended this to subfactors of finite index in these free group factors.

(i) The authors [176] gave various examples of Pukédnszky invariants based
on groups. Some of these will be discussed in Section 7.5.

(j) White [208] has shown that Puk(A) = {1} for each Tauer masa A in
the hyperfinite type II; factor R, which shows that there are many non-
conjugate masas with the same Pukanszky invariant.

(k) Dykema and the authors [62] showed that if {oo} C W C NU {oo}, then
W is the Pukénszky invariant for masas in the hyperfinite factor and in
any free group factor L(F,), 2 <n < co.

(1) White [207] showed that all possible values occur for the hyperfinite type
IT; factor R, and for certain McDulff factors.

In the last section of this chapter, we list a number of open problems concerning
the Pukanszky invariant.

7.2 The algebras A, A, A" and N(A)” interact

This section contains an important technical result, due to Popa [141], that links
together the algebras A, A = (AU JAJ)"”, A" and N(A)” when they act on
elements of the groupoid normaliser GA'(A4) in L?(N). Basically it says that the
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three algebras A, A and A’ agree when cut down to vL?(A) for all v in GN(A),
and A and A’ agree on L?(N(A)").

The following notation is convenient in the statement and proof of Theo-
rem 7.2.1 and applies in this section only. If X is a linear subspace of N, or
of L2(N), let ex denote the orthogonal projection from L?(N) onto the || - ||o-
closure of X.

Theorem 7.2.1. Let A be a masa in a separable type 111 factor N and let
A= (AUJAJT)".
(i) If ve GN(A), then

€Ay = €Ay = €ap €A and 2.1)
AeAv = .AGAU = AleAv = .AIGAIU. 2 2)
(ii) If AC M CN(A), then epy € A and Aepr = Aley.
Proof. (i) If visin GN(A), then
Avg = A(vv™)v€ = v(v* Av)E = vAE (7.2.3)

so that
A JAJ’US = A’UAf = AAU{ = Av§ and CAve = €Ave = CAvAE- (724)

We first consider the case v = 1, from which the general case will be deduced.
By Lemma 7.1.1, e4 € A. The projection e4s¢ is the smallest projection p in
A with p§ = £ so eq¢ < ea, because ey € A and es§ = £ The inclusions
A€ D AL D A€ imply that

eAle = €A = €4. (7.2.5)

The action of A on L?(A) has a cyclic vector &, so A is a masa in B(L?(A)),
by Theorem 2.3.4. Hence Aeyq = Aey4, since Aey is abelian and contains Ae 4.
Regarding A’e4 as the commutant of Ae,s in B(L*(A)) gives

Aep=Aes = Aey = Aey, (7.2.6)

which proves (7.2.1) and (7.2.2) with v = 1.

Let u be in N'(A). If K is a closed linear subspace of L?(A), then uexu* =
eurc- The (spatial) automorphism @ — uzu* on B(L?(N)) leaves A invariant
and is the identity automorphism on JAJ so leaves A and A’ invariant. Also
ueAu* = eya = ea, and similarly for A and A’. This proves (7.2.1) and (7.2.2)
for a unitary u € N'(A).

If v is in GN(A), then v = pu with p a projection in A and u a unitary in
N(A) by Lemma 6.2.3 (iii). Observe that

€Ay = EpAly = PEA/y (727)
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since both ep 4, and pe s, are the orthogonal projections onto the || - ||2-norm
closure of pA’u. A similar equation holds with A and 4 in place of A’ so proving
(7.2.1) and (7.2.2).

(i) Let AC M C N(A)"”. By Corollary 6.2.5 (i), M = N(A, M)" so that ey
is the supremum of the projections e, over u in N'(A4, M), since L?(M) equals
the || - [|2-norm closed linear span of

U{Au :u e N(A,M)}.

Hence ey is in the abelian algebra A and Aey; = A’eyy, since Aea, = A'eay
for all w in N'(A). O

Is the converse of Theorem 7.2.1 (ii) above true in some sense? If A C M C
N with A a masa in N and epr € A, is M C N(A,N)"? Is this true with the
additional assumption that Aey; = A'ep;?

The following corollary has proved useful in showing that certain masas are
singular: see, for example [123, 141, 156, 162].

Corollary 7.2.2. Let A be a masa in a separable type 111 factor N.

(i) The following statements are equivalent:

(
(

a) the algebra A has a cyclic vector in L*(N);
b) the algebra A is a masa in B(L*(N));
(c) A’ is abelian;
(d) Puk(A) = {1}.
(ii) If A is a Cartan subalgebra of N, then Puk(A) = {1}.
(iii) If Puk(A) C{2,3,---,00}, then A is singular.
(iv) If N(A)" # A, then 1 € Puk(A).

Proof. (i)  This is the definition of Puk(A), the result that, on a separable
Hilbert space, an abelian subalgebra of B(H) is a masa if, and only if, it has a
cyclic vector (Theorem 2.3.4), and the standard fact that an abelian von Neu-
mann algebra is a masa if and only if its commutant is abelian.

(ii) If A is a Cartan subalgebra of N, then N(A)” = N and ey = I. Thus
A" = A by Theorem 7.2.1.

(iii) If Puk(A) € {2,3, - ,00}, then ey is the maximal projection in A such
that A’e4 is abelian, since (1 — e4).A’ has no abelian (= type I1) central direct
summand. By Theorem 7.2.1 (ii), eps A’ = eprA is abelian so ey = e, where
M = N(A)". Hence N(A)” = A and A is singular.

(iv) T N(A)" =M # A, then ey # e so

(1 —ea)ep A = (enr —ea)A (7.2.8)

is a non-zero central type I direct summand of (1 —e4).A’. O
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Remark 7.2.3. (1) Pukdnszky [154] gave an example of a singular masa A in
the hyperfinite type II; factor R with Puk(A) = {1} ( see Example 7.5.3).
This prohibits certain obvious potential strengthenings of (ii), (iii) and
(iv) in Corollary 7.2.2.

(2) Masas A in arbitrary separable IT; factors N exist with 1 € Puk(A). Take
a projection p € N of trace 1/2, and let M = pNp, so that N is isomorphic
to M ® Mly. Then choose a masa B in M, and let A = B®Dy where D5 is
the diagonal masa in M. Then A is not singular because it is normalised

by 1 ® u where the unitary u permutes the canonical basis vectors of C2.
Thus 1 € Puk(A) by Corollary 7.2.2 (iii).

(3) Theorem 7.2.1 and Corollary 7.2.2 are due to Popa [141]. O

To this point, the Cartan masas are the only ones for which we can determine
the Pukdnszky invariants, and they are always {1}. Since we must develop a
considerable amount of theory before we can present classes of examples with
varying Puk(-), we insert here an example of a masa A with Puk(A) # {1}. Tt
will reappear in Section 7.5, where we will be able to show that its invariant is
{2} (Example 7.5.3).

Corollary 7.2.2 (i) shows that a masa A has Puk(A) = {1} if and only if A’
is abelian, so we will exhibit a masa A for which A’ is non-abelian, guaranteeing
that Puk(A) # {1}.

Example 7.2.4. Let Q denote the rationals and let Z,qq denote the set of odd
integers. Define a countable discrete group as the set of matrices

G—{(4 g/q T)ICEEQ, n € 7, p,qEZOdd},

under matrix multiplication. Let H be the abelian subgroup of diagonal matrices
in G, and let k be the diagonal matrix (2 (), which is not in G, but which defines
an outer automorphism ¢ of G by ¢(g) = kgk~', g € G. Then ¢ has the effect
of doubling the (1,2) entry of each matrix in G. Note that k& commutes with
each matrix h € H, so that

¢(highs) = h1d(g)ha, hi,ha € H, g€G. (7.2.9)

Routine matrix calculations show that G is I1.C.C., and that H satisfies the
algebraic conditions of Lemma 3.3.1 for A = L(H) to be a masa in L(G).
Let go = (3 1) € G, and define a subset of G by

F ={higoha: hi,hy € H},

the double coset of gy with respect to H. The standard basis for ¢*(G) is
{é4: g € G}, and we may define a partial isometry v by specifying the values of
v on the basis vectors by

b F
v, = | dotor 9EE
0, g¢r.
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Equation (7.2.9) shows that v commutes with left and right multiplications by
elements of H, so v € A’. Since the initial and final spaces for v are respectively

span{d,: g € F'} and 5pan {4 : g € F},

and these are unequal (d,4, is in the first but not the second), it follows that
vv* # v*v, so A’ is non-abelian. As we pointed out before this example, this
ensures that Puk(A4) # {1}. In fact, the invariant for this masa is {2}, a special
case of Example 7.5.3. O

7.3 Properties of the Pukanszky invariant

This section contains some basic general properties of the Pukanszky invariant,
firstly with respect to tensor products. Note that although e4. A’ is removed
from the definition of the Pukanszky invariant of A, the projection e plays
an important role when A interacts with other objects. In the next theorem it
contributes the term Puk(A) U Puk(B) to the invariant of the tensor product.
In order to include the possibility that one of the factors is finite dimensional,
we phrase the next result in terms of finite factors.

The statement of the next theorem contains a product of two sets. If S and
T are two subsets of NU {oo}, then their product ST is defined to be

ST={mn:meS, neT}

Theorem 7.3.1. If A and B are masas in separable finite factors M and N
respectively, then ARB is a masa in MQN and

Puk(A®B) = Puk(A4) U Puk(B) U Puk(A)Puk(B).
In particular, if N is a matriz factor, then Puk(A®B) = Puk(A) U {1}.

Proof. Tomita’s commutant theorem, (see Theorem 2.2.4), implies that (A®B)’
A'Q@B’, and

(A@B"YN(M®N) =(A'nM)®(B'NN) = A®B, (7.3.1)
so that A®B is a masa in M®N. Let C = AQB, A = (AU JAJ)", B =
(BUJBJ)"”, and C = (CUJCJ)". The properties of J in relation to the tensor

product show that J(A®B)J = JAJ®JBJ since Jygy = Ju ® Jy. This
implies that

C=((A®B)U (JAJRJBJ))" = (AUJAJ)"@(BUJBJ)" = ARB. (7.3.2)
If ex is the projection onto the closure of X in the relevant L2-space, then

1@l—ec=ect=es4T7 @1 +es@ep™ (7.3.3)



7.3. PROPERTIES OF THE PUKANSZKY INVARIANT 121

so that

ectC = (et @1)C @ (ea®ept)C
== (eALA/gB/) EB (eAAI@eBLBI)
= (es,* ABepB) @ (eaABep™B) @ (e, - ABep™B). (7.3.4)

Here e4 A’ = e4A and egBB’ = epB, by Theorem 7.2.1, so both are abelian.
Since the tensor product of a type I,, von Neumann algebra with a type I,, von
Neumann algebra is type L,,,,, the three terms in the direct sum contribute the
three terms expressing Puk(A®B) in the statement of the theorem. O

Remark 7.3.2. Theorem 7.3.1 and induction give the formula for the Pukanszky
invariant for a finite tensor product. If A; is a masa in a separable type II;
factor IV; for 1 < j <k, then

Puk(A1®®Ak) = {njl B L7 N 1<j1<ja< - <jm < k,
and n;, € Puk(4;,), 1<m <k} (7.3.5)

is the set of all products of the Pukdnszky invariants of A; up to k factors with
at most one from each factor. Once we have given examples of masas A,, with
Puk(4,) = {n}, 1 <n < oo, equation (7.3.5) will generate many new values of
Puk(+). O

Lemma 7.3.3. Let A be a masa in a separable type 11y factor N. There are
vectors €1, ..., &m in L2(N) such that A& A+ ...+ A&, A is dense in L2(N) if,
and only if Puk(A) C {1,2,...,m}.

Proof. The density of A& A+...+ A, A in L2(N) is equivalent to the density
of AG + ...+ A&, in L*(N).

If there were a non-zero projection p € A such that p A’ is of type I, for a
value of n in the range m + 1 < n < oo, then pA’ is isomorphic to M, (pA),
since pA is the centre of the homogeneous algebra pA’. Thus at least n vectors
M, -, N are required in L?(pN) for pAn; + ...+ pAn, to be dense in L?(pN).
This contradicts

p(A& + ...+ AEy) = pApEL + ... + pADPE,

being dense in L?(N).

Conversely, suppose that Puk(A) C {1,2,...,m}. Then the von Neumann
algebra A’ is subhomogeneous of degree m so that there are m vectors &1, ..., &,
such that A& + ...+ AE, is dense in L?(N). This proves the result. O

Remark 7.3.4. If p is a projection in a masa A in a separable type II; factor
N, then the Pukanszky invariant Puk(pA, pNp) of pA in pNp is contained in
Puk(A). The union of Puk(pA, pNp) over all projections p in A is Puk(A4). O
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The following theorem gives upper semi-continuity of the Pukanszky invari-
ant. An example in the hyperfinite II; factor R after the theorem shows that
this result is the best one can obtain in general. In order to obtain this result
we will need to make a forward reference to Theorem 9.6.5, which is proved
without reference to the present chapter.

Theorem 7.3.5. Let A, be a sequence of masas in a separable 11y factor N
and let B be a masa in N. If

lim [[E4, —Eglle,2 =0,
n—oo

then

Puk(B U ﬂ Puk(A

r>1ln>r

Proof. By omitting the first terms of the sequence {A4,}°; we can assume
that |E4, — Epllco,2 < 0 for all n so that for each n there is a unitary w,
in N and projections p, € A, and ¢, € B such that u,p,Au), = Bg, and
11— qull2 < V3|[Ea, — Egllcc2 by Theorem 9.6.5. Let B, = u,Auj, for all
n € N. Then Puk(B,,) = Puk(4,,) , ¢, € B, N B and ¢, B,, = ¢, B for all n.

Let k € Puk(B). Then there is a non-zero central projection ¢ < 1 —ep in
B’, so in B, such that g8’ is of type Ix. The projection g,Jq,J € B, N B tends
strongly to 1 as n — o0, since

lanJqnJz = 2|2 < llgnz — zll2 + llgn(2gn — 2)|l2 < 2[lgn — Ll2flzl|  (7.3.6)

for all n € N and z € N. Thus there is an integer r € N such that ¢, Jg,Jq # 0
for all n > r, because ¢;Jq;Jq — ¢ strongly as j — oo.

Since ¢, € B, N B with ¢,B, = ¢,B we have ¢,Jq,J € B, N B and so
GnJqnJI B, = ¢nJqnJB'. The von Neumann algebra ¢, Jg,JB' is of type I and
the projection ¢,Jg,Jq is in its centre ¢,Jq,JB. The algebra q,Jq,JgB’ is of
type Ix, being a non-zero central cutdown of g8/, which is of type I. Hence
k € Puk(B,,) for all n > r, and so

Puk(B) C U ﬂ Puk(B

r>1ln>r

= J [ Puk(4,). (7.3.7)

r>ln>r
O
The following example shows that equality need not hold in Theorem 7.3.5.

Example 7.3.6. We give an example to show that one can have

Puk(B) # | ) Puk(A4y,) (7.3.8)

r>1n>r
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in the above situation. We need to assume for the moment that the hyperfi-
nite II; factor contains a masa with Puk(-) = {2}. This will be constructed
subsequently in Example 7.5.3.

Let B be a Cartan masa in the hyperfinite II; factor R, or a singular masa
with Puk(B) = {1}, let p; < ps < .-+ be a sequence of projections in B with
0 < |lpn —1l]2 = 0 as n — oo. Let A,, be a masa in the hyperfinite II; factor
(1 = pn)R(1 — p,) with Puk(A,) = {2}. Here one could choose any fixed non-
empty subset of N not equal to {1} in place of {2} that was the Pukénszky
invariant of a masa in the hyperfinite II; factor.

Let B,, = p,B + A, for all n. This is a masa in R that is just a direct sum.
Then

IEg, —EBllcc2 <2|I1 —pullz2 =0 as n — oo, (7.3.9)

Puk(B) = {1} and
Puk(B,,) 2 Puk(p,B) UPuk(4,) = {1,2} (7.3.10)

for all n € N. O

7.4 The Pukanszky invariant in group factors

As we have seen in Sections 3.2 and 3.3, the von Neumann algebra generated by
an abelian subgroup of an I.C.C. group is a masa, or a singular masa, depending
on the cardinality of certain conjugacy classes in the group associated with
the subgroup. There is a strong connection between the algebraic structure
of the group and the properties of the associated von Neumann algebra, and
this is particularly apparent for the Pukanszky invariant. Under quite general
hypotheses, if an abelian subgroup H of an I.C.C. group G generates a masa
L(H) C L(G), then Puk(L(H)) can be expressed in terms of the cardinality of
certain equivalence classes in the double coset space for the abelian subgroup.
If G is a countable I.C.C. group and H is an abelian subgroup such that
{hgh™ : h € H} is infinite for all ¢ € G\ H, then A = L(H) is a masa
in the separable type II; factor N = L(G). The further assumption, that
gHg ' N H = {e} for all g € G\ H, implies that A is a singular masa in L(G).
To see this, note that for given elements by,bo € G\ H at most one element
h € H can satisfy byhbs € H. If this relation were true for hy % ho € H, then we
would have by (hihy 1)171*1 € H, contrary to assumption. Thus there can only be
a finite number of elements of H for which at least one of the relations b;hb; € H
holds, where B = {b1,...,b,} is a given finite subset of G\ H. This shows that
condition (C2) of Section 3.3 holds and A is then singular, by Lemma 3.3.2. This
raises the question of what group structure determines the Pukéanszky invariant
Puk(A) of A in this situation. The invariant is determined by the structure of
the double coset space pf\G/ g and the action of H x H on individual double
cosets HgH for g € G\ H. In general this relationship is complicated but under
an additional hypothesis on the action of H x H on the double cosets, the exact
type of the algebra A’ is determined by the cardinality of certain equivalence
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classes in 7\G/ 7, Theorem 7.4.5. If this additional hypothesis is not satisfied,
as may happen, then the Pukanszky invariant can still be described, but in a
less satisfactory manner (see [176]).

Throughout this section H will be assumed to be an abelian subgroup of a
countable I.C.C. group G such that {hgh™! : h € H} is infinite for all g € G\ H.
Let the stabiliser subgroup of an element g € G be defined by

Ky ={(h1,h2) € H x H : highs = g}. (7.4.1)
If K is a subgroup of the group G, let
CK)={9eG:gk=kg foral keK} (7.4.2)
be the commutant of K.

Definition 7.4.1. The (stabiliser) equivalence relation ~ is defined on g \G/ gy
by HgH ~ HEH if and only if K, = K. a

A second equivalence relation, ‘commensurable equivalence relation’, on the
double coset space plays an important role in the Pukanszky invariant. The
Pukanszky invariant is easy to calculate when the two equivalence relations co-
incide, so we shall restrict to that situation. However, to motivate the hypothesis
that ensures the relations are equal, we introduce the second equivalence rela-
tion, which is a stronger version of commensurability of two subgroups of a
group. In group theory, two subgroups F; and F; of a group G are said to be
commensurable if they have isomorphic finite index subgroups L; C F;, i = 1, 2.
Just for this chapter, let us say two subgroups F1 and Fs of H x H are nearly
equal if F} N Fy is a subgroup of finite index in F; and F3; this is equivalent
to F} N Fy being of finite index in F} F5. The second equivalence relation ~,,
is defined on g\G/pg by HcH ~,. HdH if, and only if, K. N K, is of finite
index in K, and K. The two relations ~ and ~,,. are well-defined because if
HcH = HdH, then K. = K. The following elementary group theory lemma
implies that ~,. is an equivalence relation on p\G/ .

Lemma 7.4.2. Let Fy, Fy, F3 be subgroups of an abelian group L and suppose
that F1Fy/Fy N Fy and FyF3/Fy N F3 are finite groups. Then FyF3/F; N F3 is
a finite group.

Proof. The hypotheses imply that the orders of Fy/FiNFy, Fo/F1NFy, Fy/FoN
F;, and F3/F, N F3 are all finite. Let w: L — L/F> N F3 be the quotient
homomorphism and let p be its restriction to F} N F». Then p maps Fy N Fy
into Fy/F5 N F3 with kernel Fy N Fo N F5. Thus Fy N Fy/Fy N F> N F3 is a finite
group. Then each of the inclusions

FNFBNFCFRNECE (7.4.3)

is of finite index, so Fy/F; N FyN F3 is a finite group, as is F1 N F5/F; N Fy N Fs.
Finiteness of F}/F; N F3 now follows from the inclusions

FINFNF;CEFNE;CF, (7.4.4)



7.4. THE PUKANSZKY INVARIANT IN GROUP FACTORS 125

and similarly F3/F; N F3 is a finite group. Since FyF3/F) is isomorphic to
F;/Fy N F3, finiteness of FyF3/F) N F3 is a consequence of the finite index
inclusions

F\NF3CF CF\F;. (7.4.5)
O

Note that the stabiliser equivalence relation ~ implies the nearly equal equiv-
alence relation ~,.. When these two equivalence relations are equal there is a
nice characterisation of the type of A’ in terms of the cardinality of their com-
mon equivalence classes in 7\G/ p as Theorem 7.4.5 shows.

Lemma 7.4.3. Let G, H and K, be as defined above and let ¢, d € G. The
following conditions are equivalent:

(i) the map
¢ :HcH — HdH : h16h2 — hldhg

1s a well-defined bijection;
(i) Kc= Kq;
(iii) HNcHe ' = HNdHd™' and d = kc for some k € C(H NdHd™").
Proof. Note that

K, :

{(hl,hg) : hl,hQ € H, hichy = C}
(hye'h~'c¢):he Hand c'h™'c € H}

=1
={(h,c'h™¢):he HNcHc '} (7.4.6)
and that h — (h,c"th™1c) is an isomorphism from H NcHc™! onto the group
K..
Observe that (i) is equivalent to (ii) since equality in (ii) is equivalent to ¢
being well-defined and one-to-one.

If (i) holds, then ¢™*hc = d~*hd and dc™*h = hdc™* forall h € HNcHc ™t =
H N dHd* so that de=t € C(H NcHc™ 1) as required. The implication from
(iii) to (ii) is clear by the reverse argument. O

If W is a subset of G, let py be the projection from ¢?(G) = L?(N) onto
(2(W), which is the closed linear span of W in L?(N). To simplify notation, we
will use g € G to denote the basis vector §, € £2(G).

Theorem 7.4.4. Let G, H and K, be as defined above and let c, d € G. Then
the following statements hold:

(i) pren is an abelian projection in A" with pgeg A = paen A'Pacn 0 masa
in B((?(HcH));

(ii) HeH # HAH if and only if papeapman = 0;
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(iii) the projections pgen and puam are equivalent in A’ if and only if K. =
Ky, that is, if and only if HcH ~ HdH ;

(iv) there exists an operator t € A’ such that pgam tpuen # 0 if and only if
K.N Ky is of finite index in K. and Kg, that is, if and only if HcH ~y,.
HdH;

(v) if q is the projection onto the closed subspace spanned by all the group ele-
ments in a nearly equal ~,. equivalence class of nontrivial double cosets,
then q € A.

Proof. (i) If hy,hy € H, then hyHcHhy' = HcH so that hyJhoJ leaves the
closed linear span of HcH in L?(N) invariant and thus

hlthJpHcH :pHcHh1Jh2J~ (747)

Hence pycpm isin A/N(JAJ) = (AUJAJ) = A’. Note that ¢ is a cyclic vector for
Aon 2(HcH), since A = (AUJAJ)" and AJAJc = AcA is dense in ?(HcH).
Thus Apgey is a masa in B(¢2(HcH)) so that pgeg A = paer A'prer and
pren is an abelian projection in A’ (see Definition 2.4.5).

(ii) If HcH # HdH, then HcH N HdH = 0 and pgegpran = 0, and con-
versely.

(iii) If v is in A" with v*v = pgen and vv* = pgqm, then there is a y in
the closed linear span ¢2(HcH) of HcH such that vy = d. If hy, he € H with
hichy = ¢, then hiyhe = y and

hidhg = hyJJhy tJvy = vhy Jhy ' Jy = vhiyhy = vy = d (7.4.8)

so that H. C H,. The reverse containment follows from considering v*, so
K.=Kgand HcH ~ HdH.

If HcH ~ HdH, then there is a bijection v from HcH onto HdH defined
by ¥ (hichs) = hidhs (h1,hs € H) by Lemma 7.4.3. Define a partial isometry
v on £2(G) by

if HcH
o(z) = V1) e He (7.4.9)
0 ife e G\ HeH.
Then v*v = pygeyg and vv* = pyam, since
-1 if HdH
gy = ¥ @) e Hd (7.4.10)
0 ife € G\ HdH.

If h € H and « € HcH, then v(hz) = ¢(hz) = hip(x) = hv(z) and similarly
v(JhJz) = JhJv(z). If h € H and x € G\ HcH, then v(hx) = 0 = hv(z) and
v(JhJz) = 0= JhJv(z). Thusv € A'N(JAJ) = A’ so that py.pm is equivalent
to pag in A'.

(iv) Let t € A’ be such that pygg tpgen # 0. To obtain a contradiction,
suppose that K4/K.N Ky is infinite, and let {(hn, kn) K. N Kg}2, be a listing
of the K. N K4-cosets in K. Then the group elements {h,ck, }>2; are distinct,
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since equality of h,ck,, and h,ck,, would imply that (h,h,!, k.k 1) € K. and
(hns kn) and (A, k) would define the same K. N Kg4-coset. Thus {h,ck,}2
are distinct as orthonormal vectors in ¢?(G). Each vector in HdH is left in-
variant by all elements of Ky, and in particular pgam t(hncky,) = pram t(c)
for n > 1 since t € A’. For each m > 1, the vector Y ", n~1hyck,, whose
norm is bounded by (Zf;l n*2)1/2 = 7/v/6, is thus mapped by pramt to
S n hpaan t(e)kn = (X0 n7Y) pran t(c), which forces pgam t(c) =0,
otherwise pgqp t is an unbounded operator. But then pgqp t(hck) = hpgam t(c)k =
0 for h,k € H and so pgam t penr = 0, a contradiction. Thus Kg/K. N Ky is
finite, and the same conclusion holds for K./K. N K4 by considering ¢*. This
proves that K. and K  are nearly equal and HcH ~,. HdH.

Conversely, suppose that K. N Ky is of finite index in K. and Ky. Then
there is an action of the finite group K.Ky/K.N K4 on both HcH and HdH.
Let {(hi, ki) K. N K4}, be a listing of the cosets of K. N K, in K, and define
t: HcH — HdH on the vectors arising from group elements by

t(zcy) Z h;xdyk;, x,y € H. (7.4.11)

This is well-defined because if xcy = wez for w, x,y,z € H then (w™lz,yz71) €
K. and (w™lz,yz1) = (hyr, k;s) for some j € {1,...,n} and (r,s) € K.N Ky,
leading to

t(zcy) Z hixdyk; = Z hiwhjrdkjszk; = t(wez) (7.4.12)

i=1 i=1

since rds = d and {(h;h;, kik;)}7—, gives another listing of the K. N K -cosets.
Note that the final equality in (7.4.12) uses the commutativity of H to reorder
the products on either side of the group element d.

If {(x,y;)}52, are representatives of the cosets of K. in H x H, then
2

m
{wjey; 17, are distinct in G' and Z ajzjcyil| = > |aj]?. Then
g =1
m n m
Zajxjcyj == Zzajhimjdyjki (7413)
j=1 i=1j=1

and the right-hand side of (7.4.13) has norm at most n Z ajx;dy;|| , by the

triangle inequality. The vectors of the form x;dy; are either equal or orthogonal
and so

n Zaj:rjdyj Sn Z|aj|zjdyj . (7414)
j=1 =

2 J=1 2
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To estimate the latter sum, define an equivalence relation on {1,...,m} by r ~ s
if x,.dy, = zsdys and note that each equivalence class has at most |Ky/K.N K|
elements. To see this, let {(a;, bi)KcﬂKd}le be a listing of the cosets of K.NKy
in K, and fix s. Then r ~ s if and only if (z,2;1,y,y; ') € K4 and so (z,, y,)
has the form (zs,ys)(a;, b;)(h, k) for some i € {1,...,¢} and (h, k) € K. N Ky
so can lie in at most £ cosets of K. in H x H. If we replace each |o;| in (7.4.14)
by max{|ayp|: p~ j}, then we obtain the estimate

m

m
t Zajxjcyj <n Z|aj\mjdyj
=1 ) =1 )
1/2

<nl > oyl? (7.4.15)
=1 )

and ||¢|| < |K./K.NKq|-|Kq/K.N Kq| by letting m and the a;’s vary. Thus ¢
is a bounded operator and it extends with the same norm to the whole space by
setting it equal to 0 on the orthogonal complement of HcH. It is clear from the
definition that this extension, also denoted by ¢, commutes with left and right
multiplications by elements of H and so t € A’. It is also clear from (7.4.11)
that t(C) 7& 0 so PHJIH tpHcH 75 0.

(v)  The projection ¢ commutes with left and right multiplications by group
elements from H, and so ¢ € A’. If HcH is in the equivalence class but HdH is
not, then (iv) shows that any ¢t € A’ mapping HcH to HdH must be 0. Thus
the range of ¢ is invariant for A’ and q € A" = A. O

An alternative proof of part of Theorem 7.4.4 may be given by abelian har-
monic analysis, using the fact that ¢?(HgH) is isomorphic to ¢*(H x H/K,)
as a Hilbert space on which H x H/K, acts. One uses the observation that
a closed subgroup of a compact abelian group with positive measure has finite
index in the whole group.

If g € G, let [HgH] denote the ~ equivalence class containing HgH and let
|[HgH]| denote the number of elements in this equivalence class in \G/ 7. A
convenient notation in Theorem 7.4.5 is to denote the algebra of all bounded
linear operators B(¢2) on % by M.

The hypothesis on G and H in the following theorem is exactly that to ensure
the stabiliser equivalence relation ~ and the nearly equal equivalence relation
~ne are equal so that all parts of Theorem 7.4.4 apply.

Theorem 7.4.5. Let G be a countable I.C.C. group, let H be an abelian sub-
group such that {hgh~' : h € HY} is infinite for all g € G\ H, let A = L(H)
in N =L(G) and let A= (AU JAJ)". Suppose that, for each ¢, d € G, either
K.=Kg or K. N Ky is of infinite index in K.Kq. Then
() -
A" 2 D M) S Ap g
where the direct sum is over the equivalence classes [HgH| in g\G/f;
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(ii) the Pukdnszky invariant Puk(A) of A in N is

{|[HgH]| : [HgH] s an equivalence class in yg\G/mg \ {H}}.

Proof. The projections pyqg for HIH ~ HgH and the partial isometries de-
fined in Theorem 7.4.4 (iii) form a set of matrix units in A’ for a subalgebra
that is isomorphic to My 4p for each g in G.

If there is a non-zero partial isometry v in A’ with v*v < py,g and vv* <
pHgH, then K. N K, is of finite index in K.Ky by Theorem 7.4.4 (iv) and hence
K. = K, by hypothesis. This shows that if ¢ = py[mgu is the projection onto
the subspace (2(UHgH) associated with the whole equivalence class U[HgH],
then

¢ =pusgm = Y _Apren : HcH ~ HgH} (7.4.16)

is a central projection in A’, hence is in A, and is the central support of pggp.
Since G is the disjoint union of the equivalence classes in g\G/g, 1 =
Zggc purgn Where the summation is over all equivalence classes. Hence

A =P pomguA. (7.4.17)
Part (i) follows from this since
A/pU[HgH] = M ggH) | @APHgH (7.4.18)

by standard type I results (see [105, Theorem 6.6.5]).
Note that {H} is an equivalence class in g\G/ g and e4 = py so that

A/(l —eq) ™ @M|[HgH]\®ApHgH> (7.4.19)

where the direct sum is over all equivalence classes in (g\G/m) \ {H}. The set
of values giving non-zero type I, parts of A’(1 —e4) is thus

Puk(A) = {|[HgH]| : [HgH] is an equivalence class in(g\G/g) \ {H}}.
(7.4.20)
This proves the result. O

In the following corollary, adding co or an infinite sum of integers is in-
terpreted as co. The corollary follows directly from Theorem 7.4.5 (ii) as
g \G/ g \ {H} is the union of all the equivalence classes counted in Puk(A).

Corollary 7.4.6. Let G be a countable I.C.C. group, let H be an abelian sub-
group such that {hgh=' : h € H} is infinite for all g € G\ H and let A= L(H)
in N = L(G). If the stabiliser and ‘nearly equal’ equivalence relations ~ and
~ne are equal on \G/ f, then

> {n:nePuk(4)} = |u\G/u| - 1.
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Examples of masas and their Pukéanszky invariants may be constructed by
finding I.C.C. groups G and abelian subgroups H satisfying Theorem 7.4.5.
This is particularly interesting when the masa A is singular. Corollary 7.4.6 is
a restriction on the example when Puk(A) is required to be a finite subset of N.
The strategy for finding examples like this goes back to the work of Pukanszky
[154] and Dixmier [47]. The answer to the following question is surely known.

If an abelian group H in an I.C.C. group G has {hgh™' : h € H} infinite
for all g € G\ H and if there are only a finite number of H double cosets in G
(i.e., g\G/ g 1is finite) is G a soluble group?

7.5 Examples of the Pukanszky invariant

This section contains examples of I.C.C. groups G and abelian subgroups H
giving rise to various values of the Pukédnszky invariant using Theorem 7.4.5.
The first example is that of the generator masa in the free group factor, and the
second is that of Pukdnszky [154] based on matrix groups over fields.

Example 7.5.1. The Pukéanszky invariant of a generator masa in a free group
factor is {oo}.

Let 2 < n < o0, let G = F,, be the free group on n generators, let h be
one of the generators in G and let H = (h) be the subgroup generated by h.
Then A = L(H) = {h,h™'}" is a singular masa in L(F,), by Example 3.3.6. If
g€, \ H, then

Ky :={(h1,h2) : higha = g, hi,hy € H} = {(e,e)}. (7.5.1)

Then \G/pg \ {H} is a single infinite equivalence class because on p\G/
the ~ and ~,,. equivalence relations are equal. Hence Puk(A) = {oo}. This also
applies if h is a prime element in F,,. O
Related to this free group generator masa but not proved in these notes is
the following theorem of Radulescu [156]. If 2 < n < oo, then the abelian von
Neumann subalgebra B of L(F,,) generated by the hermitian element

h=> (g;+9;")
j=1

where g; are the generators of F,,, is a singular masa with Puk(B) = {oo}. O

The remaining examples in both this section and the next are based on
Pukénszky’s approach of considering certain matrix groups over fields. The
next lemma gives a general framework for the computations. Many variations
are possible, some of which are presented subsequently.

Lemma 7.5.2. Let F' be a countably infinite field with multiplicative group F*,
and let P be an infinite subgroup of F*. Let G be the multiplicative matrix

group
a b
(o )acrver),
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{5 9oeer) w6 Yorer}

Then L(QG) is the hyperfinite Iy factor, L(H) is a singular masa in L(G), and
Puk(L(H)) = {n}, where n is the index [F* : P] of P in F*.

n=(0 ) =0 1) 0= (5 1) (752)

be general elements of H, K and G respectively, where a,z € P and b,y € F.
Varying first = and then y, the equations

hgh™! = <8 “le> khk™' = (g y(ll_x)), (7.5.3)

show respectively that {hgh™': h € H} is infinite for ¢ € G\ H and that
{khk~': k € K} is infinite for h € H \ {e}. Thus G is I.C.C. The group K is an
abelian normal subgroup and G/K is isomorphic to the abelian group H, and
thus G is amenable [127, p. 31]. Hence L(G) is the hyperfinite II; factor, by
Theorem 3.8.2. With g and h as in (7.5.2),

ghg™! = (g b(ll_x)), (7.5.4)

and so lies outside H when h # e and g ¢ H. Thus, by Lemma 3.3.2, L(H) is a
singular masa in L(G). Let y1,¥a,... € F be such that Py, Pys, ... is a listing
of the distinct cosets of P in F'*, and let g; = ((1) Y ) Then H,Hg1H,HgoH, . ..
is a listing of the distinct double cosets in G. A simple matrix calculation shows

that each stabiliser subgroup K, is trivial, and so there is one equivalence class
of double cosets. By Theorem 7.4.5, Puk(L(H)) = {n}, wheren = [F* : P]. O

and let

Proof. Let

Example 7.5.3. With the notation of Lemma 7.5.2, let F' = Q, and define
subgroups of F'* by

P ={p/q: p.q € Zoaa},
P,={r2"": k€Z, rc Py}, 1<n<oo.

Then [F*: P,] =n for 1 <n < oo, and Lemma 7.5.2, with P taken to be P,,
gives singular masas A, in the hyperfinite II; factor R with Puk(4,) = {n},
1 <n < oo. For each n in NU {oo} there is singular masa in the hyperfinite
type II; factor R with Pukdnszky invariant {n}.

Since A; is singular, it cannot be conjugate to a Cartan masa, even though
they share the same invariant {1}. O

With the A,’s as in Example 7.5.3, the masa

Ap®Ase CRIR=R



132 CHAPTER 7. THE PUKANSZKY INVARIANT

has Puk(4,®A«) = {n,o0}, by Theorem 7.3.1. We obtain the same result in
the next example, a variant of Example 7.5.3, the objective being to obtain the
same Pukéanszky invariant even after taking a free product. The calculations
are very similar, so we will just point out the steps.

Example 7.5.4. Let G,,, n > 1, be the matrix group

Gn =

S O =
SO 8

y
0]: 2,yeQ, feP,, ge P
g

with abelian subgroup H,, consisting of the diagonal matrices in G,,. Then one
checks that G,, is an amenable I.C.C. group, and that H,, satisfies the conditions
for L(H,,) to be a singular masa in L(G,,). There are three types of generators
for the non-trivial double cosets of Hy:

1 27 0 1 0 29 1 20 925
o1 0], o1 of, 01 0],
0 0 1 00 1 0 0 1

where 1 < r < n and s > 1. The corresponding stabiliser subgroups are
respectively

1 0 0 1 0 0

01 0),{0 1 O g€ Py p,

0 0 g 0 0 g_1

1 0 0 1 0

0 f 0},10 f Lo : fePlP,,,

0 1 0 0 1
1 0 0 1 00
01 0)J,{0 1 0 (7.5.5)
0 0 1 0 0 1

Thus there are three equivalence classes of double cosets with respectively n,
00, and oo elements, and so Puk(L(H,)) = {n,co}.

If T is a countable discrete group, then H, also satisfies the conditions
to generate a singular masa in L(G, xT') = L(G,) * L(T'), and the stabiliser
subgroups for group elements from (G, xT") \ G,, are all trivial. Thus the extra
cosets from these elements fall into the third equivalence class above, showing
that the invariant is unchanged by passing to the larger algebra, in this case.
The following example shows that this may not always happen. O

Example 7.5.5. We will continue to use the notation of Lemma 7.5.2 and
Example 7.5.3. For each n € NU{oo}, there is a masa A in the hyperfinite type
II; factor R and a subfactor Ry of R with A C Ry such that Puk(4, R) = {n}
and Puk(A4, Ry) = {1}.

Let Fy € F; C F be two infinite subfields of a countable field F and let
P = FJ be the multiplicative group of Fy. Let G be the multiplicative group
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_f(a b

9= \o 1
with b € F and a € P, and let H be the diagonal matrices in G as in Ex-
ample 7.5.3. Let Gy be the subgroup of G with b € Fy;. Let A = L(H),

M = L(G1) and N = L(G). Using Lemma 7.5.2 and the observation that the
index [F* : F‘] is the vector space dimension of F over Fy, it follows that

of 2 x 2 matrices of the form

Puk(A,N) = {[F* : F}']}

and
Puk(A, M) = {[F) : F{]},

these quantities being respectively the dimensions of F' over Fy and of F; over
Fy. Choosing Fy = F; and F an extension of F{y of dimension n over F gives an
example with Puk(A4, N) = {n} and Puk(A4, M) = {1}. One could take Fy = Q
and F' = Q(3/2). O

The following example shows that there are uncountably many possible val-
ues of Puk(A) in the hyperfinite factor R. This was first observed by Neshveyev
and Stgrmer [119]. Using ergodic theory techniques, they were able to show that
any subset W C N U {oo} containing 1 was the invariant of some masa in R.
We apply the group theory techniques already developed to get a similar result
with 1 replaced by co. In particular, the next example gives an uncountable set
of possible values.

Example 7.5.6. Let S be an arbitrary subset of N. We construct a singular
masa A in the hyperfinite factor R with Puk(A4) = S U {oco} as follows. We will
need below the group P, defined by

Po={ps": p,q € Zoaa} .

as in Example 7.5.3.

We will assume that S is non-empty since {oo} is already a known value (see
Example 7.5.3 with n = 00). Let {ny,ns,...} be a listing of the numbers in S,
where each is repeated infinitely often to ensure that the list is infinite. Then
define a matrix group G by specifying the general group elements to be

1 T To T3

0 fi2mFk 0 0

0 0 fp2mh 0 ) (7.5.6)
0

0 0 fy2mk

where k € Z, z; € Q, f; € Py, and the relations x; # 0 and f; # 1 occur
only finitely often. This makes G a countable group which is easily checked to
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be I1.C.C. Moreover G is amenable since there is an abelian normal subgroup
N (those matrices with only 1’s on the diagonal) so that the quotient G/N is
isomorphic to the abelian subgroup H consisting of the diagonal matrices in G.
Thus L(G) is the hyperfinite factor R, by Theorem 3.8.2, and L(H) is a singular
masa A in R, just as in Example 7.5.3. For any finite nonempty subset 7" of N,
let Hp be the subgroup of H obtained by the requirements that k¥ = 0 and that
fi=1lforieT.
Each nontrivial double coset is generated by a nontrivial element

1 Tr1 T2 X3

0 1 0 O
s—l0 0 1 o0 7

0 0 0 1

of N, and we split into two cases according to whether the number of non-zero
x; is exactly 1 or is greater than 1. In the first case, suppose that z; is the sole
non-zero value. We obtain n; distinct cosets generated by the elements

2k’

oo o
O = OO
o o o

1
8 . 1<k<n, (7.5.7)

respectively, whose stabiliser subgroups are all {(h,h=1): h € H {11} A similar
result holds when the non-zero entry occurs in the i*" position: n; distinct cosets
with stabiliser subgroups {(h,h™'): h € Hy;}.

If T is a finite subset of N with |T'| > 1, then two elements of N, having
non-zero entries respectively x; and y; for ¢ € T', generate the same double coset
precisely when there exist k € Z and f; € Py, such that x; = y; fi2™", i € T.
The stabiliser subgroup in this case is {(h,h™%) : h € Hr}. Thus the distinct
stabiliser subgroups are pairwise noncommensurable and Theorem 7.4.5 allows
us to determine the Pukénszky invariant by counting the equivalence classes of
double cosets. In the first case we obtain the integers n; € S. In the second
case each equivalence class has infinitely many elements and so the contribution
is {o0}, showing that Puk(A) = S U {oco}, as required. O

The results of the last few sections do allow us to generate other Pukanszky
invariants not already discussed. For example, tensoring two masas, whose
invariants are {m} and {n} respectively, gives a new masa whose invariant is
{m,n,mn}, by Theorem 7.3.1.

The last example that we present allows us to obtain many new values of
the Pukénszky invariant in the free group factors. These are taken from [62].
To do full justice would require us to develop free products of von Neumann
algebras, so we will just describe the approach and refer to [62].
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Example 7.5.7. If S is any subset of N and 2 < k < oo, then L(Fj) contains
a masa whose Pukdnszky invariant is S U {oco}. This is already covered by
Example 7.5.1 if S is empty, so we assume S # ().

For a set S C N, repeat each element an infinite number of times to ensure
that S is infinite. By Example 7.5.4, there are masas A,, C R,, (where R, is a
copy of R) with Puk(4,,) = {n, oo}, for n > 1. Form the direct sum

P A, < P R,

nes nes

to which we may assign a trace as a suitable convex combination of the traces
on the R,’s. Denote these direct sums as A C M. As a sum of hyperfinite
factors, M is hyperfinite, so M x L(Fy_1) = L(Fy) [56]. Then one checks that A
is a masa in L(Fy), and that the Pukdnszky invariant is S U {co}. The special
properties of the groups in Example 7.5.4 are needed to ensure that the finite
integers are not lost in passing from M to the free product M x L(Fy_1). O

The groups that we have used in these examples have really been disguised
forms of semidirect products. We end this section with a general result, although
it should be noted that the direct calculations above are easier to carry out.

Proposition 7.5.8. Let G = H x, K be the semidirect product of a countable
infinite group H by a countable infinite abelian group K. Let {h™ray(h) : h €
H} be infinite for oll k € K\ {e} and {ar(h) : k € K} be infinite for all
h € H\{e}. Assume that axn(h) =h for h € H\{e}, k € K andn € N implies
that ay(h) = h; this says each stabiliser group is its own radical in K. The
equivalence relation ~ is defined on H by hy ~ ho if, and only if, the stabiliser
groups {k € K : ag(h1) = h1} and {k € K : ay(ha) = ha} are equal. Then
L(K) is a singular masa in L(G) with Pukdnszky invariant given by the set of
n € NU{oo} for which an h € H \ {e} exists with n orbits in its ~ equivalence
class.

Proof. By Lemma 3.3.2 L(K) is a singular masa in the type II; factor L(G).
The double cosets KgK in g \G/ ) may be indexed by elements of H by the
definition of H x, K, and this is done below. Two double cosets Kh;K and
KhyoK are equal for hq,he € H if, and only if, he = ay(hy) for some k € K so
hs is in the orbit of k1. A double coset in g \G/ \ {K} is represented by the
element h of H \ {e} it contains. Then

K = {(kl,kg) s kihky = h, kl,kQ S K} = {(kl,kl_l) : Oékl(h) = h,]fl € K}

and K, is determined by the stabiliser subgroup {k € K : a(h) = h} of h. The
stabiliser equivalence relation ~ is given by Khy, K ~ Khp, K if, and only if,

{ke K:ar(hy)=h}={ke K :ar(hs) = ha},

and is the same as the equivalence relation defined here. The number of dou-
ble cosets KhK in a ~ equivalence class is thus the number of orbits in this
equivalence class. O
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7.6 Open problems

In this concluding section, we present a list of open problems concerning the
Pukanszky invariant.

(1) If N is a separable type II; factor, what is the range of the Pukdnszky
invariant on N; what is {Puk(A) : A is a masa in N}?

(2) The same question with A restricted to singular masas in N.

(3) Can Puk(A) be equal to an infinite set of integers for some masa A in
L(F,), (2 <n < o0)? We only know that any set containing {oo} can
occur, and that a finite set of integers is impossible.

(4) Ts the range of Puk(-) countable over all masas in a property T separable
type II; factor?

(5) What happens to the Pukdnszky invariant under suitable crossed prod-
ucts?



Chapter 8

Operators in L0, 1|®B(H)

8.1 Introduction

In this section we establish a result, Theorem 8.3.5, which is the key to obtain-
ing good numerical estimates in the subsequent work on perturbations of masas,
Chapters 9 and 10. When B is a masa in a separable type II; von Neumann
algebra N with a faithful normal trace 7, the algebra (N, eg) C B(L?(N)), intro-
duced in Chapter 4, has commutant JBJ (Theorem 4.2.2) which is isomorphic
to L*[0,1] (Corollary 3.5.3). Thus (N, ep) is identified with L*°[0,1]®B(H ),
and operators in this algebra are regarded as measurable B(H)-valued func-
tions on [0, 1]. Construction of particular operators then becomes a matter of
choosing appropriate measurable selections from B(H ), and measure-theoretic
considerations require careful handling (see, for example, [105, Ch. 14], where
direct integrals are discussed). Thus we begin in Section 8.2 with some techni-
cal results designed to deal with measurability questions that arise in the main
results of Section 8.3.

When an algebra has a trace 7 then | - |2 is defined by ||z[|2 = (7(z*z))/2.
In this chapter several traces will occur, so in cases of possible ambiguity we
will adopt the notation || - ||, to indicate which trace is being used.

8.2 Matrix computations

In this section we will establish a number of technical lemmas concerning esti-
mates in matrix algebras. These will be needed for the main theorems in Section
8.3.

Lemma 8.2.1. Let a; > ag > ag > 0, let A\, Mg, A3 > 0 satisfy N2+ X\3+23 =1,
and let p = max{\1, \a}. Then

3 3 1/2
1+) of -2 <Z af,\$> > (2/3) min{2 — 2u,1}. (8.2.1)
1=1 =1

137
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Proof. We consider two ranges for the value of p.
(i) 0<p<37l/2

In this case A}, A3 < 1/3 and so A3 > 1/3. Reducing A3 to 1/3 and distribut-
ing A3 — 1/3 to A? and A3 to bring them to 1/3 decreases the left-hand side of
(8.2.1), and so it suffices to show that

3 3 1/2
1+ a? —(2/V3) (Z a§> >2/3. (8.2.2)
=1 =1

This inequality is verified by observing that the function 14 ¢ — (2/4/3)t'/2 has
a minimum value of 2/3 on [0, c0), occurring at t = 1/3.
(i) 372 <pu<1.

In this case u? > 1/3, and so 1 — 2u? < p?. Then

3
> 02N =230 — 03) + A3(ad — 0f) + o3
=1

< pP(ef = a3) + i (a3 — a3) + o3
=p*(af +a3) + (1 —2p%)03
< pP(ad + a3 + a3). (8.2.3)

1/2
Thus the left-hand side of (8.2.1) is no smaller than 1+Zf=1 a?—2pu (Z§=1 a?) .

The function 14 ¢ — 2ut'/? has a minimum value of 1 — z2 on [0, 00), occurring
at t = p?. The right-hand side of (8.2.1) is (4/3)(1 — p) and so it suffices to
show that

1—p? > (4/3)(1 — p). (8.2.4)
The case p = 1 is trivial while, for 4 < 1, (8.2.4) is equivalent to u > 1/3, which
is true on the range that we are considering. O

Remark 8.2.2. The choices of oy = ay = az =1/3 and A\; = Xg = A3 = 1/V/3
give equality in (8.2.1), showing that this inequality is sharp. O

We will now use the inequality of Lemma 8.2.1 to obtain an estimate that
will be needed subsequently. We let 7 denote the trace on M3 which assigns the
value 1 to each rank one projection, while noting that (8.2.7) below is valid for
any scaling of 7.

Lemma 8.2.3. Let aq > as > ag > 0 and consider the three matrices
1 0 0 0 0 O a; 0 O
pr=1(10 0 0], p=10 1 0, z=|0 ay O
0 0 0 0 0 O 0 0 a3
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Let vy € M be a rank one partial isometry. Then there exists a partial isometry
v € Mz with the following properties:

(i) wo* < wvoug; (8.2.5)
(11> ’U*U € {p15p27 O} (826)

(ii)) o —woll3 < (3/2) ]|z —voll3-
(8.2.7)

Proof. Since vy has rank 1 and ||vg|l2 = 1, there exist a unit vector £ € C* and
three constants A;, 1 <14 < 3, satisfying Z?:l |\i|? = 1 such that the columns of
vg are respectively A\;&, 1 < i < 3. Interpreting the quantity A/|\| to be 1 when
A = 0, we define three partial isometries in M3 by specifying their columns as

1)1:()\15/\)\1|,0,0), UQZ(O,)\2€/|)\2‘,O)7 ’U3:(0,0,0).
We will show that
min{|lv; —vol3: 1<i<3}<(3/2)]lz — voll3. (8.2.8)

Then (8.2.7) will follow by choosing v to be that v; which minimises the left-hand
side of (8.2.8).
Let {&}3_; be the standard basis for C3. Then

3

= voll3 =D (A€ — i, M€ — i)

=1
—Z|)\|2+a ) — 2 Re Zal (€, &), (8.2.9)

and this is minimised over all unit vectors £ by taking & parallel to the vector
(a1 A1, anda, a3A3)?t and suitably normalised. From (8.2.9) we obtain

3 3 1/2
bl > 143 o2 (Yo
i=1 i=1
> (2/3) min{2 — 2max{|\1], |[A2]}, 1}, (8.2.10)
where the latter inequality is Lemma 8.2.1. Now

o1 = voll3 = [[(AL(1 — [Al1)/IAL]€, A2€, As€) I3
= (1= [M))?+ A2+ |As)?
=22\, (8.2.11)

and the equation
vz — voll3 = 2 — 2| Aq (8.2.12)

is derived in the same way. Since vz = 0, the equality

lvs = woll3 =1 (8.2.13)
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is immediate. From (8.2.10) to (8.2.13), it follows that

min{|lv; —voll3: 1 <i <3} =min{2 —2|\1],2 —2|\a],1}
= min{2 — 2max{|A|, |A\2|}, 1}
< (3/2)[|lz = woll3, (8.2.14)

proving (8.2.8) and thus establishing (iii). Parts (i) and (ii) are straightforward
from the definitions of vy, vy and vs. ]

Remark 8.2.4. (i) We could introduce a parameter w from a measure space
(©,%) and require the entries of the matrices « and vy in Lemma 8.2.3 to be
measurable functions of w. Then vy, vy, v3 are measurable functions, as are
lvi — vol|3, 1 < i < 3. We can then define three measurable sets Fj, 1 < i < 3,
as the sets of values of w where ||v;(w) — vo(w)||3 gives the minimum on the
left-hand side of (8.2.14), and we can then choose v(w) measurably by letting
it be v1(w) on Fi, va(w) on Fp N FY, and vz(w) on (Fy U Fy)°.

(i) When we apply this lemma, vy will be a rank one projection, a special case
of a partial isometry. O

We will also require a similar inequality in the algebra My of 2 x 2 matrices.
Below, ¢ and s will denote cosf and sinf. The general form for a rank 1

projection p € My is ‘
(P cseT®
P= 1\ csei¢ 52 ’

where ¢ € [0,2x] and 0 € [0,7/2] so that ¢,s € [0,1]. The trace on My which
assigns the value 1 to each rank 1 projection is denoted by 7, and is used to
define || - ||2.

Lemma 8.2.5. Leta >0, let x = (§ ) € M, and let p = ( c? C“;id’) € M,

cse'® s
be a rank 1 projection. Let v = (Se‘id, 8) be a partial isometry. Then

lz = pl3 > (15/16) min{|lv — p3, 1} > (2/3) min{[lv - pl3,1}.  (8.2.15)
Proof. In terms of ¢, we have

|z = pll3 = (@ = ¢*)* + 5" + 2¢%57
=a® - 2ac® 4 (* +5%)?
=14+a*-2ac*>1-¢ (8.2.16)

2

by taking the minimum over «, occurring at @ = ¢®. A similar computation

shows that
[v—pll3 = (c* —c)* + (cs — 5)* + s + s*
=2-2c (8.2.17)

We now consider two cases.
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(i) 0<ec<27L.

From (8.2.16) and (8.2.17), we see that ||z — p||3 > 15/16 while min{|jv —
pll3,1} = 1. Thus (8.2.15) is true in this case.
(i) 27' <e<1.

On this interval, 1 + ¢ + ¢? + ¢® > 15/8, so multiplication by 1 — ¢ gives
1—c*>(15/8)(1 — ¢). Then, from (8.2.16) and (8.2.17), it follows that

lz = 3 > (15/8)(1 — ¢) = (15/16)||v — plI3
= (15/16) min{|lv — p||3,1}. (8.2.18)
Thus (8.2.15) is also established in this case. O

Corollary 8.2.6. Let (2,X) be a measure space, let x(w) = (O‘(O“’) 8), w € Q,
be a measurable function with a(w) > 0, and let p(w) be a measurable function
with p(w) a rank 1 projection in My for eachw € Q. Let py = (). Then there
exists a measurable function v(w), where each v(w) is a partial isometry in Ma,

satisfying
() v(@o@) <pw), (@) o) < pr, (8.2.19)
(i) o) - p@)IE < 3/2zw) - p@)IE, we e (8.2:20)

Proof. Let y: 2 — M3 be a measurable function, and fix a dense set {&;}52, of
vectors in the unit ball of C2. Then

ly()ll = sup{[{y(w)&i, &)= i,j € N} (8.2.21)

and is thus a measurable function. Applying this to y(w) = p1p(w)p1, we see
that the sets

Fi={w: |lpp)pl <27}, F={w: [lppw)p] >27"}

are measurable, and they correspond to the two cases in the proof of Lemma
8.2.5. We may then define partial isometries by

0 F
'U(W):{ y w € I,

pwp/llp@)pll, w € F,

and this is measurable in w. Then (8.2.19) is immediate from the definition of

v(w). The inequality (8.2.20) follows from Lemma 8.2.5, noticing that if p(w) has

the form (csceid’ ese "¢ ), then p(w)p1/|[p(w)p1ll = (S5 8). The sharper estimate

S

with 16/15 replacing 3/2 is also valid but is not needed subsequently. O

8.3 Main results

Let (2,3, u) be a probability space and let H be a fixed separable infinite dimen-
sional Hilbert space. We now investigate the von Neumann algebra L>(Q)®@B(H),
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which can be identified with the algebra of weakly measurable uniformly bounded
functions z: Q — B(H). By this we mean that w — (x(w)&,n) is a C-valued
measurable function for each pair of vectors £,n € H. It is useful to fix a norm
dense sequence {£;}32; in the unit ball of H and an orthonormal basis {n;}32,
for H. We denote by 7 the standard normal semifinite trace on B(H) defined
by 7(-) = Yooy (-mi,mi), and we let T(H) be the space of trace class operators
on H. We begin by establishing the measurability of certain quantities asso-
ciated to measurable B(H)- or T'(H)-valued functions. When z(w) € T(H)*,
A (w) > A2(w) ... denote the eigenvalues with associated finite rank projections
q1(w), g2(w), . .. onto the eigenspaces.

Proposition 8.3.1. Let (Q,X) be a measure space and let x: Q@ — B(H) be
measurable.

(i) ||lz(w)|| is a measurable function;

(ii) if x(w) € T(H)T for each w € Q, then the functions A\j(w) and g;j(w) are
measurable, for j > 1;

(iii) if x(w) € T(H)* for each w € Q and if dj(w) € NU {oo} denotes the
dimension of the eigenspace for Aj(w), then each dj(w), j > 1, is measur-
able.

Proof. (i) As in Corollary 8.2.6, measurability of ||z(w)| follows from the for-
mula,

(@)l = sup{|(z(w)&i, &5)|: 4,5 € N}. (8.3.1)

(i) If z(w) € T(H)* then A\ (w), the largest eigenvalue, is equal to the norm
and measurability follows from (i). Then F = {w: A1(w) = 0} is measurable,
and on this set g1 (w) = 1. By considering F' and its complement separately, we
may assume that A (w) > 0 for all w € Q. By dividing by this function, we may
then assume that A (w) = 1 everywhere, which will not change ¢;(w). For each
w, the sequence {x(w)"}$2, converges strongly to ¢;(w) and so, for each pair
§&neH,

(@ (@)&,n) = Tim ((w)"€,m), (832)

showing measurability of ¢; (w).

Now consider z(w) — A1 (w)g1(w), which is trace class and has largest eigen-
value Ag(w). Arguing as above, Ag(w) and ¢z2(w) will be measurable. In gen-
eral, measurability of A,11(w) and ¢n41(w) will follow from that of z(w) —

n
> Aj(w)gj(w), since this operator has largest eigenvalue A, 4+1(w) and associ-

ated projection g,41(w).
(iii) Since

00
dj(w) =T q] Z 777L777n 7 >1 (833)

measurability of these functions follows from (ii). O
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We point out that the following argument will be used several times below.
If we want to establish that ||z|2 > ||ly||2 for certain operators  and y, and
if we have a projection p such that pyp = y, then it suffices to prove that
[pzpllz = [lyll2 since |[z]l2 = [[pzpl|2.

Lemma 8.3.2. Let (,%) be a measure space and let x: Q — T(H)T be
a measurable function such that the projection ¢1(w) onto the eigenspace of
the largest eigenvalue Ai(w) of x(w) has rank at least 3 for each w € Q. Let

p: Q— T(H)" be a measurable function such that p(w) is a rank 1 projection
for allw € Q. Then, forw € Q,

Ip(@)]13 < (3/2)[Ip(w) — (W3- (8.3.4)

Proof. Fix an element w € Q, let n > 3 be the rank of ¢;(w), and choose an

(n + 1)-dimensional subspace K of H containing the ranges of p(w) and ¢ (w).

It suffices to prove (8.3.4) for the compressions of these operators to K and so

we need only consider the following situation: P € M, is a rank 1 projection,

Q € M,,,11 is a rank n projection, and X = A\Q + a(l — Q) with A > a > 0.
Then || P||3 = 1, while

IX =Pl =M@ + (I = Q) = P|l3
= [\ + (= NI - Q) - P|I3
=XMn+1)+ (a—N?+1+2\a—N)
—2)\ = 2(a = A\)7((I — Q)P)
> A2(n+ 1) +a? = 20X + A2+ 1+ 20 — 207 — 2
=n\ -2+’ +1
>n\? -2\ + 1
>1-n"t, (8.3.5)

by minimising over A. Since n > 3, we obtain || X — P||3 > 2/3, and the result
follows. In the above inequalities, the condition A > a was used to neglect the
positive term —2(a — A)7((I — Q)P). O

The following result, concerning diagonalisation of matrices over an abelian
von Neumann algebra, is a special case of a more general theorem in [99, 100]
where no restrictions are placed on the von Neumann algebra. We give here
a measure-theoretic proof to complement the one of Theorem 2.4.3 which was
formulated in terms of stonean spaces. Theorem 8.3.3 is needed in the course
of proving Theorem 8.3.4.

Theorem 8.3.3. Let (2,3, 1) be a probability space such that L*(Q) is norm
separable, and let n € N. If A is a masa in L*°(Q) @ M,,, then A is unitarily
equivalent to the masa L (Q)QD),,, where D, is the algebra of diagonal matrices
in M,,. In particular, any set of commuting normal operators in L>°(2) ® M,
can be simultaneously diagonalised.



144 CHAPTER 8. OPERATORS IN L=(0,1]@B(H)

Proof. The algebra L (Q) ® M, may be viewed as acting on the Hilbert space
L2(2)®C", where its commutant is L>(Q)®1, the centre of L°°(Q)®M,. Since
A must contain L*°(Q) ® I (otherwise A would not be a masa) we see that any
operator in B(L?(2)) commuting with A must lie in L>°(£2) @M, by the double
commutant theorem, Theorem 2.2.1, and so is isomorphic to ¢*°(k) & L>°[0, 1]
for some k € NU {o0}, by Theorem 2.3.7 (either summand might be absent).
In all cases, A is generated by a single unitary. Taking the logarithm shows
that A is generated by a single self-adjoint operator x, and we may assume
that = is positive and invertible by adding a suitable multiple of the identity.
Thus the result will follow if we can diagonalise x. This amounts to selecting
vectors ny, ...,n, € L?(Q,C") such that, for each w € Q, {m(w),..., (W)} is
an orthonormal basis for C™ consisting of eigenvectors for x(w).

Let {&1,...,&,} be the standard basis for C*. With the notation of Propo-
sition 8.3.1, A\;(w) is the largest eigenvalue of z(w) and ¢;(w) is the projection
onto the corresponding eigenspace, and both are measurable functions. Since
¢1(w) # 0, we cannot have ¢ (w)&; = 0 for all 4 in the range 1 < i < n. Thus we
may define measurable sets F; C Q, 1 <1i¢ < n, by

Fi ={w: q1(w)& # 0},

and  will be the union of these sets. There could be overlap, so we make
them disjoint by defining G; = Fy, Go = F» \ Fi, and so on. We then define a
measurable function 7;: Q2 — C™ by

mw) = qw)éi/llgW)&l for w e Gy, 1 <i <,

and 7y is then a unit vector in L?(€,C") such that 7;(w) is a unit eigenvector
for z(w) for each w € Q. Define v; € L™ (Q) ®M,, by letting v; (w) be the matrix
whose first column is 7 (w), all other columns being 0. This is a partial isometry,
and we define a projection p; € L*(Q) ® M, by p1 = vivf. Then p;(w) is a
rank one projection onto the span of an eigenvector for x(w), so that = and p;
commute. The vector 72 is obtained by repeating this argument for the positive
operator (1—pj)z, with a corresponding projection py. In general, 7; is obtained
by considering (1 —p; — -+- — p;—1)z. Now form a unitary u € L®°(Q) @ M,
by specifying the columns of u(w) to be the vectors n;(w),...,nn(w). Since
these are eigenvectors for x(w), it is apparent that uw*zu is diagonal. Thus
u*Au C L (Q) ® D, since = generates A, and equality must hold since both
algebras are masas.

The last statement of the theorem is immediate by observing that any set
of normal commuting elements generates an abelian von Neumann subalgebra
which is then contained in a masa. O

We now come to the main results of the section, for which we require some
notation. We let (2, %, u) be a probability space for which L>(Q)®B(H) has
a separable predual. We let A denote an abelian von Neumann subalgebra of
L>®(Q)®B(H), and we fix a positive operator h € A’ N (L>®°(Q)®B(H)) such
that h(w) € T(H) for all w € Q. We let {a,}52; be a sequence in A which is
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weakly dense, and we let A(w) C B(H) be the abelian von Neumann algebra
generated by {a,(w)}>2, for w € Q. Note that, to ensure that A(w) is abelian,
we may have to neglect a countable number of null sets which has no effect.

Theorem 8.3.4. Let p: Q — T(H) be a measurable function such that each
p(w) is a rank 1 projection. Then there exists a partial isometry v = v(w) €
L>*(Q)®B(H) such that

(i) vw*<p, vveAN(L®Q)RB(H));
(i) [lvw) =p)3 < B/2)lpw) = hW)3,  we (8.3.6)

Proof. Since h € A’, we may assume without loss of generality that A is a masa
in L>°(Q)®B(H) containing h, and also containing the centre L>*°(Q2) ® 1. Then
h(w) € A(w)' for w € Q, and the same holds for the spectral projections of h(w),
denoted g; (w) for the 5 eigenvalue \;(w). We will construct v pointwise over €2,
the main difficulty being to do this measurably. Consequently we will decompose
the measure space into measurable subsets and define v(w) separately on each.
We carry this out in several steps.

(1) Fi ={w: h(w) =0}

This set is {w: ||h(w)|| = 0}, and is measurable. Here we take v(w) = 0,
and (8.3.6) is clearly satisfied.

(2) Fo={w: rank q1(w) =1, |h(w)— A (w)q1(w)| = 0}.

By Proposition 8.3.1 (i), (iii), this is a measurable set. Replacing Q by Fb,
we may assume that the conditions defining F» hold for all w € 2. For a fixed
w € £, choose a two-dimensional subspace K of H containing the ranges of
p(w) and g1 (w). Choose a basis for K where the first vector is an eigenvector for
g1(w). Then the compression of h to K has the form (’\16‘“) 8) and Corollary
8.2.6 applies. On the measurable set G = {w: |p(w)q(w)|] < 271}, we let
v(w) = 0 (corresponding to the first case in the proof of Lemma 8.2.5). On the
complement of G we take v(w) = p(w)q1(w)/||p(w)g1(w)]]. Then (8.3.6) follows
from (8.2.15), while v(w)v*(w) is either 0 or p(w) and v(w)*v(w) is either 0 or
¢1(w), both in A(w)’.

(3) F3, ={w: rank ¢1(w) =1, Ao(w) >0, rank g2(w) =n}, n>1

These are measurable sets by Proposition 8.3.1 (ii), (iii). Replacing Q by
F3 ,, for a fixed n, we may assume that the conditions defining F3 ,, hold on all of
Q. If we compress L>(Q)®B(H) by ga, then Aqgs is a masa in L>(Q)®M,,, and
thus Aqs is unitarily equivalent to the algebra of diagonal matrices with entries
from L*>°(Q2), by Theorem 8.3.3. Consequently there is a projection ps € A such
that po < g2 and pa(w) has rank 1 for all w € Q. For a fixed w, pick a three-

dimensional subspace K of H containing the ranges of ¢;(w), pa(w) and p(w).
000

Then there is a basis with respect to which ¢ (w) = (é § §>, p2(w) = (8 ! 8)

M) 0 0

and the compression of h(w) to K is ( 18 : Az (w) o> with @ < A\y(w). Lemma
0 0 «

8.2.3 now applies, and the choice of v(w) is made measurably by Remark 8.2.4.

The inequality (8.3.6) follows from (8.2.7) while the proof of Lemma 8.2.3 shows
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that v(w)v(w)* is either p(w) or 0, while v(w)*v(w) is ¢1(w), p2(w) or 0, all three
lying in A(w) = A(w)".
(4) Fy = {w: rank q;(w) = 2}.

As before, we may assume that this condition holds on all of Q. Compression
by ¢1 gives us a masa Ag; in L>®(Q) ® M, and thus orthogonal projections
p1,p2 € Aqp with p(w), p2(w) of rank 1 for all w € Q. The argument now is
that of the previous part, with p; replacing ¢;.

(5) Fs5 = {w: rank ¢;(w) > 3}.

This is a measurable set, and again we assume it is (2. By Lemma 8.3.2, we
may let v(w) = 0 on this set.

These five parts exhaust the possibilities and so we have a partial isometry
satisfying the conclusions of the theorem. O

Now consider a type II; von Neumann algebra N with separable predual and
faithful normal trace 7, and let B be a masa in N. Let Tr denote the canonical
normal semifinite trace on (N, eg) such that Tr(eg) = 1 (see Theorem 4.2.2).
In the statement of the next theorem, A will denote an abelian subalgebra of
N. In the proof, the standard trace on B(H) will be denoted by tr.

Theorem 8.3.5. If h € A'N(N,ep), h >0 and Tr(h) < co, then there exists
a partial isometry V € (N,eg) such that VV* <ep, V*V € A’ N(N,ep), and

les = V3.7, < (3/2)lles — Rll3 7 (8.3.7)

Proof. As we mentioned in Section 8.1, the commutant of (N, ep) is the abelian
algebra JBJ and so (N,ep) is type I. Moreover, since N can have no fi-
nite dimensional representations, (N,ep) is type I and thus is isomorphic
to L*°[0,1]@ B(H). The projection ep satisfies eg(N,ep)ep = egB = egJBJ,
by Theorem 4.2.2, and is consequently abelian. Identifying eg with a measur-
able function ep(t) € L*[0,1]QB(H), we see that ep(t) is a projection of rank
at most 1 almost everywhere. If z € L°°[0,1] is the characteristic function of
the set where rank (ep(f)) # 1, then epz = 0, and z = 0, by Theorem 4.2.2 (v).
Thus, altering ep(t) on a null set if necessary, we may assume that the rank of
ep(t) is 1 for all t € [0, 1].

Since the trace Tr on L*°[0,1]® B(H) is normal and Tr(ep) = 1, there exists
a non-negative function k € L[0, 1] such that

Tr(x) :/0 k(t) tr(z(t)) dt (8.3.8)

for those x € (N, ep) satistying Tr(]z|) < co. We now apply Theorem 8.3.4,
with p(w) replaced by eg(t), to obtain a partial isometry V(t) satisfying the
relations V()V(£)* = eg(t), V(£)*V(¢) € A(t) and

les(t) = VI3 < (3/2)len(t) — h()II3 - (8.3.9)
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Then VV* <ep,V*V € AN {(N,eg), and
1
les = V37, = / k(t)lles(t) = V)3, dt

< (3/2) / K(t)len(t) — h(t)|2, di
= (3/2)lles — b3 7rs (8.3.10)

proving the result. 0



Chapter 9

Perturbations

9.1 Introduction

The topic for this and the succeeding chapter is the theory of perturbations. Be-
fore giving a detailed description, we discuss the ideas in general terms without
reference to norms or metrics. If we have a von Neumann subalgebra A of a II;
factor N, and v € N is a unitary close to 1, then the algebras A and uAu* are
close and we think of uAu* as a small perturbation of A. Conversely, if we have
two algebras A and B which are close to one another, then we might expect to
find a unitary u € N close to 1 so that B = uwAw*. This is too much to ask for in
general. In these two chapters we explore whether suitable modifications can be
made so that results of this type hold true. Although there are circumstances
where unitary equivalence is possible, it is usually necessary to cut the algebras
by projections and ask only for a partial isometry which implements a spatial
isomorphism of the compressions. As we will see, the strength of the results will
depend on the norms and metrics selected to define the notion of close operators
and close algebras. Some theorems in this chapter are formulated for general
subalgebras and thus apply in the next chapter. The main focus here is on
masas, and some of these results are only valid in that case.

The easiest way to think of the distance between subalgebras of a type
IT; factor is by considering the distance between their conditional expectations
as this makes available all the convergence properties of operators. The first
perturbation results for masas in type II; factors were in the norm || - ||. These
were developed by Christensen in a series of papers [20, 21, 22|, who turned to
perturbations in the ||-||co,2-norm, or in C4 in the important paper [24]. The two
crucial methods Christensen introduced in the latter paper have been used in
all subsequent perturbation results in this area. He used the basic construction
to handle the perturbation of A to B in the algebra (N, ep) = (N, B) and used
the fact that the element of minimal norm in a closed convex subset K of a
Hilbert space is a fixed point for any unitary group leaving K invariant [24].
Popa, in an important series of papers, introduced the use of the metric and

148
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algebraic properties of the ‘pulldown’ map from part of (N, ep) to N and certain
fine analysis of projections to strengthen the original methods of Christensen
considerably (see [144, 145, 147, 148]). The crucial rigidity /perturbation results
that Popa obtained are one of the foundations of the important deep theorems
he has proved on II; factors [146, 147, 148, 149, 150].

The most important perturbation estimates for type II; factors are in the
infinity-two norm |- || o0,2 acting on the difference of the conditional expectations.
Both the infinity-two norm || - || s,2 and Cs , delta contained in, used by Murray
von Neumann, McDuff and Christensen are defined in Section 9.2 and the basic
properties are studied.

The general method in the perturbation results in this chapter follows the
same general technique developed by Christensen [24] and Popa [147]. This
basic outline covers several of Popa’s papers. These are the methods of this
chapter, which are summarised here before we proceed further.

Summary of the techniques in perturbations of von Neumann subalgebras of 114
factors.

Let A and B be von Neumann subalgebras of a II; factor V. At each stage
it is only the final part that is carried forward.
(1) If||(I —Ep)Eallso,2 <1, then ‘average ep over the unitary group U(A) of
A’ to obtain the element A of minimal || - ||2,7-norm in

conv{uepu” : u € U(A)}
with the properties
he AN (N,eg) and 0< Tr(h), Tr(h?) <1.

(2) From h obtain a non-zero spectral projection fi in A’ N (N, ep) with f;
equivalent to a subprojection e; of eg. There are various ways to choose such
a projection, but we use the results of Chapter 8, which seem to give the best
norm estimates.

(3)  From a partial isometry v1 € (N, ep) with

vivy = f1 and wvv] =e1 <ep,
construct a non-zero *-homomorphism ¢ from A into B with
¢(a)vy =via forall a€ A.

(4a) EITHER With ® : NegN — N the pull down map ®(zepy) = zy (z,y €
N), let w = ®(v1) € L2(N). The equation ¢(a)v; = via (a € A) of (3) gives
¢(a)w = wa (a € A). The polar decomposition w = v|w| of the unbounded
operator w affiliated to N gives a non-zero partial isometry v € N with ¢(a)v =

va (a € A).
(4b) OR By averaging ¢(u)u* over the unitary group U(A), the element wy
of minimal || - ||2-norm in conv®{@(u)u* : u € U(A)} satisfies

d(a)wy = woa for all a € A.
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If wy = volwp| is the polar decomposition of wg, then
¢(a)vg =vpa for all a € A.

(5)  With additional properties on A and B cut the partial isometries and
projections down and modify ¢ to be a *-isomorphism from a cutdown of A to
a cutdown of B. In the case of close algebras this is done using bounds on the
partial isometries and projections with a finite index bound. For two masas we
use the simple observation that if one masa is contained inside another, then
they are equal.

Additional information and estimates are required to ensure that the maps
are non-zero, that ¢ is one-to-one on a large piece of A and to obtain || - ||2-
norm estimates on the final partial isometry and its associated projections. The
partial isometries v and vy obtained in (4a) and (4b) could be different; the
current estimates obtained using the pull-down map in (4a) are better than
those averaging the map ¢ in (4b) as the pull-down has universal properties .

In Section 9.2, we explain the method of averaging an operator over a unitary
group U(A). If A were hyperfinite, then this could be accomplished by using an
invariant mean on a weakly dense amenable subgroup generated by the unitary
groups of finite dimensional subalgebras. In general, we obtain an operator in
A’ N (N,eg) by taking the element of minimal norm in a certain norm closed
convex subset of L2((N,eg), Tr).

Section 9.3 deals with subalgebras of a II; factor which are close in the metric
induced by the operator norm. If the two subalgebras are sufficiently close, then
we show that they are unitarily conjugate by a unitary close to 1. Sections 9.4
and 9.5 address the same type of problem for the metric derived from the ||-||co,2-
norm, the main result being Theorem 9.5.1. Here we show that two close masas
A and B have large cut downs Ap and Bq which are spatially equivalent by
a partial isometry v close to 1. We give an example to demonstrate that this
result is optimal. The various estimates that relate |1 — pll2,7, ||1 — gl|2,» and
11 — vz, to |[Es — Egllco,2 are given in Section 9.6. The final section of this
chapter gives a different view of the same material. This uses techniques that
are simpler, but which yield estimates that are not quite as good as the earlier
ones.

9.2 Averaging e over A

Throughout this section N will be a II; factor with von Neumann subalgebras
A and B. If the algebras are masas, then one can average using an invariant
mean on the abelian unitary group of the algebra A in place of the convex
set averaging used here. This however does not simplify things as we require
Hilbert norm estimates, which follow immediately from the methods employed
below. Recall that ep is the projection from L?(N) onto L?(B) and that the
trace preserving conditional expectation Ep is the restriction of eg to V.

The first lemma discusses some facts about convex sets and their weak clo-
sures and will be applied subsequently with M = (N, eg). We will use || - ||2 to



9.2. AVERAGING eg OVER A 151
denote the || - ||2-norm, but if more than one trace is present, as will occur in
subsequent results, then this will be indicated by || - |27

Lemma 9.2.1. Let M be a von Neumann algebra with a normal faithful semifi-
nite trace Tr, and let P denote the set of projections in M of finite trace. Let
K C M™ be a convez set and let Ao, A1 and Ay denote respectively the suprema
over . € K of |||, ||z||1, and ||z||y. Let K be the weak closure of K in M.

(i) For eachx € M™,

Tr(z) = sup{Tr(xp): p € P}. (9.2.1)

(ii) If Aso < 00, then sup{|lz]|: 2 € K"} = Aso < 0.

(iii) If Ay < oo then sup{||z|i: = € K"} = Ay < 0. Moreover, if a net (z,)
in K" converges weakly to x, then

Tr(z) <limsupTr(zy). (9.2.2)

[e%

(iv) If Moo, Ag < 00, then K" is a || - ||a-closed convex subset of L*(M), and
sup{[[efl2: € K"} = As. (9.2.3)

Moreover, if T, — © weakly in fw, then x, — x in the weak topology of
L?(M).

(v) The conclusions of (iv) remain valid when the hypothesis K C M™ is
replaced by K C M.

Proof. (i) Let x € Mt be fixed but arbitrary. The inequality
Tr(z) > sup{Tr(xzp): p € P} (9.2.4)
is immediate from the relation
Tr(zp) = Tr(z'/?pz'/?) < Tr(z), pe P. (9.2.5)

To establish the reverse inequality, first note that the semifiniteness hypothesis
on the trace gives an increasing net (pg) from P converging weakly to 1. Then
normality of the trace implies that

Tr(xz) = liénTr(xl/ngxlm) = liénTr(xpg) <sup{Tr(zp): p€ P}. (9.2.6)
(ii) This is just the w*-compactness of norm closed balls in M.

(iii) Consider a net (z,) in K converging weakly to z € K~ C M*. Ifpe P
then the linear functional Tr(p - p) is bounded and normal, and consequently

Tr(xzp) = lién Tr(zap). (9.2.7)
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If A < Tr(z) then, by (i), we may choose p € P such that Tr(xp) > X. Then
there exists ag so that Tr(zap) > A for a > ag. Then

limasup Tr(xq) > sup{A: A < Tr(z)} = Tr(x). (9.2.8)

This proves the desired inequality.
If Ay < oo and z € K, choose a net (z4) from K converging weakly to .
Then, from (9.2.8),
Tr(z) <limsupTr(zy) < Aj, (9.2.9)
[0}

so x € LY(M) and |z|; = Tr(z) < A;. This establishes that sup{|z|:: = €
7”} < Aj, and the reverse inequality is obvious from the definition of A;.

(iv) Suppose now that both As and As are finite. By scaling, we may assume
that both constants are no greater than 1. Let (yo)aca be a net from K
converging weakly to y € K". We will show that y € L2(M) and, to this end,
we fix an arbitrary projection p € P. Then p € L?(M), and so ygp € L*(M)
for B € A and satisfies |lygp||3 < Tr(y%) < 1. Moreover, yp € L?*(M) with
llypll3 = Tr(py*yp) < Tr(p), where the last inequality is valid because ||y|| < 1.
Then, for any fixed a € A,

ITr(yayp)| = |Tr(pyayp)| = 11511 |Tr (pyaysp)|

< limﬁsup Ipyall2llyspll2 < 1, (9.2.10)

using the Cauchy—Schwarz inequality and the fact that Tr(p-p) is a normal and
bounded linear functional. In the same way

Tr(y?®) = sup Tr(py*p) = sup lim |Tr (pyayp)| < 1, (9.2.11)
peP peP ¢

from (9.2.10). Thus y € L?(M). This shows that each element of K lies in
the unit ball of L?(M).

Now consider a net (z,) from K" with weak limit z € K. From above,
these elements lie in the unit ball of L?(M). In order to show that z = lim, z,, in
the weak topology of L?(M), it suffices to consider inner products with elements
from a total subset. Since span{P} is |- |l2-dense in L?(M), it is enough to show
that lim, Tr(x,p) = Tr(xp) for p € P. Once again, we use boundedness and
normality of the linear functional T'r(p - p) to conclude that

Hm Tr(zap) = im Tr(pxap) = Tr(pzp) = Tr(xp), (9.2.12)

as required. We have now shown that the identity map of K into L2(M) is
continuous for the respective weak topologies. The image in L?(M) is then
weakly compact and thus || - ||o-closed. Equation (9.2.11) and the Cauchy—
Schwarz inequality show that

lyll3 < sup limsup [|pyall2llypllz < Azllyll2, (9.2.13)
peEP «
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and this implies (9.2.3).

(v) We begin with two observations. If z € M is written as y + iz with y, z
self-adjoint, then y = (x + 2*)/2, so |lyll2 < ||z|l2 with a similar estimate for
|z]|2. Now if h € M is self-adjoint, then the decomposition h = ht —h~ satisfies
h? = (k)2 + (h™)?, so that ||hE s < ||h|2.

Let L denote the convex hull of the positive and negative parts arising from
the self-adjoint decompositions of all elements k € K. Then sup,c; [|¢]]2 < As.
Since K C (L—L)+i(L—L), the same containment holds with K and L replaced
by their respective weak closures. Part (iv) applies to L C M ™, showing that
L, and hence K", is || - ||o-bounded in L2(M). The required verifications are
now identical to the last paragraph of the proof of part (iv). O

A Haar unitary in a von Neumann algebra with trace 7 is a unitary u such
that 7(u/) = 0 for all j € Z \ {0}. If A contains a masa C of N, then there is
a Haar unitary « in C, since C is isomorphic to L*°[0,1] via a *-isomorphism
that sends the trace to the integral (Theorem 3.5.2).

A stronger version of Lemma 9.2.2 is given as Lemma 9.2.3; the first version
is what is required in the perturbation results subsequently.

The following result is essentially in [24], and is also used in [145, 147, 148].
The operator h below will be important at several points subsequently and we
will refer below to the procedure for obtaining it as averaging eg over A. The
|| - |lso,2-norm of a bounded map ¢: N — N is defined by

[0lloc,2 = sup{[l¢(z)l]2: = € N, =[] < 1}.

Lemma 9.2.2. Let A and B be von Neumann subalgebras of a type 11y factor
N, and let K y(ep) be the weak closure of the set

Ka(ep) = conv{uegu®: u is a unitary in A} (9.2.14)

in (N,eg). Then K 4(ep) contains a unique element h of minimal ||-||2.7r-norm,
and this element satisfies

(i
(ii

) Ikl Tr(h), Tr(h?), Tr(eph) < 1;

)
(i)  1—Tr(eph) <||(I —Ep)Eall% o/

)

)

he A N(N,eg), 0<h<1;
(iv)  Tr(egh)=Tr(h?);

) lh—esllzrr < [[(I = Ep)Eallso,2;

(Vi) [lh—esl < [(I —Ep)Ea].
If A is orthogonal to B and if A contains a Haar unitary, then h = 0.

Proof. Since |ep|| = Tr(ep) = 1, we may apply Lemma 9.2.1 (iv) to the convex
set K = Ka(ep) to see that K 4(ep) is || - ||2,7r-closed, and thus contains a
unique element A of minimal || - ||2,7--norm. Moreover, this lemma shows that
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|k, Tr(h), Tr(h?) < 1, and the Cauchy—Schwarz inequality gives Tr(eph) <
Ill2,rlles||l2,r < 1. This proves (i).

Each x € K4(ep) satisfies 0 < 2 < 1, and so the same is true for elements of
W . .
K 4(eg). In particular, 0 < h < 1. For each unitary u € A, the map = +— uzu*
is a || - ||2,7r-norm isometry which leaves K 4(ep) invariant. Thus

whu® = h, wu unitary in A, (9.2.15)

by minimality of ||h||2,7r, so h € A’N (N, eg). This proves (ii).
Consider a unitary u € A. Since T'r is a trace,
1—Tr(epuepu®) =1—Tr(egEp(u)u*) =1—7(Eg(u)u*)
=1-7(Ep(w)Es(u)’) =1~ [Epw)3,
= (I —Ep)@)3 - < I —Ep)Eal% »- (9.2.16)

This inequality persists when uegu® is replaced by elements of K4(ep), so it
follows from the normality of the state Tr(ep - ep) that

1 —Tr(eph) < (I —Ep)Eall% 2, (9.2.17)
proving (iii).
Since h € A’ N (N, ep),
Tr(uepu*h) = Tr(epu*hu) = Tr(egh) (9.2.18)

for all unitaries u € A. Part (iv) follows from this by taking suitable convex
combinations and a weak limit to replace uegu® by h on the left-hand side of
(9.2.18), again using normality of Tr(ep - eg). Now, using (iii) and (iv),

Ilh — eB||§7T,. = Tr(h2 —2hep +ep) =Tr(ep — hep)
1~ Tr(hes) < (I - Ep)Eal? (9.2.19)

00,2

proving (v).
If w is a unitary in A, then

lleg —uepu™|| = |lepu — uep|| = [lepu(l —ep) — (1 — ep)uep||
< max{|legu(l —eg)|, ||(1 —ep)ueg|} (9.2.20)
= max{|lep(u — epuep)||, ||[(u — epuep)es|}

= max{|lep(u —Ep(u))|, (v - Ep(uw))es|}
< Jlu=Ep()]| < [I(1 —Ep)Eall.

The inequality (9.2.20) above occurs because of the orthogonality of epu(l—ep)
and (1—ep)uep in both range and domain spaces. Taking convex combinations
in this inequality allows us to replace uegpu® by any element of K 4(ep), from
which it follows that |leg — h|| < |[(1 — Eg)E4||, proving (vi).
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Finally, suppose that A is orthogonal to B and that u is a Haar unitary in
A. Then

n n
I Z ujeBu_jH;TT = Z Tr(wegu™ T egu=F)
Jj=1 k=1

= Z T’I“(ujikEB(uij+k)6B)
j,k=1

=> Tr(es) =n, (9.2.21)
j=1

since the orthogonality of A and B implies that Eg(u”) = 0 for all r € Z \
{0} by Lemma 6.3.1. The element z = n~' 37 wepu™ is in Ka(ep) =
conv {uepu*: w is a unitary in A} and has Hx||§TT = 1/n. The integer n was
arbitrary, so K 4(ep) contains elements of arbitrarily small || - ||2,7--norm. Thus
h=0. O
Note that Lemma 9.2.2 (iv) can be worded
Tr(egx) = Tr(hx) for allz € A’ N (N, ep) with Tr(|z|) < cc.

Here is a slight variation on the above Lemma 9.2.2 that may be deduced from
it or proved by the same technique.

Lemma 9.2.3. Let A and B be von Neumann subalgebras of a type 11y factor
N, let w be a unitary in N and let KZ(w*eBw) be the weak closure of the set

Ka(w*epw) = conv {uw*egwu®: w is a unitary in A} (9.2.22)

in (N,eg). Then there is a unique element h of minimal || - ||2.7r-norm in
K (w*epw), and which satisfies

(i) 1ol Tr(h), Tr(h?), Tr(eph) < 1;
(i) heAN(Nep), 0<h<I;

(iii) 1 —Tr(w*epwh) < ||[(I —Ep)Eyaw- |2

00,27

(iv)  Tr(w*egpwh) = Tr(h?);
(V) ||h - W*eBw||27Tr S ||(I - ]EB)]EwAw* ||oo72;

(vi)  Jh—w*epw| < [[(I — Ep)Ewaw=||-

If wAw™* is orthogonal to B and if A contains a Haar unitary, then h = 0.
If A= B, then Tr(heg) = [[Ep(w)||3 1,
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Proof. The proof of this is similar to that of Lemma 9.2.2 except that ep is
replaced by w*egw in most places. Only the final part is new, which is proved
as follows.

If A= B and v is a unitary in A, then egu = ueg and

Tr(u*w*epwuep) = Tr(w*egwep) = Tr(w*Eg(w)eg)
= 7(w*Ep(w)) = |Ep(w)]3 - (9-2.23)

Boundedness and normality of Tr(eg-ep) allow us to take weak limits of convex
combinations in equation (9.2.23), giving Tr(hep) = |Ep(w)||3 as required. O

Analogously to the observation made after Lemma 9.2.2, we can word Lemma
9.2.3 (iv) as

Tr(w*epwx) =Tr(hz) forall ze€ A'N(N,ep) with Tr(z|) < oco.

9.3 Perturbing subalgebras in the uniform norm

Perturbations in the metric d(A, B) = |[Eg — E4|| on the conditional expecta-
tions follow directly from the basic technical results and Lemma 9.2.3.

Before presenting the main theorem of this section we discuss the functions
G and H that have occurred before. We recall their definitions from (5.3.1) and
(5.3.2):

GO)=64+2"1(1—(1-46)Y%) for 0<5<1/4 (9.3.1)
and

H(k) =221 -1 -E)YHY2 for 0<k<1. (9.3.2)
Observe that G is increasing and convex, since

G'0)=1+(1-46)""2>0 and
G"(6)=2(1-46)"32>0 for 0<d<1/4 (9.3.3)

The function H is also increasing and convex, as a plot would easily indicate,
but this is less obvious analytically and requires the following calculation. The
function F(z) = 2(1 — (1 — x)Y/?), for 0 < z < 1, has the property that
H(k)? = F(k?). Differentiation gives H(k)H'(k) = kF'(k?) > 0, leading to
H'(k)? = kK*F'(k?)?/F(k?) for 0 < k < 1. Replacing k? by z, we see that H'(k)
is increasing if and only if 2 F’(x)?/F(z) is increasing on the interval (0,1). The
further substitution « = 1 — t* makes this equivalent to the function

1—t)F'(1—-t2)2 1+t 1 1
py < L=OFO -2 14t 11
F(1—12) 212 2t 2t

being decreasing on (0, 1), and this is clearly true. Thus H (k) is convex on [0, 1].
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The function K(§) = H(2H(G(0)) + 26) will appear in subsequent proofs.

It is defined for any ¢ > 0 satisfying G(d) < 1 and 2H(G(d)) + 26 < 1. This

function is increasing and convex since a composition of increasing convex func-

tions vanishing at 0 is of the same type. Direct calculation shows that these

constraints are met by § = 1/8 and so K (J) is defined at least on the interval
[0,1/8]. Moreover

K(1/8) = 0.8915... < 9/10. (9.3.4)

For each 3 € (0,1/8], the graph of K(§) lies below the line joining the origin to
the point (8, K(8)) since K(§) is a convex function, and so the inequality

K(§) <dK(B)/B for 0<§<p<1/8 (9.3.5)
holds. The choice of §=1/8 in (9.3.5) gives
K(6) < 08K (1/8) <7.26 <85 for 0<6<1/8, (9.3.6)
using the estimate of (9.3.4).

Theorem 9.3.1. Let A and B be von Neumann subalgebras of a 111 factor N.
If |[E4 — Ep| < 1/8, then there is a unitary w € N such that wAu* = B and
11— ul <8||Es — Egl.

Proof. Let 6 = |[E4 — Eg||. Average ep over A to obtain the element h €
A'N(N,ep) with 0 < h <1 and |[h—eg| < 3§ by Lemma 9.2.2 (vi). Let G(§) =
§+271(1—(1—46)"/2) be the increasing function on [0, 1/4] defined in equation
(9.3.1). By Lemma 5.3.1 (ii), the spectral projection f for h corresponding to
the interval [1/2,1] satisfies ||f — eg|| < G(||h — eg|]) < G(8). Let H(k) =
21/2(1 — (1 — k?)1/2)1/2 be defined for k € [0,1) as in equation (9.3.2). By
Lemma 5.2.10, if k£ = G(J) < 1, then there is a unitary w € (N, ep) such that
wepw* = f € AN (N,ep) and |1 —w| < H(k) = H(G(9)).
From properties of eg and B, (Lemma 4.2.2),

Awepw® = Af = fAf C f(N,ep)f
= wep(N,ep)epw* = wegpBegw* (9.3.7)

so that w* Awep C egBep = Bep. Hence w*awep = egw*awep = w*awep
for all @ € A. The map from Bep to B given by bep +— b is an isometry in
the || - ||-norm, since the map b — bep is a *-isomorphism from B into (N, ep),
so is isometric. If |legd| = 1, then [|b|| = 1 and a = E4(b) € A satisfies
Ib—a|]| < ||Eg —Eal < 4. Thus

llegb — epw*aw|| < ||b — w*aw]|| = ||lwb — awl|
<l (w = 1)b = b(w = D[ + [|b - af
<ollw—1||+6 < 2H(G(6)) +25 < 1 (9.3.8)

since 2H (G()) 4 26 is increasing and 0 < § < 1/8. Thus the quotient map from
epB onto e B/epw* Aw has norm strictly less than 1 implying that egw* Aw =
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epB. Since b = 0 if, and only if, egb = 0 for b € B, the map ¢: A — B given
by
wrawep = ¢p(a)ep forall ae A (9.3.9)

is well defined, injective, and surjective. Note that

p(a*)eg = w*a*wep = (epw*aw)* = (w*awep)*

= (¢(a)ep)” = epp(a)” = ¢(a)"es, (9.3.10)
by equation (9.3.9). In addition,

d(araz)ep = wraraswep = w*ayas fw
=w*ay fasfw = wrawepw*asww* fw

= ¢(ar)epp(az)ep = ¢(a1)p(az)es, (9.3.11)

for all a1,a2 € A, using the relation wep = fw. Hence ¢ is an isometric
*_isomorphism from A onto B.
If a € A with |la]| <1, then

IEs(a) - w*aw]| = [w(Es(a) - a) + (w - 1)a — aw — 1)
< |Es(a) - af| + 2w 1]
< 5+ 2H(G(5)) (9.3.12)

by equation (9.3.8). Hence, by the definition of ¢ in equation (9.3.9) and by the
inequality (9.3.12),

la —¢(a)|| < lla—Eg(a)| + [|Ep(a) — ¢(a)||
<0+ |[(Eg(a) — ¢(a))es|l
=0+ [[(Ep(a) — waw")es|
<205+ H(G(5))) (9.3.13)

for all a € A with |ja]| < 1. Now 2(6 + H(G(9))) < 1 since § < 1/8, and hence
Theorem 5.2.11 implies that there is a unitary v € N such that ¢(a) = uau* for
all @ € A, and u satisfies the estimate |1 —u| < H(20+2H(G(9))) = K (). The
proof is completed by noting that K(d) < 8 when ¢ <1/8, from (9.3.6). O

When A and B are masas in IV in Theorem 9.3.1, then it is sufficient to
assume that ||(I —Ep)E4l| < ¢ in the hypotheses as ¢ being an isomorphism
from A onto B may be deduced from the masa property. The proof of the
above theorem gives the estimate |1 — u|| < (K(8)/5)d for 6 € [0, 8], so better
constants appear from choices of § < 1/8. However, it is simple to compute
that limg_,o4+ K(8)/8 = 6, so the current methods will not yield any significant
improvement.



9.4. LEMMAS ON CLOSE SUBALGEBRAS 159

9.4 Lemmas on close subalgebras

This section contains some of the implications and lemmas that are common
to the main theorems of subsequent sections. Looking ahead, Theorem 9.5.1
establishes the equivalence of five statements. Some of the implications between
them are proved in the lemmas of this section, and we indicate this by including
the phrase

(1) = (j) in Theorem 9.5.1

at the start of the appropriate proofs.

Let p and g be two abelian projections in a von Neumann algebra M with
equal central supports ¢, = c¢4. Then there is a unitary v € M such that
p = uqu*, by a standard little lemma concerning abelian projections ([105,
Prop. 6.4.6]).

The following lemma depends on results on abelian projections in masas due
to Kadison [99, 100], although we will only need the more specialised version
presented in Corollary 2.4.6. The first part of it is a preparatory result for use
in the proof of Theorem 9.5.1.

Lemma 9.4.1. Let N be a finite von Neumann algebra with a faithful normal
trace 7, and let A and B be masas in N.

(i) If h #0 is in A’ (N,eg), h > 0, and if Tr(h) is finite, then there is a
non-zero abelian projection f € A’ N (N,ep) such that f is equivalent to
a projection e; < ep.

(ii) If, in addition, z is the central support of h in (N,ep), then the abelian
projection f may be chosen in A’ N (N,eg) with f equivalent to zep in
(N,eg). If 0 < h <1 and e is an abelian projection in (N, ep) with central
support 1, then the choice may be made with

Tr(he) <Tr(f) =Tr(ze) =Tr(zep) < 1. (94.1)

Proof. (i) [(2) = (3) of Theorem 9.5.1].

If 0 <t < ||h]|, let p; be the spectral projection of h corresponding to the
interval [t, ||h||] so that p, € A’N (N, ep). From the inequality tp; < h, if follows
that Tr(p;) <t~ 1Tr(h) < oo. Hence p;(N, ep)p; is a finite type I von Neumann
algebra with faithful normal trace T'r, because (N,ep) = (JBJ)' is of type I
as it is the commutant of the abelian von Neumann algebra JB.J (see Theorem
4.2.2 (i)). Thus p:(N,ep)p: has no central direct summand of type I, (since
p+{N, eg)p; has a finite trace). Then p; A is an abelian subalgebra of p; (N, ep)p;.
Let A; be a masa in p;(N,ep)p; containing the abelian subalgebra p;A. By
Corollary 2.4.6, there is a projection g; € Ay that is abelian in p; (N, ep)p; and
has central support p; there. Hence ¢;p; = ¢; and ¢ (N, ep)g; is abelian so that
g: is a non-zero abelian projection in (N,ep) with central support ¢q, = ¢p,
equal to the central support of p;. This proves (i) with f = ¢; for some small ¢,
say, t = ||h]|/2.

Note that if 0 < s < t < ||hl|, then ps > p; so that ¢,, > ¢,,.
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(ii) Inductively define a sequence f,, of abelian projections in A’ N (N, eg) with
central support ¢, = cy, such that

Cn = cf'n = Cq2—n7 (942)
Ji=¢-1 < fo < fap1 and (9.4.3)
fn=cnfns1 forall neN. (9.4.4)
Suppose that f1,..., f, have been chosen. The central support ¢, 41 of ga—n—1

satisfies cp+1 > ¢ = Cayns since
Cn41 = Cq2_n_1 = Cp2_n_1 > Cp2_n = Cq2_n = Cp. (945)

The abelian projections f,, = ¢, fn and ¢,ga-»-1 both have central support c,
n (N,eg)c, = cp(N,ep)c,. Hence there is a unitary v, € (N,eg)c, with
UnCnQo-n—10% = f, by [105, Proposition 6.4.6]. Extend the unitary v, to a
unitary w, in (N,eg) by up, = v, + 1 —cn. Let fny1 = unga—n-—1u). Then
fn < foy1 and fr, = ¢ fry1 as required.

The abelian projections f,,, c,e and c,ep all have central support ¢, in the
von Neumann algebra (N, eg)c, and so are unitarily equivalent there by [105,
Proposition 6.4.6] and

Tr(fn) =Tr(che) =Tr(chep) < Tr(eg) = 1. (9.4.6)

Let f be the weak limit of f,, in (N, ep).

The support projection p of h is also the spectral projection of this operator
corresponding to the interval (0, ||h||]]. By definition of p; for 0 < ¢t < 1, p =
lim;_.q p; weakly. Also the central support c, of p equals the central support z
of h. By [104, Proposition 5.5.3],

cn = ¢y, = central support of f,
=Cqy, = central support of gg—n

=¢p, , = central support of py-n (9.4.7)

and so lim, . ¢, = z weakly.

Let fo = co = 0. The abelian projections f,+1 — fn and (¢,11 — ¢, )e have
central support ¢,+1 — ¢, in (¢p41 — ¢n){N,ep) so there is a unitary w, in
(Cnt1 — cn){N,ep) with w,(fn+1 — fn)w) = (cpy1 — cn)e. Let

w=Y wy+(1-2) (9.4.8)

n>0

Then u is a unitary in (N, ep) and

ufu* = Zu(fn+1 - fn)u* - Zw"(f”Jrl B fn)w:;

n>0 n>0

= Z(C"‘H —cp)e = ze, (9.4.9)
n>0
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which proves the equivalence of f and ze in (N, ep).
If0<h<1,then h < zso

=Tr(zeg) <Tr(eg) =1, (9.4.10)

Tr(he) = Tr(ehe) < Tr(eze) = Tr(ze)

which completes the proof. U

Note that if A and B are masas in N and v is a partial isometry in N with
v*v € A and vv* € B, then the statements vAv* = Bvv* and vA = Bv are
equivalent since

vA =v(v*v)A = vA(v*v) = (vAV")v = (Bvv*)v = Bu. (9.4.11)

The following lemma, with or without the norm estimates, will be useful
later. Its purpose is to replace a partial isometry V' € (N, eg), implementing a
homomorphism from one masa to another, by a partial isometry v € N. The
first step is to apply the pull down map ® to V, which in general gives an
element of L'(N), but here gives one in L?(N). This can then be viewed as
a closed unbounded operator affiliated to N, and the theory developed at the
end of Appendix B comes into play. Following the definitions in Section B.4,
any vector n € L?(N) induces a densely defined (unbounded) operator ¢,, with
closure L,, and the domains of these operators contain N¢. It will be convenient
to adopt the notation S =T to mean that S and T agree on N¢. This frees us
from having to identify precisely the domain of each particular operator. We
note that all unbounded operators arising in the next result are affiliated with
N, and thus any bounded operators obtained from the functional calculus will
lie in V. For reasons of technical simplicity, we state this lemma for the adjoint
of the equation that we will encounter later. Thus, we replace the equations

Va=¢(a)V, egV =V, (9.4.12)

by
aW =W¢(a), Wep=W. (9.4.13)

We will prove the following lemma using unbounded operators (see Ap-
pendix B, particularly Sections B.4 and B.5) because it is useful to know such
techniques for reading the literature in this area. However, we will then give a
second proof using only bounded operators for which we will need Lemmas 9.4.3
and 9.4.4.

Lemma 9.4.2. Let By and B be von Neumann subalgebras of N, and let A be
a von Neumann subalgebra of By whose identity is not assumed to be that of
By. Suppose that there exist W € (N,egp) and a *-homomorphism ¢ : A — B
such that aW = W¢(a) for a € A and such that Wep = W. Then there exists
a non-zero partial isometry w € N with the following properties:

(i) w*aw = ¢(a)w*w, a € A;
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(ii) 11 —wll2,» < 2[leg = Wll2,1s;

(iii) |11 —p'll2,r < lleg — W21, where p’ = w*w € ¢p(A) N N;

(iv) if 1 € N and g2 € B are projections such that ¢W = W = Wyqs then
1W = W = wq2;

(v) ww* € AN N, aw = we(a) fora € A, and ww* € A when A is a masa.

Proof. Let n = W¢ € L?(N). We will first show that aL, = L,¢(a) for a € A.
Since NegN is weakly dense in (N,ep), we may choose, by the Kaplansky
density theorem (Theorem 2.2.3), a sequence {y,}>2, from NepN converging
to W in the strong® topology. Since W = Wep, we also have that y,eg — W
in this topology, and each y,ep has the form w,ep for w, € N, since egNep =
Bep by Lemma 4.2.3 (iii). We also note that ep commutes with each ¢(a) € B,
and that eg€ =¢£. Then, fora € A, z € N,

alyxé = aJx*Jn = Jx* JaWepg
= Jx*IWepp(a)é = lim Jz*Jw,epd(a)é

= nlirr;o Ja* Jw, Jp(a*)JE = nlL»Holo Ja* JJp(a*) Jwnepé
= Jz*JJPp(a*)JWE = Lyo(a)xt, (9.4.14)

establishing that aL, = L,¢(a). Let T = |L,|, and let L, = wT be the polar
decomposition of L,, where w is a partial isometry mapping the closure of the
range of 1" to the closure of the range of L,. Then

awT = wT¢(a), ac€ A (9.4.15)

Let p’ = w*w, the projection onto the closure of the range of T. Then p'T =T
and (9.4.15) becomes
w*awT =T¢(a), a€ A. (9.4.16)

For each n € N, let e,, € N be the spectral projection of T for the interval
[0,n]. Then each e,, commutes with 7" and so we may multiply on both sides of
(9.4.16) by e,, to obtain

eqw*awene,Te, = e, Tepe,d(a)e,, a€ A, (9.4.17)

where e, Te, € N is now a bounded operator. When a > 0, (9.4.17) implies
that (e, Te,)? commutes with e, ¢(a)e,, and thus so also does e, Te,,. It follows
that

epw*awTe, = e p(a)Te,, a€ A, n>1. (9.4.18)

For m < n, we can multiply on the left by e,, and then let n — oo to obtain
that

emw*aw( = end(a)l, a€ A, (€ RanT. (9.4.19)
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Now let m — oo to deduce that w*aw and ¢(a) agree on RanT', and conse-
quently that

wraw = w*aww*w = ¢la)w w = ¢(a)p’, a € A, (9.4.20)

since p’ =1 on RanT. This establishes (i), and by taking a > 0 in (9.4.20), it is
clear that p’ € ¢(A)’ N N. We now turn to the norm estimates of (ii) and (iii).

On [0, 00), define continuous functions f,, for n > 1 by fn(t) = x[o0,n(t) +
nt’lx(nm)(t)7 and let h, = f,(T) € N be the associated operators arising
from the functional calculus. These functions were chosen to have the follow-
ing properties: they form an increasing sequence with pointwise limit 1, each
fn dominates a positive multiple of each X[o ], and each tf,(t) is a bounded
function. Thus {h,}52; increases strongly to 1 and each Th,, is a bounded
operator and thus in N. The range of each h,, contains the range of each e,,,
and so L,h, and L, have identical closures of ranges for every n > 1. Thus w
is also the partial isometry in the polar decomposition L,h, = wTh,, n > 1.
The point of introducing the h,,’s is to reduce to the case of bounded operators
where we can now apply Lemma 5.2.7. This gives

11 = wll2,r < 2[1 = Lyhn |27, 1= 7]

2,7 < 1= Lyhallz,r, (9.4.21)

for all n > 1, noting that 1 — p’ and 1 — ww* have the same || - ||2,--norm. For
each b € B,

L,b¢ = Jb*JWE = lim Jb*Jwpepé = lim w,epJb*JE = WHE,  (9.4.22)
using that ep commutes with both b and J. Thus Lyep = Wep = W and,
since ww*L,, = L, we also have ww*W = . Returning to (9.4.21), we obtain

11 = Lyhnll2,r = llep — Lyhnesllzrr = lep — wThyepll2rr
= |leg — whyTegll2,rr = |ler — why,w* Lyep|l2,rr
= |leg — whyw* Weg||2,7r. (9.4.23)

Since T'r is normal we may let n — oo in this last equation, giving lim,, . ||1 —
Lyhyl2,7 = |leg —W||2,7r. The inequalities of (ii) and (iii) now follow by letting
n — oo in (9.4.21). We now establish (iv).

Let g1 € N be such that ¢t W = W. For each x € N,

Ly(x€) = Jo* JWE = Ja* I WE = quJx* JWE (9.4.24)

and so ¢; is the identity on the closure of the range of L, which is also the range
of w. Thus gw = w.

Now suppose that go € B is such that Wqgy = W. By replacing ¢2 by 1 — g,
we may prove the equivalent statement that wgs = 0 follows from Wgs = 0.
Then

0=Wgq =Wepgs = Weep = Lygrep = wT'qzep. (9.4.25)

Multiply by e,w* to obtain e,Tgep = 0. Since e, T € N, it follows from
Lemma 4.2.3 (v) that e,Tqa = 0 for all n > 1. Then g;Te, = 0 for all n > 1,
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and letting n increase, we find that ¢o annihilates the closure of the range of T'
which is also the range of w*. Thus gaw* = 0 and so wgs = 0, completing the
proof of (iv).

We now consider (v). Let ww* be denoted by p, and observe that pap =
wo(a)w*, for a € A, by multiplying on the left in (i) by w and on the right by
w*. The map a — w¢(a)w* is a *-homomorphism on A because w*w = p’ lies
in #(A) NN by (iii), and so the map ¥ (a) = pap is also a *-homomorphism on
A. Let a be an arbitrary self-adjoint element of A, and write a = pap + pa(l —
p) + (1 —p)ap + (1 — p)a(l — p). The relation (a?) = (a)? gives

papap + pa(l — p)ap = papap, (9.4.26)
showing that pa(l — p)ap = 0. Thus (1 — p)ap = 0, so ap = pap. Taking the
adjoint shows that ap = pa, and so p must lie in A’ N N. Using (i), we see that

aw = apw = paw = ww*ew = we(a)w w
= wo(a)p’ = wp'¢(a) = we(a), (9.4.27)

for a € A, proving the first two statements in (v). If, in addition, A is a masa,
then A’ N = A, showing that p € A. O

The next two lemmas are required in order to give a bounded operator proof
of Lemma 9.4.2.

Lemma 9.4.3. Let N be a finite von Neumann algebra with a normalised faith-
ful normal trace T, and let v € N. Let p be the spectral projection of vv* for the
interval [0,4]. Then

lpvl| <2 and (|1 —pvll2 < |1 = v]2. (9.4.28)

Proof. The first inequality is immediate from the choice of p, and so we consider
the second. The functional calculus gives 4(1 — p) < (1 — p)vv*(1 — p), and so

47(1 —p) < 7((1 — p)vv*(1 — p)), (9.4.29)
which is the inequality
211 = pll2 < (1 = p)oll2. (9-4.30)
Multiplying (9.4.30) by ||(1 — p)v]||2 gives
2011 = pll2l|(X = p)vll2 < (1 = p)ol3. (9.4.31)
From the Cauchy—Schwarz inequality and (9.4.31),

2l7((1 = p)v)| = 2{(1 = p)v, 1 —p)|
<21 =pll2|(X = poll2 < 11 = pvli3, (9.4.32)
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and so

(1 =pv+v*(1=p)) <2[7((1 - p)v)|
<1 =plz = (1 = p)ov7), (9.4.33)

which can be rearranged to
T(—pv — pv* + prv*p) < T(—v — V* 4+ vu¥). (9.4.34)
Add 1 to both sides of (9.4.34) to conclude that

11 = poll3 = 7(1 = pv — pv* + prv*p)
<7(l—v—v*+v*) =1 -3 (9.4.35)

and then take the square root to complete the proof. O

We now present a different type of averaging result, again based on the
technique of choosing the element of minimal norm in a closed convex subset of
a Hilbert space. We will then use this to give a second proof of Lemma 9.4.2
which does not use unbounded operators.

For z € N and 1 € L?(N), it will be convenient to write nz for the vector
Ja*Jn. Below, U(A) will denote the unitary group of A.

Lemma 9.4.4. Let A be a von Neumann subalgebra of a finite von Neumann
algebra N with normalised faithful normal trace 7, and let ¢p: A — N be a
*-homomorphism, not assumed to be unital. Let n € L*(N) be given and let

Ka(n) = conv{ung(u”): u € U(A)},

where the closure is taken in the || - ||2-norm. Let ¢ be the unique vector of
minimal || - ||2-norm in K4(n).

(i) vC(v*) = C for all v € U(A);
(i) if m satisfies vmp(v*) =y for allv € U(A), then [|[C—nill2 < ||n—n1ll2;
(iii) if n € N¢ C L2(N), then ¢ € N€.

Proof. (i) For each v € U(A), the map v - ¢(v*) is contractive on L*(N) and
maps K4(n) to itself. Thus ¢ and v{¢p(v*) are both elements of minimal norm
in K 4(n), so uniqueness gives v(p(v*) = (.

(i1) If n; satisfies v p(v*) = my for all v € U(A), then

lm —vno(v*)|l2 = [[v(m —n)o(w)|l2 < lm — nll2- (9.4.36)

The inequality |71 — |2 < |71 —n]|2 follows by taking convex combinations and
norm limits in (9.4.36).

(ili) Suppose that n = z€ for some z € N. The weak closure in N of
conv{urg(u*): u € U(A)} is compact, and so its embedding into L?(N) is
weakly compact and thus equal to K 4(n). It follows that { € N¢. O
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We now refer the reader back to the statement of Lemma 9.4.2.

Second proof of Lemma 9.4.2. We have a *-homomorphism ¢: A — B and
an operator W € (N, eg) such that Wep = W and aW = W¢(a) for a € A.
We will first consider the special case when 1 € A.

Let 71 = W¢. By the Kaplansky density theorem, Theorem 2.2.3, and
Lemma 4.2.3 (iv), there is a net (waep), wy, € N, converging *-strongly to
Wep. Since ep commutes with B, and hence with each ¢(a) for a € A, we see
that

am = aWepl = Wepg(a)é = lién wap(a)é
= liglwanb(a)*Jﬁ = lign Jp(a)* Jwaepé
= Jo(a)" JWE =mo(a), a€ A. (9.4.37)

Noting that the choice a = 1 gives n; = n1¢(1), we conclude that un¢(u*) =m
for all uw € U(A). If we apply Lemma 9.4.4 to the vectors w,&, then the result
is a net (v,) € N satisfying

avy, = vaP(a) for a € A, (9.4.38)
and

[vad —mllz < [[wa —m12- (9.4.39)

Now let p,, be the spectral projection of v,v¥ for the interval [0,4]. By Lemma
9.4.3 we have
IPavall <2 and ||1 — pavalle < |1 — va|2- (9.4.40)

Moreover, from (9.4.38),

*
(%)

ava vl = vap(a)vl, a € A, (9.4.41)
and so vav¥ € AN N, as is the spectral projection p,. Thus
APaVa = Palla = Palad(a), a € A. (9.4.42)

By dropping to a subnet and using the uniform bound of (9.4.40), we may
assume that the net (p,v,) converges weakly to an operator v € N satisfying
||l < 2. Taking weak limits over « in (9.4.42) leads to

av =v¢(a), a€ A. (9.4.43)

Now let v = w|v| be the polar decomposition of v, where w is a partial isometry.
If we substitute this into (9.4.43) and multiply on the left by |v|w*, then the
resulting equation is

lv|w*aw|v| = |v|*¢(a), a € A. (9.4.44)

Thus |v]? € ¢(A)’, and the same is true for |v|. Returning to (9.4.43) and
multiplying on the left by w*, we have

w*awlv| = |v|p(a) = ¢(a)lv], a€ A, (9.4.45)
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and so w*aw and ¢(a) are equal on the closure of the range of |v|, which is also
the range of the projection w*w. Thus w*aw = ¢(a)w*w for a € A, proving the
first part of the lemma.

We now consider the || - ||2-norm estimates. We have

les = W3z, = (1= W)epl3r, = Tr(es(l = W*)(1 - W)ep)
= (ep(1 = W")(1 = W)epg, €) = [I€ —mlf3.-, (9.4.46)
where the third equality is justified by noting that eg(1 — W*)(1 — W)ep has

the form bep for some b € B. Strong convergence of the net (wnep) to Wep
then gives

lim |11~ wq}3,, = lim [l€ — w3, = €~ ml3. (9.4.47)

since Wepé = W& =n;. Now

11— vall2r = 1§ = valllzr < € — walllz,r + |va — wall2,~
<N = walllor + Jvad = mill2,r + [lwal —mll2,-
< [€ = walll2,r + 2[|wa& — mll2,r, (9.4.48)

where we have used the inequality (9.4.39) for the last step. Then (9.4.47) and
(9.4.48) combine to yield

limsup |1 — vgll2,r < limsup ||€ — waéll2,r = 1§ — mll2,r (9.4.49)
« [e%

using limg (we€ —m) = limg (waepl —Wep) = 0in || - ||2,,-norm. By equations
(9.4.40) and (9.4.49),

limsup ||1 — pavalle,r < limsup ||l — vall2,-
« «

<N =mllzr =lles =W

lo.Tr- (9.4.50)

Since pav, — v weakly, we conclude that |1 — v||2,» < |leg — W|l2,7r, and so

I1—w|2r <2|leg —Wll2,1r, by Lemma 5.2.7. The same lemma also establishes

11—p

o < 1= vllor < lles — Wllazr, (9.4.51)
and we have proved the second and third parts.

Now suppose that ¢; € N is a projection such that ¢;W = W. By working
with 1 — ¢, we may instead suppose that ¢;W = 0 and prove that qgyw = 0.
Since waep — Wep strongly, this implies that lim, ||lweé — mll2,» = 0 and
lim, ||qrwaéll2,» = 0, using g1 = W€ = 0. From (9.4.39), we also obtain
lim, |[va€ — 1|2, = 0 and so lim, ||g1va€]|2,» = 0. Thus lim, ||¢1pavaé||2,- =0
since

T(Q1PaVaViPaq1) < T(QUaVLG1)- (9.4.52)
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For each x € N,

[{q1v€, 28)| = lim [(g1paval; 28]
2]lar =0, (9.4.53)

S hgl qupavafnl‘r

and so q1v€ = 0. Thus ¢;v = 0, implying that g;w = 0 since the closures of the
ranges of v and w are equal.
Now consider a projection go € B such that Wgs = 0. Then

0=Wg{ =Wepqs§ = hgl WaeBq2§
= limwegoepé = limw, g€ (9.4.54)

in || - ||2,7-norm. Thus
limvygeé = lim Jga Jv, €
= lim Jga Jwa € + lim JgoJ (ve, — we )€ = 0, (9.4.55)

using (9.4.39) to conclude that lim, v, = lim, wea€ = m;. Consequently,
lim, pavag2€ =0 in || - ||2,--norm. Since p,v, — v weakly, we obtain vga§ = 0,
and so vgz = 0 and gov* = 0. Thus g2v*v = 0. Since the closures of the ranges
of v*v and w* are equal, it follows that ¢gow* = 0 and wgs = 0, as required,
proving the fourth part.

Finally, suppose that the identity of A is a projection p # 1. We let A=
A®C(1 —p), and extend ¢ to ¢: A — B by

¢(a+ A1 —p)) = ¢(a) + A(1 - ¢(p))

for a € A and X\ € C. Since pW = W¢(p), it is easy to check that aWW = ng(d)
for a € A. By the previous special case, the partial isometry w such that
w*aw = ¢(a)w*w has the requisite properties.

Since we have already given a bounded operator version of (v) in the original
proof, we do not repeat it here. O

Corollary 9.4.5. Let A and B be masas in a 11y factor N. If there are a
*-homomorphism ¢1: A — B and a partial isometry v1 € (N, ep) such that

¢1(a)vy =via, a€ A, (9.4.56)

then there exist a non-zero partial isometry vo € N and a projection qo = vov €
$1(A) NN satisfying

d1(a)vg =voa, é1(a)go = voavy, fora € A. (9.4.57)

Proof. In Lemma 9.4.2 (v), take ¢ = ¢ and W = v}. Then there exists a
partial isometry w € N such that

wey(a) = aw, a € A. (9.4.58)
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If we take the adjoint of this equation and define vy = w*, then we obtain
¢1(a)vg = voa, a € A. (9.4.59)

Now set py = vgvg and gop = vov§. The required properties pg € AN N = A
and go € ¢1(A)' N N are consequences of the equations

vop1(a)vg = vivea and ¢ (a)vovs = voavy for a € A. (9.4.60)
O

Lemma 9.4.6. Let N be a finite von Neumann algebra with faithful normal
trace T and let A and B be masas in N. If f is a non-zero projection in
A’ N (N,eg) equivalent to a subprojection e; of ep, then there are non-zero
projections p € A and q € B, and a partial isometry v € N such that

(i) v*v =p, vw* =gq, vAv* = Bg;

(i) if ¢(x) = vav* for all x € N, then ¢ is a *-isomorphism from pNp onto
qNgq, and a *-isomorphism from pA onto qB.

Proof. [(3) = (4) of Theorem 9.5.1.]

Step 1.  We define a map ¢ into B.

Since f is equivalent to e; < eg, there is a partial isometry vy in (IV,ep) such
that

vivy = f, unvi =e <ep (9.4.61)
and
lvr = fll2,zr, v — etz e < 21/2||€1 — fll2.zr (9.4.62)

where the norm estimates in (9.4.62) may be found in Lemma 5.2.9 (ii).
Define 6 : (N,ep) — e1(N,ep)e; by

O(x) =vizv] for all x € (N, ep). (9.4.63)

Then 6 is a norm-reducing normal *-map. Since ege; = e; and ejv; = vy, the
range of § is contained in eg (N, eg)ep = ep B, this last equality being Theorem
4.2.2 (iii). Part (v) of the same theorem shows that there is a well defined
norm-reducing normal *-map ¢; : (N,ep) — B given by

d1(x)eg = epdi(z) =0(z) = vizv] for =€ (N,ep). (9.4.64)
This equation leads to
¢1(a)vy = viavivy = viaf = v1fa =via (9.4.65)
for a € A, and taking the adjoint of (9.4.65) gives

vigi(a) = avy forall a€ A. (9.4.66)
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Let
F={fYn(N,en), (9.4.67)
which contains A since f € A’ N (N,ep). If v € F = {f} N (N,ep) and
y € (N,ep), then

epdr(zy) = vizyvy = vifryoy = vizfyvy = vizvy (viyor)

=epd1(2)epd1(y) = epd1(z)d1(y) (9.4.68)

so that ¢1(zy) = ¢1(x)¢p1(y), using Lemma 4.2.3 (v). Similarly, or using the
*_preserving property of ¢1, ¢1(zy) = ¢1(x)d1(y), where at least one of x or y
lies in F. Let eg = ¢1(f). Then eg is a projection in B with egep = €1, from
(9.4.64). Observe that y € (N,ep) N Ker(¢y) is equivalent to v1yvi =0 = fyf.
Hence

Ker(¢1) = (1 — f){(N,ep) + (N,ep)(1 — f). (9.4.69)
If b € B, then vibv; € F , since vy f = v;, and
o1 (vibur)ep = vivibuiv] = e1be; = egepbegen = begep. (9.4.70)

It follows that

¢1(vibur) = beg (9.4.71)
since b — bep is one-to-one. Thus ¢1(F) = Beg and ¢ is a *-isomorphism from
fF onto Bey.

If x € F, then
o1 (x)v1 = ¢1(x)epvy = vizvivy = vixf = v fx = v, (9.4.72)

Step 2. vy is replaced by a partial isometry in N.

If we restrict (9.4.72) to A C F, then we are in the situation of Corollary 9.4.5,
and we have a partial isometry vy € N with source and range projections pg
and g satisfying

peANN=A q €sm(A) NN, and (9.4.73)
od1(a)vg =voa, ¢1(a)go = voavs for all a € A. (9.4.74)

Step 3. Cut downs of ¢1(A) and B are equal.
Define the map v : poNpg — qoNqo by

b(x) = vozvy . € poNpo. (0.4.75)

Since pg = vive and go = vovyg, it is easy to see that 1) is a normal *-isomorphism
from pgNpg onto goNgy. The von Neumann algebra poNpy contains the masa
Apo and thus ¥(App) is a masa in g N¢go. From equations (9.4.73) and (9.4.74),
it follows that

Y(apg) = voapovy = voavy = é1(a)go = qop1(a) forall a€ A,  (9.4.76)
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so that ¢1(A)qo is a masa in gyNqp and

(61(A)q) NqoNgo = ¢1(A)qo- (9.4.77)

If a € Aand b € B, then

(¢1(a)q0)(q0bq0) = qod1(a)bgo = qobé1(a)go = (qobgo)(¢1(a)qo), (9.4.78)

since ¢1(A) C B and qo € ¢1(A4)' NgoNgp. Thus the elements of ¢y Bgy commute
with the masa ¢1(A)go in gqoNgo so that goBgo C ¢1(A)go. On the other hand
Y(Apo) = ¥ (poApo) = qod1(A)qo € qoBgo and so

¢1(A)g0 = qoBqo. (9.4.79)

Note that

Y(po) = qo = ¢1(1)q0 = €oqo, (9.4.80)

and go < eg follows from (9.4.80).

Step 4.  Twisting ¢1 onto qB.

Let P be the von Neumann algebra (¢;(A)eg)’ NegNeg. Then Beg C P because
¢1(A)eg C Beg is an abelian algebra. Also go € P, since qo < ¢g and ¢o €
¢1(A)’, by equation (9.4.73). By Theorem 5.4.1 (ii),

q0Pgo = qo((¢1(A)eo)’ NeoNeo)qo
= (¢1(A)g0) NgoNgo = ¢1(A)qo, (9.4.81)

so that ¢g is an abelian projection in P as ¢1(A)qo is abelian. Since B is a masa
in N, Beg is a masa in egNeg, and hence Beg is a masa in P. By Corollary
2.4.6 applied to the masa Bey C P, there is a projection ¢ € Bey with central
support in ey Pegy equal to ey such that go and ¢y are equivalent in P. Let vs be
a partial isometry in P such that

vyvga =qo and vov) = @o. (9.4.82)
Let
v =109, p=v'v and q= v (9.4.83)
From this definition of p and ¢, and equation (9.4.76)

P = VU520 = Vyqovo =po € A and (9.4.84)
q = VaVeUR Vs = V2qoUs = 2 € B. (9.4.85)

From equations (9.4.82) and (9.4.74), qo = vive and ¢1(a)go = voavy (a € A),
we obtain vi¢1(a)ve = ¢1(a)vive = voavd and hence

p1(a)q = ¢1(a)g2 = v2v5¢1(a)vavy = vavpavyvs = vav™ (9.4.86)
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for all a € A.

Step 5. Defining ¢ as a twist of ¢1

Let ¢ : N — N be defined by ¢(x) = vav* for all z € N. Then ¢ is a
*_isomorphism from p/Np onto ¢NNg, since v is a partial isometry with p = v*v
and ¢ = vv*. The algebra pA is a masa in pNp, since p € A by equation (9.4.84),
so that ¢(pA) = vAv* is a masa in ¢Ng, and Bq is a masa in ¢Ng¢, since ¢ € B
by equation (9.4.85). From the definitions of ¢ and v, and equation (9.4.74)

@(a) = vav™ = vaugavivy = vadi(a)qovs = vady(a)vs (9.4.87)

for all a € A, since qovi = vj. The choice of v € P means that vs commutes
with (;51 (A)qO so that

o(a) = ¢1(a)vavy = @1(a)ga = ¢1(a)q € Bq (9.4.88)
for all a € A, by equation (9.4.85). Hence ¢(A) C ¢B so these two algebras are
equal, since ¢(A) is a masa in ¢N¢ and ¢B is abelian. O

The technique used in the first two parts of the previous proof becomes an
important lemma for A and B non-abelian (see Chapter 10).

Lemma 9.4.7. Let N be a type 11y factor, and let A and B be masas in N.
If the non-zero projections p € A and q € B, and the partial isometry v € N
satisfy viv = p, vv* = q and vAv* = Bgq, then there is a unitary element w € N
such that

” (I - EB)EwAw*

Proof. [(4) = (1) of Theorem 9.5.1]
Let vg be a partial isometry in N such that

oz < |11 —pll2 < 1. (9.4.89)

vovo=1—p=1—v"v, (9.4.90)
vovg =1—qg=1—vv" (9.4.91)

such a partial isometry exists since the projections have the same trace. Then
w = v + Vg is a unitary in N with qw = wp = qwp = v. Thus

wAw*q = qwAw*q = qupApw*q = vAv* = Bg. (9.4.92)
It follows that xq € Bq, Eg(xq) = xq, and
7~ En(z) = (2~ Es(@))(1 —q) (9.4.93)
for all z € wAw*. Hence if © € wAw* with ||z|| <1, then

(I =Ep)(@)|2 = (I - Ep)(x — zq)||2
= [(I =E)((1 = g)z)[2 < 11 —ql2 (9.4.94)

so that
||(I - IEB>wa4w*

002 1 =qll2 = [I1 = pll2- (9.4.95)
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Lemma 9.4.8. Let N be a type II; factor, let A and B be von Neumann sub-
algebras of N. If 6 > 0 and y1, ...,y are in N with

> IEs(yiuy)l3 > 6 (9.4.96)

i,j=1
for all unitaries u € A, then there is a non-zero h € A’ N (N, ep) such that
Tr(h?) < oo, (9.4.97)

§ < Tr(h?) = ( (Z yieBY; )) <Yyl and (9.4.98)
i=1
Z viesy;

i=1

Proof. [(5) = (2) of Theorem 9.5.1]
Ifyp,...,y, € N and 6 > 0 are given satisfying

0<h< 1. (9.4.99)

> Es(yuy)|3 > 6 (9.4.100)
i,j=1
for all unitaries u € A, let
x = ZyieByf € (N,ep). (9.4.101)

Using
Tr(y*epyen) = Tr(y*Ep(y)es) = 7(y"Ep(y)) = |Es(v)|3 (9.4.102)

yields

Tr(z*uzu™) = Tr(yiepy; uyjepy;u”)

:M:

S

&
Il
—

Tr(y;uyiep(y; uy;)en)

=

&
Il
Jan

Il
:MS

I 5 (y5 wy;)II3 > 6 (9.4.103)

'Mﬁ

I
—

Z!j
for all unitaries u € A by inequality (9.4.100). Let
K = conv {uzu® : u € U(A)}. (9.4.104)

With the same technique as Lemma 9.2.1, uKu* = K and uK ‘v = K" for all
u € U(A), where K" is the weak closure of K in (N, ep). For each u € U(A),

luzu*|lorr < Y llyiesy <D lwill? (9.4.105)

i,7=1 i,j=1
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since |legl|l2,r = 1. Thus K is a bounded set in the || - |27~ and || - ||-norms
so K" is a weakly, and hence norm, closed subset of L2((N,eg), T'r). Moreover
z +— uzu* is an isometry on L2((N,ep),Tr) so that uK u* = K for all
u € U(A). Let h be the unique element of minimal || - ||o.-norm in K. By
the uniqueness of h, uhu* = h for all u € U(A) so that h € A’N (N, ep).

The inequality Tr(z) < Y7, ||y:]|? follows from (9.4.101) and implies that

§ < Tr(xh) Z lyill? < oo, (9.4.106)

using the normality of T'r. From this we see that, for all u € U(A),
Tr(uzu*h) = Tr(zu*hu) = Tr(zh) > § (9.4.107)

so that Tr(h?) > § by another application of convex combinations and the
normality of Tr. Thus h? € (N,ep) with 0 < h? and 0 < Tr(h?) < oo
proving (9.4.99). Since |luzu*|| = ||, yiepy;|| for all unitaries u in A,
Al < || Yo, viesyill < iy lvill* by another application of weak limits. [

9.5 Distances and groupoid normalisers

In this section we consider two masas A and B in a II; factor N, and we relate
the distance between A and B in the || - ||oo,2-norm (or more generally between
B and a unitary conjugate of A) to the existence of a partial isometry that
intertwines Ap and Bgq for projections p € A and ¢ € B. This is a crucial tool
in recent work of Popa [145, 146, 147, 149, 150] and is also the inspiration for
the general perturbation work in Chapter 10.

Theorem 9.5.1 is the most important one for perturbations, and we note
that the long proof that it requires has been divided into a sequence of lemmas
in Section 9.4.

Theorem 9.5.1. Let N be a 11, factor, and let A and B be masas in N. The
following conditions are equivalent:

(1) there is a unitary element w € N such that ||(I — Eg)Eyaw|lcc2 < 1;

(2) there is a non-zero h € A’ N (N, eg) with h >0 and Tr(h), Tr(h?) < co;
(3) there exists a non-zero abelian projection f € A’ N (N, ep);
(4)

4) there exist non-zero projections p € A and q € B, and a partial isometry

v € N such that v*v = p, vv* = q and vAv* = Bg;
(5) there are elements yi,...,yn € N and a constant 6 > 0 such that
Z B (i uy;)||2 > 6 (9.5.1)
7,7=1

for all unitaries u € A.
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Proof. (1) = (2)

Lemma 9.2.3 (ii) gives the existence of h and that A > 0, while parts (i) and
(v) of the same lemma ensure respectively that Tr(h), Tr(h?) < oo, and that
h # 0.

2) = (3

This is Lemma 9.4.1 (i).

(3) = (1)

Since ep is an abelian projection in (N, ep) whose central support is 1, we have
that f is equivalent to a subprojection of ep (see [105, Proposition 6.4.6]). This
implication now follows from Lemma 9.4.6.

4) = (1)

This is Lemma 9.4.7.

(4) = (5)

Using p, ¢ and v of (4), let n =1, y; = v and § = 7(p) > 0. For each unitary u
in A, we have v*uv = v*puv € B and vv* € A so that

IE5 (yiuyn)ll3 = [Es (v uv)|3 = [lv uv]3

= 7(v'uvv*urv) = 7(p) = 0, (9.5.2)
which proves (5).
(5) = (2)
This is Lemma 9.4.8. O

Remark 9.5.2. The implication (3) = (2) follows directly as in [147, Theorem
A.1]. Let p, ¢ and v be as in (3). If a € A, then v*epva = v*egvpa =
vep(vav*)v = v*(vav*)epv = pav*epv = av*epv, since v*v = p € A and
vav* € B. Hence v*egv € A’ N (N, ep) with 0 < Tr(v*epv) = Tr(egvvrep) <
Tr(eg) = 1. O

Adding the hypothesis Cartan or semi-regular enables one to strengthen the
conclusion of Theorem 9.5.1 considerably as follows [147].

Corollary 9.5.3. Let N be a separable 11, factor, and let A and B be either
Cartan masas or semi-reqular masas in N. The following conditions are equiv-
alent:

(1) there is a unitary element w € N such that ||(I — Ep)EyAw-

00,2 < 1;
(2) there is a non-zero h € A’ N (N, eg) with h >0 and Tr(h), Tr(h?) < co;
(3) there is a unitary u € N with uAu* = B.

Proof. The implication (1) = (2) has already been proved in Theorem 9.5.1,
and the implication (3) = (1) is trivial. Thus we only need to show that
(2) = (3). Assume that condition (2) holds, and note that it is the same as
the second condition in Theorem 9.5.1.

By the equivalence of parts (2) and (4) in Theorem 9.5.1, there are non-zero
projections p € A and ¢ € B, and a partial isometry v € N such that v*v = p,
vv* = q and vAv* = Bq. This is the hypothesis for Theorem 6.2.7, from which
we conclude that wAu* = B for some unitary u € N. O
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The following example is included to show that masas can have spatially
isomorphic cutdowns but need not be unitarily equivalent.

Example 9.5.4. Let R be the hyperfinite II; factor and let p € R be an arbi-
trary non-trivial projection. Then pRp and (1 —p)R(1 — p) are both isomorphic
to R by *-isomorphisms 6 and ¢ respectively. From Examples 3.4.3 and 7.5.3,
we may choose a Cartan masa A; and a singular masa As in R. Then define
A=0(A1) ® ¢(A;) and B = 0(A1) ® ¢(A3). The first is Cartan, the second is
not, and so they cannot be unitarily equivalent. However, Ap = Bp, and are
spatially isomorphic by the partial isometry v = p. O

9.6 Numerical constants for perturbations

As we have already seen, closeness of masas A and B implies that they have
spatially isomorphic cutdowns Ap and Bq. One expects that, as the distance
between the masas shrinks, the corresponding projections p and ¢ should in-
crease, and this is indeed the case. The purpose of this section is to quantify
these statements by providing estimates for various distances. We also include a
result that shows that unitaries u for which A is close to uAu* must themselves
be close to normalising unitaries. We begin with a preparatory result.

Proposition 9.6.1. Let A be an abelian von Neumann subalgebra of N where
the identity of A is not required to be that of N. Let € > 0 and let ¢ € N be a
projection satisfying

(i) 7(q) 2 1—¢;
(i) g € AN N, and Aq is a masa in ¢Ng;
(iii) ifa € A and aq =0, then a = 0.

Let B be a masa containing A. Then there exists a projection ¢ € B, ¢ < q,
and 7(§) > 1 — 2. Moreover, we may choose G to have the form pq for some
projection p € A.

Proof. We will first assume that A contains the identity element of N, and
remove this restriction at the end. By (ii), we may define a masa in ¢Ng by
C = Aq. By (iii), the map

aq — a— a(l — q), a€A, (9.6.1)

is a well-defined *-homomorphism 6 of C into (1 —¢)N(1 —q). Writing elements
of N as matrices relative to the decomposition 1 = ¢+ (1 — ¢q), we see that

A= {(8 H(OC)> L ce C}, (9.6.2)
wir= (3 9)
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If
_ (b1 b2
b= <b3 b4> € B, (9.6.3)

then b commutes with A, so by € C' = C, from (9.6.2). Applying this to b, b*
and bb* gives by, b}, babs € C. Thus any partial isometry v € ¢B(1 — ¢) (which
is then the (1,2) entry of a matrix in B) has the property that vv* € C.

Let {v;}$2, be a set of partial isometries in ¢B(1 — ¢) which is maximal with
respect to having orthogonal initial projections and orthogonal final projections.
Let ¢; denote the projection >, v;vf € C. Normality of the trace implies that

(1) = ZT(vivf) =7 <Z v;‘vz) <s, (9.6.4)

=1

since each projection v} v; lies under 1—q. Let g2 = ¢—q1, g3 = 0(q1), g4 = 0(q2).
Then {g;}}_, is a set of orthogonal projections which sum to 1, and we will
subsequently write elements of N as 4 x 4 matrices relative to the decomposition
1= 2?21 q;- Define two *-homomorphisms « and (3 as the restrictions of 6 to
Cq; and Cqy respectively. Then

S0 0 0

_J]10 g 0 0 |.

A=310 0 a(p) o |F fECmIECay, (9.6.5)
0.0 0 5l

1000
and g = (8 59 8). Then q; + g3 € A and so commutes with B. This forces
0000
B to h

each b € ave the form
* 0 % 0
0 = 0 =«
« 0 « 0l (9.6.6)
0 = 0 =
so each element of ¢B(1 — ¢) has the form
0 0 = 0
0 0 0 =
00 0 0 (9.6.7)
0 00O
Since qiv; = v; for all 4, it follows that each v; has the form
0 0 = 0
0 0 0 O
000 ol (9.6.8)
0 00O

and so
viv; <qu, Vv < gs, i1 (9.6.9)



178 CHAPTER 9. PERTURBATIONS

Suppose that there is an element of B with a non-zero (2,4) or (4,2) entry.
By taking adjoints if necessary, we may assume that the (2,4) entry is non-zero.
Multiplication on the left by ¢o + g4 € A gives an element

0

9
0

Y

€B (9.6.10)

o o o o
o O oo
N o8 O

with g € Cgo and 2 # 0. The condition B C A’ N N leads, as before, to the
conclusion that xz* is a non-zero element of C'q; which, being a masa in g2 N g2,
is isomorphic to L*°[0, 1] by Theorem 3.5.2. We may then pick a non-negative
h € Cqo so that hzz* is a non-zero projection in Cqs. Let k = h'/2. Then
v = kx is a non-zero partial isometry. Multiplication of b on the left by

0 00 O
0 kK 0 O
000 o0 e A (9.6.11)
0 0 0 p(k)
gives an element
0 0 0 0
0 = 0 w
000 ol€ B, (9.6.12)
0 « 0 =
SO
0 0 0O
0 0 0 w
00 0 0 €¢B(1—gq) (9.6.13)
0 0 0O

is a non-zero partial isometry. The initial and final projections are under ¢4 and
g2 respectively, and this contradicts the maximality of {v;}32,. Thus no (2,4)
or (4,2) entry can be non-zero, so each element of B has the form

* 0 % 0
0 = 0 O
« 0 % 0 (9.6.14)
0 0 0 =

This implies that g2 € B'NN = B. Define P=qo+qs € A’ and let Gd=q¢ =pq.
Then
(@) =7(g—q) =1-2 (9.6.15)

from (i) and (9.6.4).

We now turn to the general case. Let e be the unit of A and suppose that
e # 1. By (ii), eq = ¢ so e > ¢q. Since A is isomorphic to Aq, by (iii), we may
define a normal *-isomorphism ~ from A to (1 —e)B(1—e). We may then define

Ay ={a+~(a): ac A}, (9.6.16)
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which also satisfies the hypotheses. From the first part, there is a projection
p € A such that

(P +(p)g) =21 —2¢ (9.6.17)
and (p+ v(p))q € B. Since y(p)q = 0, the result follows. O

Lemma 9.6.2. Let A be a masa in a type 11y factor N and let 6 > 0. Ifu € N
is a unitary for which there exists 4 € N(A) with ||u — |2, <6, then

||EA - IEuAu*

soz < 46. (9.6.18)

Proof. Define w to be u@*. Then wAw* = uwAu*, so it suffices to estimate
IEa — EypAwe|loo,2.- Let A =1—w. Then, for x € N, ||z|| <1,

[Ea(z) = Ewaw (#)]2 = [[Ea(z) — wEA(w zw)w®(2
= [|w*Ea(x)w — Ez(w*zw)||2
< w'Ea(@)w — Ea(z)l2 + [[Ea(z) — Ea(w zw)l|2
< |Ea(z)w — wEA(@)]l2 + [[# — w zwllz
= [Ea(z)h — hEA(@)l2 + [|ha — xhl|2
< A4||hll2 = 4|1 — ua*||2 = 4|t — u||2 < 40, (9.6.19)

—~~

which gives (9.6.18). O
Theorem 9.6.3. Let A be a masa in a separable type I1; factor N and let § > 0.

(i) If u is a unitary such that |Ex — Eyaus|loc2 < d, then there exists a
unitary u € N(A) such that ||u — @ll2,, < 54.

(ii) The inequality

5||EA - IEuAu”‘

00,2 = [ = Eprcay (w)]|2
holds for all unitaries w € N.

Proof. We assume that ¢ < 2/5, otherwise the theorem is vacuously true by
taking u = 1.

Let B be the masa uAu*. By averaging eg over A, we find an element
h € A'N(N,ep)t such that ||h — egll2rr < § and Tr(h),Tr(h?) < co. By
Theorem 8.3.5 there exists a partial isometry V' € (N, ep) such that VV* <ep,
V*V e AN (N,ep), and

les = VI 7 < 3/2)|Ih — eBl3 1, < 36%/2. (9-6.20)

Then a — VaV*, a € A, defines a *~homomorphism of A into eg(N,ep)ep =
Bep, and so there is a *-homomorphism ¢: A — B such that VaV* = ¢(a)ep.
Thus

Va=V(V*V)a=VaV*V = ¢(a)egV = ¢p(a)V, a€ A, (9.6.21)
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using the fact that V*V € A’N(N,ep). Lemma 9.4.2, applied to the adjoint of
this last equation, gives a partial isometry v € N such that

vav™ = ¢(a)vv*, a € A, (9.6.22)
and also gives the estimate
It =vll2,r <2llen = V2 < 2v/3/26 = V66 (9.6.23)

The projection ¢ = vv* lies in ¢(A)' N N and satisfies, from Lemma 9.4.2, the
inequality
11 =dqll2,r < lles = Verr < v/3/29, (9.6.24)

which is equivalent to 7(¢) > 1 — 3§2/2. Let p = v*v € N. Then, for a € A,

pa(l —p)a*p = v* (vaa™v™ — vav*va*v*)v
= v"(¢(aa")q — ¢(a)gp(a”)q)v = 0, (9.6.25)

from which it follows that pa(1—p) = 0, and p € A’/NN = A. Then v implements
a *-isomorphism of pNp onto ¢Ng sending the masa Ap C pNp onto ¢(A)q,
where ¢(A) is contained in the masa B. If ¢(ap)qg = 0 then vapv* = 0 and it
follows that ap = 0, multiplying on the left and right by v* and v respectively.
Then ¢(ap) = 0, and the hypotheses of Proposition 9.6.1 are satisfied with
e = 36%2/2 and A replaced by ¢(Ap). Thus there is a projection § € B with
G<q,7(G) >1—352 and § = ¢(p1)q for some projection p; € Ap. Now define
a partial isometry v; € N to be vp;. Then

viv] = vp1v* = ¢(p1)g = q (9.6.26)

while
vV = p1v*upr = p1pp1 = p1- (9.6.27)

Thus v, implements an isomorphism of Ap; onto BG§ = uAu*q. This shows that
u*v1 is in the normalising groupoid GA(A) of A, and so has the form wpy where
po is a projection in A and w € N (A), by Lemma 6.2.3 (iii). We now show that
u is close to w*.

Since [|[u — w*||2,r = |1 — w*u*||2,7, we define wy to be w*u* € U(N) and
estimate ||1 — w1 |2,

We begin from the relation wiv; = ps. Then

7(p2) = T(viv1) = T(v1v]) = 7(§) > 1 — 362, (9.6.28)
and so
1= p2l3, =71 —p2) < 367 (9.6.29)
Now
p2 = p2v v = w1010V = WIVP1V Y = WGV (9.6.30)

and so wips = qu. Thus

wi = qu+ wi (1l —p2) (9.6.31)
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and

[wi = 12,7 = [[qv — 1+ wi (1 —p2)|l2,r
=[lg(v —1) = (1 = q) + wi(1 = pa)ll2~
<|g(v —=1) = (1 = @)ll2,r + 11 — p2|
< lgv —1) = (1 = §)l2,r + V/34. (9.6.32)

2,7

Orthogonality gives

lqtv —1) = A =l = llgv = D3, + 11 = dl3,
<o =13, +7(1-4q)
< 662 + 307 = 945°. (9.6.33)

Putting this estimate into (9.6.32) leads to

2.7 = 1= w][l2,r < 3+ V3)d < 55, (9.6.34)

||17w1

and so ||lu — w*||2, < 5d. Set @ = w* € N(A) to complete the proof of (i).
The inequality of (ii) is an immediate consequence of (i). O

In recent work, Chifan [12] has obtained an improved version of Theo-
rem 9.6.3 (ii) by removing the constant 5. However, his more sophisticated
methods do not seem to improve the estimate of part (i).

The following result summarises the previous two theorems, giving inequal-
ities in both directions. Let da(z, N (A)) denote the quantity

inf{[jz —wl2,-: w € N(A)}.

Theorem 9.6.4. Let N be a separable 111 factor with a masa A and let w € N
be a unitary. Then

d2(u, N'(A))/5 < [[Ea — Euau-

00,2 < 4da(u, N'(A)). (9.6.35)

The next result shows that if two masas are close in || - || 2-norm, then large
compressions are spatially isomorphic by a partial isometry close to 1. This is
similar to several results that precede it in this chapter, but the objective is to
present good constants that quantify the notion of closeness.

Theorem 9.6.5. Let A and B be masas in a separable 11y factor N and suppose
that |Ea — Egllec,2 < 0. Then there exist projections p € A and ¢ € B and a
partial isometry v € N such that

VAV = By, o a— q, v = p. (9636)

and
11— pllo,r = 11 = glla,r < V38, |1 —v|l2,r < 3. (9.6.37)
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Proof. If we follow the proof of Theorem 9.6.3 with changes of notation, then
we obtain a partial isometry v; € N and a projection p € A such that

11— v1]l2r < V65, 7(p)>1— 362 (9.6.38)

and the partial isometry v = vyp has the properties that v*v = p, vv* is a
projection ¢ € B and v implements a spatial isomorphism of Ap onto Bq (v1,
v, p and ¢ are respectively v, vy, p; and ¢ in Theorem 9.6.3). Then

11 = pllo,r = (1 = 7(p))"/* < V35, (9.6.39)
with an identical estimate for |1 — g||2,r. Thus

1=l =lp+ 1 —p) —vplls, =1 -pl5, + [p(1 —v)ll3-
< 36% + 667 = 942, (9.6.40)

using orthogonality of 1 — p and p(1 — vy). The estimate [|1 — v]2, < 30
follows.

Corollary 9.6.6. Let § > 0 and suppose that A and B are masas in a separable
ITy factor N with |Ea —Eg|lcc,2 < . Then there are a masa By in N, a unitary
u € N and a projection q € B1 N B such that

(i) By = uAu*;

(ii) B1q = Bg;

(iii) |1 —qlla.r < V35 and ||1 —ulj2, < 40.
Proof. We will assume that § < 1/ \/3, otherwise the conclusions are obtained
vacuously by taking ¢ = 0 and v = 1. The hypotheses of Theorem 9.6.5 are
met, and so there exist projections p € A and ¢ € B and a partial isometry

v € N such that
vAv* = Bq, w*=g¢q, v*v=rp, (9.6.41)

and
11— pllas = 1= gz < V35, 11— o]l < 36. (9.6.42)

The projections 1 — p and 1 — ¢ have the same trace and so are equivalent by
a partial isometry w € N satisfying ww* = 1 — ¢ and w'w =1-—p. Then
v+ e"w is a unitary, denoted u, where ¢ is chosen so that 7(e"w) € iR and thus
Re7(e*w) = 0. Using orthogonality of ¢ and 1 — ¢, we have
11—l =lla+(1-q) —qv—(1-qe"w|3,

= lla(t = )3, + (1 =)0 = w3,

<962 +7((1 — ¢)((1 — e'w)(1 — e~ Hw*))

=962+ 7(1 — q) + T(ww*) — 2Re 7 (e w)

< 96% 436 + ||wll3, < 156°. (9.6.43)
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This gives the estimate ||1 — ull2,» < 46, and (iii) is proved.
If we let By = uAu*, then the relations vp = v and wp = 0 imply that
upu® = ¢ and so up = qu. Thus g € B} = By, and

qB1 = quAu® = upAu* = upApu* = vAv* = Bq. (9.6.44)

This establishes (ii), and (i) is true by definition of Bj. O

9.7 Perturbations of masas by averaging

In this section we will give an alternative approach to the perturbation results
that we have already presented, based on an averaging technique due to Chris-
tensen [24]. The constants in the estimates are not quite as good, but this
method is of independent interest, and so we include it here. In the first lemma,
due to Christensen [24], note that we do not assume that ¢ is unital.

Lemma 9.7.1. Let N be a II; factor, and let M be a unital von Neumann
subalgebra. Let € > 0 and let ¢: M — N be a *~homomorphism with the
property that

l6(@) — allz < ellzll, @ e M. (9.7.1)

Then there exist a partial isometry v1 € N and projections py = vivy € M'NN
and g1 = v1v} € ¢(M) NN satisfying

o(x)vy = vz, wviav] = ¢(x)q, =€ M, (9.7.2)
and
[T=pille=11—aqill2<e, [T —vif2 <26 (9.7.3)
Proof. Consider
K = conv {¢p(u)u*: ueU(M)} C N. (9.7.4)
By Lemma 9.2.1 (v), the weak closure K is a || - [|o-closed convex subset of
L?*(N). Moreover K is invariant for the || - [|o-reducing maps k — ¢(u)ku*,
k € K, u € U(M), and the same is then true for K". Let w be the unique
element of minimal | - |[y-norm in K. Then
dp(w)wu* =w, ueUM), (9.7.5)

by uniqueness of w. It follows that
ouw =wu, uel(M), (9.7.6)

and thus this relation also holds with a general element of M replacing u. Mul-
tiplication on the left by w* shows that w*w € M’ N N, and so this algebra also
contains |w| and its spectral projections. Let w = v1|w| be the polar decompo-
sition of w. Then

o(x)v1|w| = vi|w|e = viz|w|, x € M. (9.7.7)
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Let f; be the spectral projection of |w| for the interval (¢, |w||], for any ¢t €
[0, |w|]). Then, for ¢ > 0, |w|f; is invertible in f;N f; with inverse denoted ;.
Multiplication on the right by fiy; in equation (9.7.7) gives

d(x)v1 fe = vz fy = v1frx, x € M, (9.7.8)
and then let ¢ — 0+ to obtain
¢(z)vy = vz, x €M, (9.7.9)
since vy fo = v and limg_,o4 f; = fo strongly. Now
[p(u)u” =12 = [|o(u) —ul2 <&, weU(M), (9.7.10)

and so K is contained in the L?(N)-ball of radius e centred at 1. Thus ||1 —
w2 <e.

Let p1 = vjv; and ¢ = v1v}. The estimates |1 — pi|l2 = |1 — q1]]2 < € and
Il — v1]|2 < 2e come from Lemma 5.2.7, while the properties p; € M’ N N and
q1 € o(M)' N N follow from the equations

vivie = vizvy,  ¢(x)viv] = vav], x € M. (9.7.11)
The latter equation also yields vyzv] = ¢(x)qy for x € M. O

The last result of this section is a restatement of Theorem 9.6.5 but with
slightly worse constants. As already mentioned, the objective is to give a proof
which illustrates another set of useful techniques.

Theorem 9.7.2. Let A and B be masas in a separable 11y factor N, let 6 > 0
and suppose that |Ea —Epllcc,2 < 6. Then there exist a partial isometry v € N
and projections p € A, ¢ € B such that

vtuv=p, w'=gq, vAv" =Bg. (9.7.12)
Moreover, these operators may be chosen to satisfy
1= pllar =11 = qll2r < V125, ||1 =02, < 66. (9.7.13)

Proof. Following the proof of Theorem 9.6.5, we obtain a partial isometry V' €
(N, ep) and a *-homomorphism ¢: A — B such that

egV =V, Va=¢()V, a€A, (9.7.14)

and |leg — V2,7r < v/3/25. We now estimate ||¢(x) — z||2,- for € A. Since
¢(x) commutes with ep, these inequalities give

[¢(x) = zl2,r = [[¢(x)en — esx|2,Tr
= llp(2)V + d(z)(ep = V) = Vo — (e — V)zll2,1r
= |l¢(z)(es = V) — (e = V)z[2,7r
< 2|lep = Vlaol|z| < V65]|z]|, (9.7.15)
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for z € A. Now apply the previous lemma with ¢ = v/6§ and M = A, to
conclude that there exist a partial isometry v; € N and projections p; = vjv; €
A'NN=A, ¢ =v1v] € ¢(A) N N such that

viavy = ¢(a)q1, a € A, (9.7.16)
and

27 =1 = qill2r V65, |1 —v1]l2,, < 2V60. (9.7.17)

Hl—Pl

If ¢(ap1)g1 = 0 then viapyvy = 0. Multiply on the left and right respectively
by vi and vy to obtain pyap; = 0, and so ap; = 0 and ¢(ap;) = 0. Thus we
can apply Proposition 9.6.1 to ¢(Ap;) to obtain a projection py € A so that
q = ¢(p2p1)q1 € B with 7(q) > 1 — 1262, since 7(q1) > 1 — 662. Now define
p=pip2 € A and v = v1p. Then

u" = vip1pavy = Q(Pip2)d = g, (9.7.18)
and
vv" = p1pav1viP1P2 = P1p2 = P- (9.7.19)
Thus
1= pllzr =1 = gll2,» < V126. (9.7.20)

Since v(Ap)v* is a masa in ¢Ng¢ and is contained in the masa Bgq, we must have
equality. It remains to estimate ||1 — v||2 -, for which we follow the calculation
of equation (9.6.40). We obtain

11 =2l3, = llp+ (1 —p) —vipl3, = 11 =pli3, +llp(L —v1)ll3,
< 126% + 246% = 3662, (9.7.21)

and so ||1 — v||2, < 64, completing the proof. O



Chapter 10

General perturbations

10.1 Introduction

In chapter 9, we developed the theory of perturbations of masas in type II;
factors making use of the special structure of such subalgebras. Here we turn to
the general theory. The results are essentially the same since close subalgebras
will be shown to have spatially isomorphic cutdowns by projections, and the
two chapters could have been combined into this one. However, the techniques
of the previous chapter do produce significantly better numerical estimates and
also give Theorem 9.6.3 on normalising unitaries for which we know no general
counterpart.

In Section 10.2, we give a very brief survey of the theory of subfactors, just
those parts that we will use subsequently. Section 10.3 considers the situation
of a containment M C N where these two algebras are close in an appropriate
sense. The main result is Theorem 10.3.5, which shows that there is a large
projection p in the relative commutant M’ N N so that Mp = pNp. This is the
crucial result for the perturbation theorems of Section 10.4, the most general
one being Theorem 10.4.1.

Much of the material of this chapter is taken from [152], which was based
on earlier results from [147].

10.2 The Jones index

In this section we will briefly describe those parts of subfactor theory that we will
use in this chapter. There are several good accounts of the theory in [95, 97, 144]
and so we will only state the relevant results.

Let N be a II; factor in standard form, represented by left multiplication
on L?*(N), with a normalised normal trace 7 (also denoted 7n). Let M be a
subfactor with trace 7ps, the restriction of 7y. Then M’ is a factor which is
either of type II; or II,. In the latter case the index [N : M] is defined to be
00. In the former case there is a normalised trace T3, on M’, and 7a; and 7as/

186
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are used to define the index as follows. Let 1 be any non-zero vector in L?(IV).
The projections onto the closed cyclic subspaces Mn and M'n lie respectively
in M" and M, and we denote them respectively by p’ and p. Then [N : M]
is defined to be 7as(p)/Tarr (p'), and this quantity is independent of the vector
7 [94]. If £ is the vector corresponding to 1 € N, then the choice n = £ gives
p’ = epr and p = 1. The von Neumann algebra (N, eps) has canonical trace Tr
and commutant JMJ (see Chapter 4) and so M’ = J(N, ep;)J. The uniqueness
of the trace up to scaling then shows that 7y (enr) = Tr(enr)/Tr(1) = Tr(1)71,
and so [N : M] = Tr(1). In particular, [N : M] € [1, 0], and equals 1 precisely
when M = N. The following theorem was proved by Jones [94] and initiated
the theory of subfactors.

Theorem 10.2.1. If M C N is an inclusion of I1; factors, then the value of
the index [N : M| is contained in the set

{4cos®(n/n) : n >3} U[4, ],

and every such value can occur. Moreover, when [N : M| < 4, the relative
commutant M' NN is automatically trivial.

Remark 10.2.2. The discrete values of the index begin with 1 and 2, and it is
worth noting that Tr(1) < 2 must then imply Tr(1) = 1. It follows from this
that M = N. O

We will exploit the gaps in the set of index values in the next result. Recall
from Section 9.2 the procedure for obtaining a positive operator h by taking the
element of minimal ||-||2 7»-norm in the closed convex hull of {uepu* : u € U(A)}
for A;B C N C (N,ep). Under additional hypotheses we obtain information
on the spectrum o(h) of h.

Theorem 10.2.3. Let Qy C Q1 be a containment of finite von Neumann alge-
bras and let T be a unital faithful normal trace on Q1. Suppose that

Qo N Q1= Z(Qo) = Z(Qv), (10.2.1)

and let h € (Q1,eq,) be the operator obtained from averaging eq, over Q1.
Then

h e Z(QO) = Qll N <Q17 6Qo> = Z(Q1)7 (1022)
and the spectrum of h lies in the set
S = {(4cos*(n/n)) "t :n >3} U[0,1/4]. (10.2.3)

In particular, the spectrum of h lies in {1} U[0,1/2], and the spectral projection
q1 corresponding to {1} is the largest central projection for which Qoq1 = Q1q1-

Proof. Let Q2 denote (Q1,eq,). Then Q4 = JQoJ, so Q1 N Q2 = J@Q1J N
(JQoJ)', which is J(Q) N Q1)J = J(Z(Q1))J = Z(Q1). In addition, Z(Qs) =
Z(Q4) = Z(JQoJ) = Z(Q1), so the algebras Z(Qo), Z(Q1), Z(Q2), Qt N Q1
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and Q) N Q2 coincide under these hypotheses. Since h € Q] N Q2, by Lemma
9.2.2 (ii), we have thus established (10.2.2).

The set S consists of an interval and a decreasing sequence of points. If
the spectrum of h is not contained in S, then we may find a closed interval
[a,b] € S°N (1/4,1) so that the corresponding spectral projection z of h is
non-zero and also lies in Z(Q1). By cutting the algebras by z, we may assume
that al < h < b1 and [a,b)) NS = 0 so a > 1/4. The trace Tr on Q2 coming
from the basic construction satisfies Tr(1) < a=*Tr(h) = a ™ 'Tr(eq,) < 4 and
is thus finite. Let Tz denote the centre-valued trace on ()2, whose restrictions
to Qo and @y are also the centre-valued traces on these subalgebras. Then
Tz(eq,) > al. If Q2 has a central summand of type I, with corresponding
central projection p, then cutting by p gives containment of type I,, algebras
with equal centres and are thus equal to each other. This would show that
hp = p and 1 would lie in the spectrum of h, contrary to assumption. Thus
Q2 is a type II; von Neumann algebra. Then 1 may be expressed as a sum of
four equivalent projections {p;}?_; each having central trace (4~!)1. Thus each
p; is equivalent to a subprojection of eg, and so there exist partial isometries
v; € Q2 such that 1 = Z?Zl vieQ,v;. Since eg,Q1 = eg,Q2, we may replace
each v; by an operator w; € @)1, yielding 1 = Z?:l wieq,w;. For each x € Q1
multiply on the right by xeg, to obtain

4
TeQo = ZwiEQO (wfx)er, r € Qr, (1024)

i=1

sox = 221:1 w;Eqg, (w;z), and Q1 is a finitely generated right Qo-module. In
a similar fashion Qo = E?Zl wieg,Q2 = Zle wieg,Q1, and so Q2 is finitely
generated over Q1. This is a standard argument in subfactor theory (see [133])
which we include for the reader’s convenience.

Let Q be the spectrum of Z(Q2), and fix w € Q. Then
I ={x € Qa: Tz(z"z)(w) =0} (10.2.5)

is a maximal norm closed ideal in Qy and Q2/I> is a type 1I; factor, denoted
Ms, with trace 7,, = wo Tz, by Theorem A.3.1. Similar constructions yield
maximal ideals Iy, C Qg, k = 0,1, and factors My = Qi /Ix. Equality of the
centres gives Qr NIy = I, for k = 0,1, and so My C M; C M5 is an inclusion of
factors. Let m: Q2 — M denote the quotient map, and let e = mw(eg,). From
above we note that M, is a finitely generated Mi-module.

Consider x € I;. By uniqueness of the centre-valued trace, the composition
of Eg, with the restriction of Tz to Qg is Tz. Thus

Tz(Eq,(z*2)))(w) = Tz(z"z)(w), =€ Q1. (10.2.6)

Conditional expectations are completely positive unital maps [193, 194, 195]
and so the inequality (3.6.9) gives

Eg,(z")Eq,(z) < Eg,(z"z), =z € Q1, (10.2.7)
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showing that Eg, maps I; to Iy. Thus there is a well defined 7,,-preserving
conditional expectation E: M; — My given by E(x + I1) = Eg,(z) + Ip for
x € Q1. From above, e commutes with My and Ms is generated by M; and e.
Moreover, exe = E(x)e for € M; by applying 7 to the equation eg,zeg, =
Eg,(x)eq, for z € Q1. Thus M, is the extension of M; by M, with Jones
projection e, by Theorem 4.3.15. Now Tz(eq,)(w) = h(w) € [a,b], so 1,(e) =
h(w) while 7,(1) = 1. It follows that [M;y: My]~! € [a,b], contradicting the
theorem of Jones, Theorem 10.2.1, on the possible values of the index.

Now let g1 be the spectral projection of h corresponding to {1}. If we cut
by g1 then we may assume that h = 1. But then eg, = 1 and Qo = Q1. We
conclude that Qoq1 = @Q1¢1. On the other hand, let z € Z(Q1) be a projection
such that Qoz = Q1z. Then eg,z = 2, so hz = z, showing that z < ¢;. Thus ¢;
is the largest central projection with the stated property. O

10.3 Containment of finite algebras

In this section we consider an inclusion M C N of finite von Neumann algebras
where IV has a faithful normal unital trace 7. Recall that N Cs M means that
I — Epr]loo,2 < d, where we are interested in small positive values of §. Our
objective is to show that, by cutting the algebras by a suitable projection p in
the centre of the relative commutant M’ N N of large trace dependent on ¢, we
may arrive at Mp = pNp. This is achieved in the following lemmas which are
independent of one another. However, we have chosen the notation so that they
may be applied sequentially to our original inclusion M C N. The definition
of N Cs M depends implicitly on the trace 7 assigned to N. Since we will be
rescaling traces at various points, we will make this explicit by adopting the
notation N C5, M. If 71 = At for some A > 0, then

lzll2,m = VA2

27y TEN. (10.3.1)

Consequently N Cs, M becomes N C /5 s M for this change of trace.

It is worth noting that the beginning of the proof of the next lemma shows
that if My C Ny, No Cs,y,roy Mo for a von Neumann algebra Ny with a faithful
normal unital trace 7o, then Mj N Ny Cs, ., Z(Mp).

Lemma 10.3.1. Let 61 € (0,1) and consider an inclusion My C Ny, where Ny
has a unital faithful normal trace Ty relative to which Ny Cs, -, My. Then there
exists a projection py € Z(Mj N Ny) such that T1(p1) > 1 — 6% and (Mip1)' N
p1N1p1 is abelian.

Setting My = Mip1, No = p1Nip1, and 7o = 71(p1) 171, we have My N Ny
is abelian and Ny Cs, , M2, where 8y is defined by 63 = 63(1 — 67)~ L.

Proof. Let C = M; N Ny, which contains Z(M). If ¢ € C, ||c|| < 1, we may
choose m € M; to satisfy |¢c — m|2-, < ;. Conjugation by unitaries from
M leaves c invariant, so Dixmier’s approximation theorem, Theorem 2.2.2,
shows that there is an element z € Z(M) such that |c — z|j2,, < 61. Thus
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C Cs, Z(My). Let A be a maximal abelian subalgebra of C' which contains
Z(My), and note that Z(C') C A. Choose a projection p; € Z(C), maximal
with respect to the property that C'p; is abelian. We now construct a unitary
u € C(1 — py) such that E 4 _p,)(u) = 0.

The algebra C(1 — p;) may be decomposed as a direct sum

C(1—p1) = EPCx, (10.3.2)

k>0

where Cj is type II; and each Cj for £k > 1 has the form M, ® Ay for an
abelian subalgebra Ay of A. Let g, k > 0, be the identity element of C}. Then
Aqr, k > 1, contains A and is maximal abelian in Cy. By Theorem 2.4.3, Aqy
is, up to unitary equivalence, D, ® Ay for the diagonal subalgebra D, C M, .
Note that the choice of p; implies ny > 2. For k > 1, let ug be a unitary in
M, (=M, ®1) which cyclically permutes the basis for Dy. For k = 0, choose
two equivalent orthogonal projections in Agy which sum to qq, let v € Cj be an
implementing partial isometry, and let ugp = v + v*. Then u = Y ,o uk is a
unitary in C(1 — p;) for which E4;_p,)(u) = 0. Thus w = p; + u is a unitary
in C'. Then

01 > [[w =Bz ()2, 2 lw—Ea(w)ll2,n

= llu = Eaq—pn)(@)ll2r = llullor = (1T =p1

o (10.3.3)

and the inequality 71(p;) > 1 — 6% follows.
Now let My = Mlpl; Ny = p1N1p1 and 75 = Tl(pl)_lTl. Then Mé NNy =
Cpy, which is abelian, and Ny Cg, , Ma, where dy = d;(1 — 67)71/2. 0O

Lemma 10.3.2. Let 63 € (0,271) and consider an inclusion My C Na, where
Ny has a unital faithful normal trace T2 relative to which Na Cs, 7, Mo. Further
suppose that M} N Ny is abelian. Then there exists a projection ps € M5 N Ny
such that T2(p2) > 1 — 463 and (Maps)' N (paNap2) = Z(Maps). In particular,
when Ny is abelian we have Nops = Maopo.

Setting M3 = Mapa, N3 = paNaps and 13 = To(p2) ~tma, we have M4 N N3 =
Z(Ms3) and N3 Cs, -y M3, where 83 is defined by 62 = 05(1 — 463)~ L.

Proof. Let A = Z(M,) and let C = M} N Ny, which is abelian by hypothesis. It
is easy to see that C' Cs, 7, A, by applying Dixmier’s approximation theorem,
Theorem 2.2.2. Then A and C are abelian, and ||c — E4(c)||2,r < d2 whenever

le]l < 1. Thus the hypotheses of Theorem 4.4.4 are met and the result follows.
O

Lemma 10.3.3. Let 63 € (0,471) and consider an inclusion Mz C N3, where
N3 has a unital faithful normal trace 15 relative to which N3 Cgs, 7, Ms. Further
suppose that Z(Msz) = M4 N Ns. Then there exists a projection ps € Z(Ms3)
such that 73(p3) > 1 — 1663 and

Z(Msps) = (M3zps)' N (psNsps) = Z(p3N3ps). (10.3.4)
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Setting My = M3ps, Ny = psN3ps and 74 = 73(ps) " '73, we have
Z(My) = My N Ny = Z(Ny) (10.3.5)
and Ny Cs, -, My, where 84 is defined by 63 = 63(1 — 1663)~1.

Proof. Since Z(N3) C M} N N3 we have, by hypothesis, that Z(N3) C Z(Ms).
If © € Z(M3), ||z|] <1, and w is a unitary in N3 then choose m € M3 such that
lu —ml|2,r, < d3. It follows that

luz — zulla.ry, = [|(u — m)z — 2(u — m)||a.ry, < 263, (10.3.6)

and so |Juzu* —z/2,7, < 203. Suitable convex combinations of terms of the form
uzu® converge in norm to an element of Z(N3), showing that Z(Ms) Casy 7y
Z(Ns3). Now apply Lemma 10.3.2 to the inclusion Z(N3) C Z(Ms3), taking
02 = 283. We conclude that there is a projection ps € Z(M3) such that 73(ps) >
1-— 16(5% and Z(Ng)pg = Z(Mg)pg

Now let My = Msps, Ny = N3p3 and 74 = Tg(pg)ing. Then (1035) is
satisfied and Ny Cs,,r, M4, where 64 = 3(1 — 166%)71/2. O

Lemma 10.3.4. Let §4 € (0, 271/2) and consider an inclusion My C Ny, where
Ny has a unital faithful normal trace T4 relative to which Ny Cs, 7, My. Further
suppose that

Z(My) = MyN Ny = Z(Ny). (10.3.7)

Then there exists a projection py € Z(My) such that T4(ps) > 1 — 207 and
Myps = Nypy.

Proof. Consider the basic construction My C Ny C (Nyg,ep,) with associated
projection epy,, and let h € Ny N (Ny,epr,) be the operator obtained from ey,
by averaging over the unitary group of N4. By hypothesis, the conditions of
Theorem 10.2.3 are met, and so h € Z(N,) and has spectrum contained in
{1} U[0,27Y. Let ¢ € Z(N4) = Z(M,) be the spectral projection of h for the
eigenvalue 1, and note that h(1 —¢q) < (1 — ¢)/2. Fix an arbitrary ¢ > 0 and
suppose that

Tr(exulen, (1 — Q))u*) = (271 + &) Tr(ear, (1 - ) (10.3.8)
for all unitaries u € My. Taking the average leads to
Tr(eanh(1— ) = (27 +)Tr(ear, (1 - q)), (10.3.9)

and so 74(h(1—¢q)) > (271 +&)7a(1—q). If ¢ = 1 then we already have Ny = My;
otherwise the last inequality gives a contradiction and so (10.3.8) fails for every
g > 0. The presence of (1 — ¢) in (10.3.8) ensures that this inequality fails for a
unitary u. € Ny4(1 — ¢). Thus

Tr(enr,uc(en, (1 —g))ul) < (271 +e)Tr(er, (1 — q)) (10.3.10)
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for each € > 0. Define a unitary in Ny by v. = ¢ + u.. By hypothesis,

63 > llg+ue — Enr, (g + ue)ll3 -, = (I — Bar) (ue) |13 1,
= uell3 7, = 1Bz, (ue)ll5 7, = 7a(1 — @) — Ta(Bas, (ue)ul)
=714(1 —q) — Tr(emucen, (1 — qu;)
> 71 —q) — 27 + )1 —q), (10.3.11)

where we have used (10.3.10) and the fact that ¢ € Z(My) = Z({(Nyg,en,)).
Letting ¢ — 0 in (10.3.11), we obtain 74(g) > 1 — 267.

Define py = g € Z(My). The basic construction for Myps C Nypy is obtained
from the basic construction for M, C N4 by cutting by the central projection
q. Since hq = q, it follows that Nypy = Myp4, completing the proof. O

We now summarise these lemmas.

Theorem 10.3.5. Let N be a von Neumann algebra with a unital faithful nor-
mal trace T, let M be a von Neumann subalgebra, and let 6 be a positive num-
ber in the interval (0,(23)"Y/2). If N Cs, M, then there exists a projection
p € Z(M' N N) such that 7(p) > 1 — 236% and Mp = pNp.

Proof. We apply the previous four lemmas successively to cut by projections
until the desired conclusion is reached. Each projection has trace at least a
fixed proportion of the trace of the previous one, so the estimates in these
lemmas combine to give

7(p) > (1 —67)(1 — 463)(1 — 1603)(1 — 243), (10.3.12)

where the §;’s satisfy the relations

61 =46% 05 = o 2 _% 2 05 (10.3.13)
! T8 P 14627 YT 11663 -
Substitution of (10.3.13) into (10.3.12) gives 7(p) > 1 — 2362 O

Remark 10.3.6. The assumption that § < (23)~'/2 in Theorem 10.3.5 guarantees
that the d;’s in the lemmas fall in the correct ranges. This theorem is still
true, but vacuous, for § > (23)~/2. The constant 23 can be improved under
additional hypotheses by joining the sequence of lemmas at a later point. If
the inclusion M C N, N Cs M also satisfies the hypotheses of Lemmas 10.3.2,
10.3.3 or 10.3.4 then 23 can be replaced respectively by 22, 18 or 2. O

For the case when the larger algebra is a factor, the estimate in Theorem
10.3.5 can be considerably improved.

Theorem 10.3.7. Let N be a type 11y factor with a unital faithful normal trace
T, let M be a von Neumann subalgebra, and let § be a positive number in the
interval (0,(2/5)'/2). If N Cs.» M, then there exists a projection p € M’ N N
with 7(p) > 1 — 62/2 such that Mp = pNp.
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Proof. Let ¢ € M'NN be a projection with 7(g) > 1/2. Then 1—gq is equivalent
in N to a projection e < q. Let v € N be a partial isometry such that vv* = e,
v*v =1—¢. Let w=v+v* € N and note that [|w|| =1 and Ej;(w) = 0. Then

lw = Ear(w)3 - = llv+v*[I3 = 2r(1 - q), (10.3.14)

so we must have 27(1 — ¢) < §%, or 7(¢) > 1 — 6%/2. On the other hand, if
7(q) < 1/2 then this argument applies to 1 — ¢, giving 7(q) < §%/2. Thus the
range of the trace on projections in M’NN is contained in [0, 62 /2]U[1—§2/2,1].

By Zorn’s lemma and the normality of the trace, there is a projection p €
M’ N N which is minimal with respect to the property of having trace at least
1 —6%/2. We now show that p is a minimal projection in M’ N N. If not, then p
can be written p; 4+ pa with 7(p1), 7(p2) > 0. By choice of p, we see that 7(p1),
7(p2) < §2/2. Tt follows that

1-06%/2 <7(p) = 7(p1) + 7(p2) < 6%, (10.3.15)

which contradicts 2 < 2/5. Thus p is minimal in M’ N N, so Mp has trivial
relative commutant in pNp, since any nontrivial projection in (Mp) N pNp
would lie strictly below p in M’ N N. Let 7; be the normalised trace 7(p)~ 17
on pNp. Then pNp Cs, -, Mp, where §; = §(1 — §2/2)71/2 < 271/2,

We have now reached the situation of a subfactor inclusion P C @), Q Cs5 P
for a fixed § < 27/2 and P’NQ = C1. Since

Q' N{(Q,ep)=J(P' NQ)J=C1, (10.3.16)

the operator h obtained from averaging ep over unitaries in @ is Al for some
A > 0. By Lemma 9.2.2 (iii) and (iv), we have 1-\ < 62 < 1/2 and A = \2Tr(1),
yielding Tr(1) = 1/A < 2. Thus [Q: P] < 2, so @ = P from Remark 10.2.2.
Applying this to Mp C pNp, we conclude equality as desired. O

10.4 Close von Neumann algebras

This section contains the main result of the chapter, dealing with the relation-
ship between close subalgebras of a type II; factor. The idea is to cut the
algebras by large projections so that one cutdown is contained in and close to
the other. We can then invoke the results of the previous section. The details
are contained in Theorem 10.4.1 below. The last step of the proof is handled
by the results on commutants of compressions from Theorem 5.4.1.

Theorem 10.4.1. Let 6 > 0, let By and B be von Neumann subalgebras of a
type 11y factor N with unital faithful normal trace T, and suppose that |[Ep —
Epgylloc,2 < 6. Then there exist projections qo € By, ¢ € B, qy € ByN N,
¢ € B NN, py, = qq, P = q¢, and a partial isometry v € N such that
vpyBopov* = p'Bp', vv* = p’, v*v = p}. Moreover, v can be chosen to satisfy
11 —v]l2,r <69, |1 —p|l2,r <35 and ||1 — ppll2,- < 354.

Under the additional hypothesis that the relative commutants of By and B
are respectively their centres, the projections may be chosen so that py € By and
p' € B.
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Proof. We assume that § < (35)7!, otherwise we may take v = 0. Let ep
be the Jones projection for the basic construction B C N C (N,ep) and let
h € B{N(N,ep) be the operator obtained from averaging ep over the unitary
group of By (see Lemma 9.2.2). If we denote by e the spectral projection of h
for the interval [1/2,1], then e € ByN (N, ep) and |eg — e|2,7r < 26, by Lemma
5.3.1 (i). Then

eBy = eBpe C e(N,ep)e. (10.4.1)

Consider z € e(N,eg)e with ||z|| < 1. Since eg(N,eg)ep = Bep, there exists
b€ B, ||b]| <1, such that egzeg = beg. Then

Iz = Eg, ()ell3 7, = ll(z = Ep, (b))e

= [z = Ep, (b))ees 3 1. + | (z — Ep, (b))e(1 — eB)|l5 7,
(10.4.2)

and we estimate these terms separately. For the first, we have

[(z —Ep,(b))eenll2 1 = lle(x — Ep,(b))enl|2,7r
< lle(z —Eg(d))esll2,rr + |e(Ep(b) — Ep, (b))er|l2,rr
< |le(xz — eprep)eplla,rr + 6
= |le(e —ep)(zep)|l2,r + 0

<l 15 < 36, (10.4.3)

For the second term in (10.4.2), we have

I(z = Ep, (0))e(l = en)|3.7, = l(x — Ep, (b))e(e —en)|I5 7,
< llz —Ep, (0)[Plle - eslI3 7
< 1667 (10.4.4)

Substituting (10.4.3) and (10.4.4) into (10.4.2) gives

|z — Ep, (b)ell3 1, < 2567 (10.4.5)
Hence e(N,eg)e Css,1r Boe. Since |le — eBH%TT < 442, it follows that

1446 > Tr(e) > 1 — 46> (10.4.6)
If we now define a unital trace on e(N, eg)e by 71 = Tr(e)~'T'r, then e(N, eg)e C. -,
Boe where ¢ = 55(1 — 462)~'/2, By Theorem 10.3.5, there exists a projection

f € (Boe)' Ne(N,ep)e with 71 (f) > 1 —23e% such that Bof = f(N,ep)f (since

ef =1).
Let V € (N, ep) be the partial isometry in the polar decomposition of ep f,
so that epf = (egfep)'/?V. The inequality |V — egll2.rr < V2 |les — f
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is obtained from Lemma 5.2.9 (ii), and we estimate this last quantity. We have
les = fll3r = Tr(es + f —2enf)
=Tr(eg+e—2ege—(e— f)+2eg(e—f))
= lles — el + Tr(2ep(e = f) = (e = f))
<lles — e||§’TT +Tr(e— f) < 46 + 23e%Tr(e)
< 46% + (23)(25)0%(1 4 46%) /(1 — 46?) (10.4.7)

so [V —egllarr < V2 61 where 67 is the last quantity above. Then VV* €
eg(N,ep)ep = Bep, and V*V € f(N,eg)f = Bof, by the choice of f. Thus
there exist projections py € By, p € B so that

V*V =pof, VV* = pep. (10.4.8)

If z € Z(By) is the central projection corresponding to the kernel of the homo-
morphism by — bgf on By, then by replacing pg by po(1 — 2), we may assume
that pobopo = 0 whenever pobopof = 0. Since po(1—2)f = pof, (10.4.8) remains
valid and we note that the following relations (and their adjoints) hold:

V=Vpy=Vf=pV =egV. (10.4.9)
Define ©: pgBopo — (N, ep) by
O(bo) = VboV*, by € poBopo- (10.4.10)

We will show that © is a *-isomorphism onto pBpeg. Now pegV = V from
(10.4.9), so the range of © is contained in peg(N,eg)egp = pBpep. Since

V*O(bo)V = pofbopof, bo € poBopo, (10.4.11)

from (10.4.8), the choice of py shows that © has trivial kernel. The map is
clearly self-adjoint, and we check that it is a homomorphism. For the elements

Pobopo, Pob1po € poBopo,

©(pobopo)©(pobipo) = VpobopoV*VpobipoV™ = Vpobopo frobipo V'™
=V fpobopobipoV* = ©(pobopobipo), (10.4.12)

using V f = V. Finally we show that © maps onto pBpep. Given b € B, let
x = VpbpepV = poV*pbpesVpo € pof(N,ep)fro =poBopof.  (10.4.13)
Then z has the form pobopo f for some by € By. Thus

O(pobopo) = VpobopoV™ = Vpobopo fV*
=VaV* = VV*pbpegVV*
= peppbpeppep = pbpep, (10.4.14)
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and this shows surjectivity. Thus the map ©: pgBopg — pBpep is a surjective
*-isomorphism, and so can be expressed as O(pobopo) = O(pobopo)ep where
0: poBopo — pBp is a surjective *-isomorphism. From the definitions of these
maps,

Vbg = g(bo)‘/, by € poBop(). (10415)

If we let A = poBopo C By, ¢ = 0, and W = V*| then the adjoints of (10.4.9)
and (10.4.15) are exactly the hypotheses of Lemma 9.4.2, so this lemma gives a
partial isometry w € N such that

bow = wﬁ(bo), by € poBopo. (10416)
Defining v to be w* and taking adjoints in (10.4.16) gives
vby = G(bo)v, by € poBopo, (10417)

and so vv* is a projection p’ € N which commutes with 6(pyBopo) = pBp. By
Lemma 9.4.2 (iv) and (10.4.9), pv = v, and so p’ = vv* € (pBp)' N pNp, and
similarly v*v is a projection pj € (poBopo)’ N poNpo. Moreover

vBov* = vpyBopov™ = pBpp’ = p'By’. (10.4.18)
It remains to estimate ||1 — v||2 .. Since

IV —egll2rr < V2 |lep — fllz,or < V2 6y, (10.4.19)

from (10.4.7), we obtain
11— vz, <2v2 6 (10.4.20)

from Lemma 9.4.2 (ii). From the definition of d; and the requirement that
§ < (35)71, we see that
807 /6% < (69)?, (10.4.21)

by evaluating the term (1 + 462)(1 — 46%)~! at § = 1/35. The estimate |1 —
vll2,» < 699 follows. Lemma 9.4.2 (iii) and (10.4.19) give

11=p'll2,r < lles — Vo, < V2 61 < (69/2)8 < 356 (10.4.22)

with a similar estimate for |1 — pg|l2,-- The fact that each projection is a
product of a projection from the algebra and one from the relative commutant
follows from Theorem 5.4.1. The last statement of the theorem is an immediate
consequence of the first part, because now the relative commutants are contained
in the algebras. O

This theorem is the most general of its kind, and shows that suitable cut-
downs of close algebras are spatially isomorphic. Under more restrictive hy-
potheses the constants can be considerably improved, as the next result for
close subfactors shows. The proof follows that of Theorem 10.4.1 so we only
point out the numerical differences.
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Theorem 10.4.2. Let § > 0, let By and B be subfactors of N and suppose that
IEg —EpBylloc,2 < 3. Then there exist projections qo € By, ¢ € B, q; € BjN N,
¢ € BBNN, po = qq,, p = q¢', and a partial isometry v € N such that
vpoBopov™ = pBp, vv* = p, v*v = pg, and

[1—wvl2r <135,  7(p) =7(po) > 1 — 675°. (10.4.23)

If, in addition, the relative commutants of By and B are both trivial and 6 <
67712, then B and By are unitarily conjugate in N.

Proof. We assume that § < 67-1/2, otherwise take v = 0. The proof is identical
to that of Theorem 10.4.1 except that we now have an inclusion eBye C e(N, B)e
of factors. Our choice of § allows us a strict upper bound of (2/5)~/2 on the &
which appears immediately after (10.4.6). Thus the estimate of Theorem 10.3.7
applies, which allows us to replace 23 by 1/2 in (10.4.7). This gives

897 /6% < 145 < 169 (10.4.24)

and the estimates of (10.4.23) follow.

If the relative commutants are trivial then p € B and pg € By, so v imple-
ments an isomorphism between pBp and pgBgpy which then easily extends to
unitary conjugacy between B and By. O

We conclude this chapter by remarking that the projections from the relative
commutant in Theorems 10.4.1 and 10.4.2 are essential. Let R be the hyperfinite
type II; factor, choose a projection p € R with 7(p) = 1—4, where 4 is small, and
let O be an isomorphism of pRp onto (1 —p)R(1 —p). Let By = {z+6(z): z €
pRp} and let B have a similar definition but using an isomorphism ¢ such that
0~ 1¢ is a properly outer automorphism of pRp. Such an example shows that the
projections from the relative commutants in the previous two theorems cannot
be avoided.



Chapter 11

Singular masas

11.1 Introduction

In this chapter we prove a theorem (Theorem 11.1.2) for singular masas in a
separable II; factor showing that they are relatively rigid with respect to per-
turbations by unitaries, or suitable nilpotent partial isometries. We do this by
using a technical rigidity-perturbation result of Popa (Theorem 9.5.1). Condi-
tions on a subgroup H of a discrete I.C.C. group G are given that ensure that
L(H) satisfies strong singularity conditions in L(G). We discuss the Laplacian
algebra {h}” in the free group factor L(Fz). If a and b denote the generators of
Fy, then h is defined to be the self-adjoint element a +a~! + b+ b~! € L(Fa),
and {h}" is shown to also satisfy these strong singularity conditions. We begin
with a brief discussion of the various metric invariants for singular masas that
have played a role in the theory, but which have been superseded by the results
in Theorem 11.1.2.

Dixmier [47] introduced singular masas in 1954 and Pukédnszky [154] defined
his invariant in 1960, which enabled him to show that there was a countable
family of pairwise non-conjugate singular masas in the hyperfinite II; factor R
(see Chapter 7). The next few advances concerning singular masas were due to
Popa [139, 141], in that he related singularity to the Pukdnszky invariant (see
Corollary 7.2.2) and showed that there were sufficiently many singular masas in
a separable II; factor N to differentiate subfactors M of N with M' NN = C1
(see Theorem 12.4.3 and Corollary 12.4.5). Popa showed that singular masas
exist by introducing an invariant, called the J-invariant, for a masa in a II;
factor (see [139, p. 164] and the proof of Theorem 12.4.3). In the notation of
these notes the d-invariant of A is defined for a masa A in a II; factor N by

O(A) =inf{||(I —EA)Eya0-

with vv* and v*v orthogonal projections in A}. (11.1.1)

s.2|[v][3" ¢ v a partial isometry in N

Here

(I = Ea)Eyav- [loo,2 = sup{[|[(I — Ea)(vzv™)[l2: # € A, ||z <1} (11.1.2)

198
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Popa [139] showed that a masa A is singular in N if, and only if, §(A) > 0.
Subsequently, he proved in [145] that this potentially continuous invariant for
singular masas is actually discrete with 6(A) = 0 or 1. Moreover §(A) = 1 if,
and only if, A is singular in N. His introduction of the J-invariant was one of
the motivations for the introduction of strong singularity, and the a-invariant,
by the authors in [174]. White, Wiggins and the authors showed in [177] that
the a-invariant takes only the values 0 and 1 like the §-invariant. Related to
these invariants were various ideas of the conditional expectation E4 being ‘an
asymptotic homomorphism’ with respect to some sequence of unitaries in A (see
[160, 161, 174, 175]). In [174], a masa A in a II; factor N was defined to have
the asymptotic homomorphism property (AHP) if there exists a unitary v € A
such that

| l‘im IEA(2zv"y) — Ea(z)v"Ea(y)|l2 =0 (11.1.3)

n|—oo
for all x,y € N. In that paper it was shown that strong singularity is a con-
sequence of this property. Subsequently it was observed in [161, Lemma 2.1]
that a weaker property, which we will call the weak asymptotic homomorphism
property, (WAHP), suffices to imply strong singularity.

Motivated by ergodic actions of groups, Jolissaint and Stalder [92] introduced
the condition that an abelian von Neumann algebra is strongly mizxing, which
is related to the asymptotic homomorphism condition. They prove that there
are singular masas that are not strongly mixing, and hence do not have the
asymptotic homomorphism property with respect to any Haar unitary (see their
paper for related conditions, results and discussion [92] ).

In 1965, Tauer [190] constructed families of masas in the hyperfinite II;
factor R using matrix methods and a twist argument on half of the diagonal
projections to yield classes of masas including singular ones. White developed
and extended her results, providing a continuous family of singular masas in R
and relating these to centralising sequences and the Pukdnszky invariant [208].
The Laplacian masa B = {h}"” in L(Fy) (k > 2) was shown to be a masa by
Pytlik [155] and to be singular by Radulescu [156]. Riadulescu’s proof involves a
fine analysis of various words and elements in L(Fj) to deduce that (1 —ep)B’
is a type I, von Neumann algebra. He and Boca used similar techniques to
study singular masas in a free product of finite groups [8]. The spectrum of h
had been studied by Kesten [108], Cohen [32] and with Trenholme [33]. There
is further discussion of masas in Chapter 7 on the Pukanszky invariant.

Before giving the main result of this chapter here are the definitions of strong
singularity and the weak asymptotic homomorphism property.

Definition 11.1.1. Let A be a masa in a II; factor N.

(1) The masa A is strongly singular if

HEA - EuAu*

00,2 > |lu—Ea(u)||2 for all unitaries w e N. (11.1.4)

(2) The masa A has the weak asymptotic homomorphism property if, for each
€ > 0 and each finite subset x1,...,x, € N, there is a unitary v € A such
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that the inequalities
[Ea(ziuz}) — Ea(z)uEa(x])|2 <e for 1<4,j<n (11.1.5)
hold. O
Note that inequality (11.1.5) may be replaced by the inequality

IEa(ziuy;) —Ea(z)uEa(y;)lls <e for 1<i<m,1<j<n (11.1.6)

by changing the set in N to {x1,...,Zm,¥7,...,¥y:}. Moreover, in checking the
weak asymptotic homomorphism property for a masa A in N, it is sufficient to
prove inequality (11.1.6) for the x; and y; in a set whose linear span is dense in
N in the || - ||2-norm. This observation is used in the proof of Corollary 11.3.4.

Here is the main result of this chapter. We note that the equivalence of (1)
and (2) in the statement of the theorem is just Popa’s earlier result that his
d-invariant takes only the value 1 on singular masas [145].

Theorem 11.1.2. Let A be a masa in a separable 11y factor N. The following
conditions are equivalent:

(1) A is singular;
(2) for each partial isometry v € N with vv* and v*v orthogonal projections
mn A,
sup{[|(I —Ea)(vzv*)|s:x € A, |z <1} = 7(v0*) = |Jv]|3;  (11.1.7)

(3) A is strongly singular;
(4) A has the weak asymptotic homomorphism property.

This theorem will follow from various lemmas in the subsequent sections of
this chapter, as outlined in the following comments.

The implication (3) = (1) of Theorem 11.1.2 follows directly from the
definition of strong singularity in Definition 11.1.1. If u € N'(A), then uAu* =
A, and the defining inequality (11.1.4) implies that u = E4(u) € A. This
implication provided the motivation to introduce strong singularity in [174].

Lemma 11.2.1 is (2) = (1), Lemma 11.2.3 is both implications (4) =
(2) and (4) = (3), while Lemma 11.3.2is (1) = (4).

11.2 Basic lemmas

The implications between the various equivalent statements in Theorem 11.1.2
are indicated in the proofs of the following lemmas.

Lemma 11.2.1. Let A be a masa in a separable 11, factor N. If
sup{[|(I —EA)(vzv*)|2: 2z € A, ||z| < 1} = 7(vv*) = |jv||3 (11.2.1)

for each partial isometry v € N with vv* and v*v orthogonal projections in A,
then A is singular.
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Proof. [(2) = (1) in Theorem 11.1.2]

Suppose that there exists a unitary u € N \ A with uAu* = A. By Theorem
3.5.2, there is an increasing sequence of finite dimensional abelian von Neumann
subalgebras A,, of A, with each A,, having all of its minimal projections of equal
trace and with A the weak closure of J,, A,,. By Lemma 3.6.8

lirrln [Ea(u) = Earan(u)|l2 = 0. (11.2.2)
Since u # E4(u), there is an A, having minimal projections py,--- ,px such
that
k k
u—Eann( Z up; — p;up;) Z —pjlup; # 0 (11.2.3)
j=1 j=1

by Remark 3.6.7 and equality (11.2.2). Thus there is a j with 1 < j < k such
that v = (1 — p;)up; # 0. Since u*p;u and up;u* are in A,
w* = (1 —pj)upju*(1 —p;) = (1 —p;j)upju” and (11.2.4)
v*v = p;(1 — up;u*) (11.2.5)

are non-zero orthogonal projections in A. For all z € A, (I — E4)(vzv*) =0
because vAv* = (1 — p;)up;u* A = vv*A. Hence

sup{||(I = Ea(vzv*)|2: 2z € A, |jz|| <1} =0, (11.2.6)

and so v = 0, by hypothesis. This contradiction proves that no such u can exist,
and A is singular. O
The above proof shows that if A is not singular, then §(A4) = 0.

Remark 11.2.2. The following observation is useful in applying Lemma 11.2.3.
If A and Ag are masas in a II; factor N and w is a partial isometry in N with
w*Aw C Ag and wAgw* C A, then w*w € Ay, ww* € A and w* Aw = Agw*w.
Let p = ww* € A and ¢ = w*w € Ag. The map pNp — qNgq : prp —
w*prpw = w*rw is a *-isomorphism from pNp onto ¢/Ng sending the masa pA
into the masa qAy. Hence

w* Aw = w*pAw = Agq = Agw*w, (11.2.7)

as required. O

Note that separability is not required in the proof of the following lemma
and that the non-separable case of this is used in the proof of Corollary 11.3.5.

Lemma 11.2.3. Let A be a masa in a Il factor N. If A has the weak asymp-
totic homomorphism property, then A is strongly singular, and

sup{[|(I = EA)(vzv*)|2:x € A, ||z| < 1} = 7(vv*) = ||Jv||3 (11.2.8)

for each partial isometry v € N with vv* and v*v orthogonal projections in A.
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Proof. Let x € N and let ¢ > 0. By the weak asymptotic homomorphism
property there is a unitary w in A such that

IEA(zwa™) — Ez(z)wEA(z")]2 < e. (11.2.9)

We now consider two implications in the equivalences of Theorem 11.1.2.
(4) = (3) Let x =wu* with u a unitary in N. Using the two relations

[Ea(u)wEA(u)llz < [[Ea(u)]2 <1, [Euaws (w)]2 = [[Ea(u wu)|2, (11.2.10)
it follows from (11.2.9) that

I(I = Byauw)Ealls 2 > (I = Eyau-)(w)]13
=1—[Ea(u wu)]3
> 1~ (|Ea(u)wEa(u)]2 +¢)?
>1—|[Ea(u)]3 -2 —
= |lu—Ea(u)|3 — 2 — €2 (11.2.11)
Thus [[(I — Evau-)Eallco,2 > [lu — Ea(u)]3.

(4) = (2) Let = v be a partial isometry in N with v*v and vv* orthogonal
projections in A. By the A-module property of E 4, we have

Ea(v) = Ea((vv*)v(v*v)) = vo*E 4 (v)v* v =0, (11.2.12)
so that
IEA(vwv™)||2 < [Ea(v)wEA(v)||a +e=¢ (11.2.13)
by (11.2.9). Thus

I = Ea)(vwo*)|5 > Jowo* |3 — &

= 7(w(v*v)w* (v:v)) — 2

= 7((v*v)v*v) — 2

= |lv|l3 — €2 (11.2.14)
since w(v*v) = (v*v)w. This proves (2). O

Lemma 11.2.3 is useful when considering masas in group factors arising from
abelian subgroups, a situation already discussed in Section 3.3. Let G be a
discrete 1.C.C. group with an abelian subgroup H, and recall from Section 3.3
the following condition on the inclusion H C G:

(C2) for each finite subset B of G \ H, there exists h € H such that b1hby ¢ H
for all b1,b2 € B.

If (C2) is satisfied, then L(H) is a singular masa in L(G), by Lemma 3.3.2.
Lemma 11.2.3 gives another way of seeing this. The following is an apparently
stronger statement, but we will soon prove that singularity, strong singularity,
and the weak asymptotic homomorphism property are all equivalent.
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Lemma 11.2.4. Let G be a discrete 1.C.C. group with an abelian subgroup H
satisfying condition (C2). Then L(H) has the weak asymptotic homomorphism
property and is a strongly singular masa in L(G).

Proof. We will verify the equivalent formulation (11.1.6) of the weak asymptotic
homomorphism property. As noted after that equation, it suffices to consider a
total subset of elements in the orthogonal complement of L(H ), and we take S =
{A\g: g € G\ H}. Given a finite subset B C G \ H, condition (C2) allows us to
choose h € H such that byhby ¢ H for all by, by € B. But then Ep gy (Ao, An s, ),
Ermy(Mp,), and Epgy(Ap,) are all equal to 0, and thus (11.1.6) holds for any
choice of € > 0. Thus L(H) has the WAHP, and strong singularity follows from
Lemma 11.2.3. O

11.3 Singular to WAHP

The implication (1) = (4) of Theorem 11.1.2 is the deep implication depend-
ing on Popa’s rigidity-perturbation result of Theorem 9.5.1. The perturbation
ideas are turned into the correct form for the application in the next lemma.

Lemma 11.3.1. Let A and Ay be masas in a separable 11y factor N and let
e € A and f € Ay be non-zero projections with the property that no non-zero
partial isometry w € N satisfies the conditions ww* € A, ww* < e, w*w €
A, w*w < f, and w*Aw = Agw*w. If ¢ > 0 and x1,...,xx € N, then there
exists a unitary u € A such that

[Ea, (frieuzsflla < e (11.3.1)
Jor1<ui,j<k.

Proof. By Theorem 3.5.2, a masa in a separable II; factor is isomorphic to
L*>°[0, 1] with the trace corresponding to fol - dt. Hence, in such a masa there
are finite sets of orthogonal projections summing to 1 and with pre-assigned
traces. Using this observation, choose two sets of orthogonal projections

{e1,...,em} CAand {f1,..., fn} C Ao,
each finite set summing to 1, and satisfying the relations
(i) e1=e, f1=Ff;
(ii) 7(e;) =7(e) for 1<i<m-—1;
(i) 7(f;) =7(f) for 1<j<n—1
) T(em) < 7(e),  T(fn) < 7(f)-

The equations in (i) are required in the final construction of u € A. Again, we
use the isomorphisms of A and Ay with L°°[0, 1] (Theorem 3.5.2) to choose two
projections p,, € A and ¢, € Ao with p,, < e, qgn < f, 7(pm) = 7(em) and
7(gn) = 7(fn). Then select partial isometries v;, w; € N satisfying the relations

(iv
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(v) viv; =€, vivf =e, for 1<i<m-—1;

) wiw; = fj, wywi =f for 1<j<n-—1;
)

(vi

*

.. _ .
(Vil) v} Um = €m, UmU), = Dm;

(vill) wiwy, = fn, waw = qp.

These partial isometries exist because the projections in (i)—(iv) have been cho-
sen with appropriate traces.
Define two subalgebras of N by

B= vaAvi and By = Zw;‘Aowj. (11.3.2)

i=1 =1

These two algebras B and By are masas in N, because A and Aj are masas in
N. We now show that there cannot exist a non-zero partial isometry v € N
satisfying vv* € B, v*v € By, and v*Bv = Byv*v. Suppose that such a partial
isometry exists. Then, for a suitable choice of ¢ and j, the element w = v;vw;
is non-zero. This element w is a partial isometry, because v v; and vv* are
projections in B, and wjw; and v*v are projections in By with both B and By
abelian. Hence w is a non-zero partial isometry satisfying ww* < e, w*w < f,
and

w* Aw = wjv ;] Avpvw; C wiv* Bvw] = w; Bov vw;

g U)]‘B()’w;< = ’LUj’LU;'-‘14.0’ij;»< = f1A0f1 = A0f1 g Ao. (1133)

Interchanging the roles of A and Ap in (11.3.3) gives wAqw* C Ae; C A in the
same way. Then ww* € A, w*w € Ag and w* Aw = Agw*w, by Remark 11.2.2.
Moreover,

ww* = v VW]

w;v'; <wvuf =ep <e (11.3.4)

and
wrw = wiv*vjvivw; < wjwi = f < f. (11.3.5)

This contradicts the hypothesis, and so no such non-zero partial isometry v can
exist. This shows that condition (4) of Theorem 9.5.1 fails to hold for the masas
B and By. Then the equivalent formulation (5) of that theorem must fail for
these masas. Thus, given € > 0 and the elements y; = fxie, 1 < i < k, we
obtain a unitary u; € B such that

|EB, (frieurex;f)lla <e, 1<14,j<k. (11.3.6)

By construction e = e; € B and so commutes with w;. Thus u = eu; + (1 —¢€)
defines a unitary in A such that eu = euy € A, since eB = eA. We may then
replace euje = eu by eu in (11.3.6). Moreover, fBy = fAp, and so (11.3.6) may
be rewritten as

|Ea, (frieuz]f)ll2 <e, 1<i,j <k, (11.3.7)

reaching the desired conclusion. O
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The next result is (1) = (4) in Theorem 11.1.2.

Lemma 11.3.2. Let A be a singular masa in a separable type 111 factor N. If
Z1,...,Tx € N and € > 0 are given, then there is a unitary u € A such that

|Ea(ziuxy) — Ea(zi)uBa(z})|2 <e (11.3.8)
for1<i,j<k.

Proof. [(1) = (4) in Theorem 11.1.2]
If z,y € N and u € A, then

Ea(zuy”) —Ea(z)uEa(y®) = Ea((z —Ea(z))uEa(y —Ea(y))”)  (11.3.9)

by the module properties of E4. Thus inequality (11.3.8) follows if we can
establish that
Ea(ziuat)lls <e, 1<i,j<k, (11.3.10)

when the z;’s also satisfy E4(z;) = 0 for 1 < i < k. We assume this extra con-
dition, and prove inequality (11.3.10). By scaling, there is no loss of generality
in assuming ||z;]| <1 for 1 <i<k.

Let § = ¢/4. From Lemma 3.6.8 and Corollary 3.6.9, there is a finite di-

mensional abelian subalgebra Ay C A with minimal projections ey, ..., e, such
that
H Z emmiemHg = ||EA(£L'Z) — EA()QN(JJZ‘)HQ <4 (11311)
m=1

for 1 <4 < k. Any partial isometry v € N satisfying vAv* = Avv* has the form
pu for a projection p € A and a normalising unitary v € N by Lemma 6.2.3 (iii).
The singularity of A then shows that v € A, making it impossible to satisfy the
two inequalities vv* < ey, and v*v < (1 — e,,) simultaneously unless v = 0.
Thus no non-zero partial isometry v € N satisfies vv* < e, v*v < (1 — e),
and vAv* = Avv*. The hypotheses of Lemma 11.3.1 are satisfied, and applying
this result with e replaced by d/n gives unitaries u,, € A such that

[Ea((1 = em)ziemumz} (1 —em))ll2 < d/n (11.3.12)

for 1 <m <nand1<ij <k Definea unitary u € Aby u= 3" _, tunen,
and let y; = > 0" _ (1 — ey,)Tiem, for 1 <i < k. We have

n

Ti— Y = T; — Z (1 —em)ziem = Z emTiCm = EA()mN(l‘i) (11.3.13)

m=1 m=1

for 1 < i < k. The inequalities
zi —yillz < flzill2 <1, i —wll < llzall <10 flysll <2, (11.3.14)

for 1 < i <k, follow immediately.
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If we apply E 4 to the identity
riur; = (z; — yi)ur; + yu(r] — yi) + yiuy;, (11.3.15)
then (11.3.14) gives

[Ea(@iuzi)llz < o — yill2 + lyilllz; — yill2 + [Ea(yivyi)ll2
<36+ [[Ea(yiuy;)l2, (11.3.16)

and we estimate the last term. The identity

yluy;k = Z (1- em)xiemuesx;(l —es)
m,s=1
Z (1= em)Tiemumz;(l —em) (11.3.17)

m=1

holds because each e; commutes with u and e,,es = 0 for m # s. The last sum
has n terms, so the inequalities

[EA(yiuy;)ll2 <0, 1<i,j<k, (11.3.18)

are immediate from (11.3.12). Together (11.3.16) and (11.3.18) yield
[Ea(ziuz})lla <36 +d=¢, 1<i,j<k, (11.3.19)
as required. O

Since the weak asymptotic homomorphism property is a consequence of
applying Lemma 11.3.2 to the set of elements x1,...,2%,y7,...,y; € N, we
immediately obtain the following corollary, which is the final step in proving
Theorem 11.1.2.

Corollary 11.3.3. Let A be a singular masa in a separable 111 factor N. Then
A has the weak asymptotic homomorphism property.

Here are some corollaries for singular masas of Theorem 11.1.2. The first
depends on the equation E 55 = E4 @ Ep.

Corollary 11.3.4. Let AC M and B C N be masas in separable 11y factors M
and N. If A and B are both singular, then AQB is a singular masa in MQN.

Proof. Theorem 11.1.2 shows that singularity and the weak asymptotic ho-
momorphism property are equivalent for masas in separable II; factors. By
Tomita’s commutant theorem (Theorem 2.2.4 or [105, Theorem 11.2.16]), AQB
is a masa in M®N, since

(ABB) N (M®N) = (A' N M)@(B' (\N) = ATB. (11.3.20)
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To verify that the weak asymptotic homomorphism property carries over to
tensor products, it suffices to check this property on a set whose linear span is
|l - ll2 - norm dense in M®N, as was observed following Definition 11.1.1. In
this case the appropriate set is

{zr@y:ze M, ye N}.

Let € >0, let z1,...,2, € M and y1,...,y, € N and assume that ||z;|| <1
and |ly;]] < 1for 1 < 4,5 < n. By Theorem 11.1.2, both A and B satisfy
the weak asymptotic homomorphism property so there are unitaries u € A and
v € B such that the relations

[Ea(ziuz}) — Ea(z;)uEa(z})]2 < e (11.3.21)
and
IEp(yivy;) — Ep(yi)vEp(y;)ll2 <e, for 1<i,j<n, (11.3.22)
hold. From the equation E ;55 = E4 ® Ep and (11.3.20), we obtain

[Eags((@i @ y:)(u@v)(z} @yj)) — Exgp(@i @ yi)(u @ v)Esgp(a] @y))ll2
= [[Ea(ziuz}) @ Ep(yivy;) — Ea(zi)uBa(2}) @ Ep(y:)vEp(y])ll2

< |Ea(ziuz}) — Ea(zi)uBa(z})|2 + [Es(vivy;) — Eb(yi)vEs(y;) |2

<2 for 1<4,j<n. (11.3.23)

Here we have added and subtracted a suitable term, used the triangle inequality
and the estimates ||z;|| <1 and [Jy;|| < 1. O

The previous corollary is in [177] and the following corollary was proved
originally by Popa using his results on the dé-invariant for singular masas in
[139]. For the definition of N“ and A“, see Appendix A, Section A 4.

Corollary 11.3.5. Let A be a singular masa in a separable 111 factor N. Then
A% has the weak asymptotic homomorphism property in N“ and is strongly
singular.

Proof. Let € > 0 and let z1, ...,z € N¥ have representatives (n1), ..., (Tnk)
in £*°(N). By Theorem 11.1.2 the weak asymptotic homomorphism property
holds for A in N so there are unitaries u,, in A such that

IEA(zniun®y, ;) — Ea(®ni)unBa(z, ;)llz <e (11.3.24)

for all 1 <i,j <k and all n € N. Let the unitary v = 7(u,) € A correspond
to (4r). Then

HIE‘*g(xzu:c;‘) — B4 (z)uE3 (25) 2,0 < € (11.3.25)

by inequality (11.3.24), so A¥ has the weak asymptotic property. The strong
singularity follows from Lemma 11.2.3, which does not depend on separability
of the factor. O
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Remark 11.3.6. By refining the methods presented in this section, Chifan [12]
has strengthened Corollary 11.3.4 by showing that

(N(ABB))" = (N(A)")B(N(B)")

holds for all masas A and B. For singular masas this reduces to Corollary
11.3.4. O

11.4 A basis condition for singularity

In this section a condition on an orthonormal basis of a subalgebra of N is
given to ensure that certain subalgebras are singular. The hypotheses of the
next theorem are satisfied by a diffuse abelian von Neumann subalgebra B
of a separable II; factor, as in that case the algebra is isomorphic to L*°[0, 1],
(Theorem 3.5.2), so contains a Haar unitary v with {u™: n € Z} an orthonormal
basis of L?(B, 7). In our subsequent applications N will be a II; factor; note
that B is not assumed to be abelian in the next theorem.

Theorem 11.4.1. Let N be a separable finite von Neumann algebra with faithful
normal trace 7 and let Y C N be a subset whose || - ||2-closed linear span is
L?(N). Let B be a von Neumann subalgebra of N that contains an infinite set
W = {wy,: n € N} of mutually orthogonal unitaries. If {v,: n € N} C B is an
orthonormal basis for L?(B) such that

Z IEz(zv,y) — Ep(z)v,Ep(y)|5 < oo (11.4.1)

forallz,y €Y, then

liTILn |Eg(zwny) — Ep(x)w,Eg(y)|l2 =0 (11.4.2)

forallz,ye N.

Proof. Since W is an infinite orthonormal subset of L?(B),

lim 7(wyv;) =0 forall jeN. (11.4.3)

n—oo

Let F' be a finite subset of Y and let ¢ > 0. By the hypothesis (inequality
(11.4.1)), choose k € N such that

> Es(zvy) - Es@)oEs@)l} < e (11.4.4)
j=k+1

for all z,y € F. Let § = max{||z||: x € F}. By (11.4.3) there is an ng € N such
that

|T(wiv;)| <ek™'372 (11.4.5)
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for 1 < j < k and all n > ng. Since {v;: j € N} is an orthonormal basis of
L?(B), we obtain

wy, = Zr(wnv;)vj for all n €N, (11.4.6)
j=1
which leads to

[Ep(zwny) — Ep(x)waEp(y)|2

Z )(Ep(2v;y) — Ep(2)v;Ep(y)) (11.4.7)

for all x, y € F. Split this sum at j = k and estimate each part separately.
For all n > ng, the inequality (11.4.5) gives

k
Z T(wnv)) (Ep(2vy) — Ep(z)v;Ep(y))

Jj=1 9

k
<Y ek 87| Ep(zvsy) — Ep(2)v,Ep(y)]:
j=1

k
< ekt a2yl
j=1
< 2 (11.4.8)

for all z, y € F, since ||vj|2 = 1 and § = max{||z||: « € F'}. The orthonormality
of {v;: j € N} implies that

1= [lwa]l3 = [r(wnv)) P, (11.4.9)
j=1

and combining this relation with (11.4.4) and the Cauchy—Schwarz inequality
leads to

o0

Z 7(wnv}) (Eg(2v5y) — Ep(z)v;Ep(y))
j=k+1 5

> Ir(wao)lEs(zvsy) — Ep(@)o;Ep(y)|a
1/2 1/2

<| X Ir(wa))P Y IEs(zvjy) — Ep(2)v,Exs(y)ll3

j=k+1 j=k+1
<e (11.4.10)

IN
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for all z,y € F. The right-hand side of (11.4.7) can be estimated by using
(11.4.8) and (11.4.10), resulting in the inequality

IEg (zwny) — Eg(z)w,Ep(y)|l2 < 3¢ (11.4.11)

for all ,y € F and all n > ng. Since ¢ > 0 was arbitrary, (11.4.11) implies that

nan;O IEg(zwny) — Ep(x)w,Ep(y)|l2 =0 (11.4.12)
for all z,y € Y. The lemma follows, because ||w,|| = 1 for all n € N and the
linear span of Y is || - ||2-dense in N. O

Remark 11.4.2. (i) If z,y € N and w € B, then the identity

Ep(zwy) — Ep(z)wEp(y) = Ep((z — Ep(z))wy)
=Ep((z — Ep(x))w(y — Ez(y))) (11.4.13)

reduces the general case of Lemma 11.4.1 to that where Eg(z) = 0 = Eg(y).
(ii) If B is an abelian von Neumann subalgebra of the II; factor N, and if the
conclusion of Theorem 11.4.1 holds so that

lirrln IEg (zwny) — Ep(z)w,Ep(y)|l2 =0 (11.4.14)

for all x, y € N, then B is diffuse. To see this, we argue as follows.

Let p be a non-zero minimal projection in B. Then pB = Cp, so each unitary
w € B has the form w = Ap + (1 — p)w for a scalar A of modulus 1. In pNp,
decompose p as a sum p; + po of orthogonal equivalent projections, and choose
a partial isometry v € N such that vv* = p1, v*v = pa. Then v = pivps, so
the module properties of Eg give Eg(v) = 0 since B is abelian and p;ps = 0.
Now let u = v 4 v*, a unitary in pNp satisfying Eg(u) = 0. For any unitary
w=Ap+ (1 —-pwe B,

wwu” = upwu® = Auu® = A\p,

so |Eg(vwu*)||3 = 7(p), while Eg(u)wEp(u*) = 0. Thus (11.4.14) can never
be satisfied by any sequence of unitaries from B, showing that no such minimal
projection p can exist. Thus B is diffuse.

(iii) If B is a diffuse abelian von Neumann subalgebra of N, then (B, 7) &
(L>[0,1], fol -dt) by Theorem 3.5.2, so there is a Haar unitary u € B that
generates B and {u™: n € Z} is an orthonormal basis of L?(B).

(iv) Note that the conclusions of Theorem 11.4.1 are closely related to condi-
tions of Jolissaint and Stalder [92].

(v) If {v,: n €N} and {w,: n € N} are orthonormal bases of L?(B) in B,
then

> IEs(zvny) — Ep(x)oaEs(y)l3
n=1

Z |Es(zwny) — Ep(z)w.Es(y)|3 (11.4.15)
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for all , y € N. This follows by standard properties of orthonormal bases
by expanding each v, in terms of the w; and is easily seen in the case where
Ep(z) =Ep(y) = 0. O

Corollary 11.4.3. Let N be a separable 111 factor, let B be a diffuse von
Neumann subalgebra of N and let Y be a subset of N whose linear span is
| - ll2-dense in N. If there is an orthonormal basis {v,: n € N} C B of L?(B)
with

S IEE (z0ay) — Es(2)0aEs(y)|2 < 0o (11.4.16)

for allx,y € Y, then B is a singular masa in N.

Proof. Let Abe amasain B. Then A is a diffuse separable abelian von Neumann
algebra so, by Theorem 3.5.2, (A, T) is isomorphic to (LOO[O7 1], fol ~dt). From
this we obtain that L?(A) has an orthonormal basis {u™: n € Z}, where u is a
Haar unitary in A, and thus also in B. Then the conditions of Theorem 11.4.1
are satisfied and

nILrI;O |Eg(zu"y) — Ep(z)u"Ep(y)|j3 = 0 (11.4.17)

for all x, y € N.

If w lies in the unitary normaliser N'(B), then the map b — wbw* defines a
s-automorphism of B, and thus wu"w™* is a unitary in B for all n € N. Then
(11.4.17) implies that

lim ||Eg(w)u"Eg(w*)|2 =1, (11.4.18)
n—oo
where we have taken = and y to be respectively w and w*. This is impossible
unless [|[Ep(w)||2 = 1, in which case w = Eg(w) € B. Thus B is singular. O

Remark 11.4.4. A class of examples of von Neumann algebras satisfying the con-
ditions of the above theorem may be constructed using a condition of Jolissant
and Stalder [92, Theorem 1.2(2)].

Let H be an infinite subgroup of a countable discrete group G and assume
the extra condition that L(H) is diffuse (automatically satisfied when L(H) is
a masa or a subfactor in L(G)). If for each pair ¢1, go € G\ H, there is a finite
subset 2 C H such that

g1(H\ E)go N H =0, (11.4.19)

then B = L(H) will be shown to satisfy the hypotheses of Corollary 11.4.3 as a
subalgebra of the von Neumann algebra (L(G), ).

Take H as the orthonormal basis of L?(H) and let Y = G C L(G) with
Y" = L(G). The term Eg(g1hg2) —Ep(g1)hEpR(g2) is zero if either g1 or go is in
H, since Ep is a B-module map. If g1, go € G\ H, choose a finite subset E C H
such that g1hge ¢ H for all h € H\ E. Hence Eg(g1hg2) —Ep(g91)hEp(g92) =0
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for all h € H \ E as the three conditional expectations are zero. Thus all but a
finite number of terms in the series

> IEs(91hg2) — Ep(91)hE5(92)]13
heH

are zero so the series converges.
There are many groups and subgroups with these properties. Here are two
examples related to the free groups used in this chapter:

(1) H={a) CG=F3 = (a,b);
(2) H=TFy = (a,b) CG=F3=(a,b,¢). O

11.5 Enumeration of words in [,

In order to show that the Laplacian masa {h}" satisfies the properties of Corol-
lary 11.4.3, estimates on certain classes of words in [Fo are required. The follow-
ing definition establishes the notation that we will use.

Definition 11.5.1. Let Fy denote the free group on 2 generators a,b and let
S ={a,b,a"t,b71}. Let W, be the set of all reduced words in Fy of length n
(in particular, W; = S). We let w,, denote the sum in CFy of all reduced words
from Fy of length n for n > 1, and we adopt the convention that Wy = {e} and
that wg = e. O

We list here the basic relations amongst the w,’s, which are all self-adjoint
elements of L(Fs). The first two are just definitions and the second two are
proved by simple algebra in Fs.

(i) wo = €;
(i) wy=a+b+at+07 1
(iii) w? = we + 4wy = wo + 4e;
(iv) wiw, = wpwi = Wyl + 3wp—q for n > 2.

These equations show that the algebra Alg(w;) generated by w; is equal to
the linear span of the set {w,: n > 0}. Two words of different lengths are
orthogonal in ¢2(Fz), and so {w,: n > 0} is an orthogonal set of vectors in this
space. The quantity ||Jwy,||3 is equal to the number of terms in the sum for w,,,
and this is the number of words in Fs of length n. There are four choices for the
first letter of such a word and three choices for each subsequent letter, giving
lwn||3 = 4-3""! when n > 1, and ||wo|3 = 1 is clear in the exceptional case
n=_0.

Let B denote the abelian von Neumann subalgebra of L(Fs) generated by
wy. This algebra is called the radial, or Laplacian, algebra (or masa) of L(FFs).
The remarks above show that

{vn, = wp/||wn|l2: n > 0} (11.5.1)
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is an orthonormal basis for L?(B). From the equation Eg = ep|y, if follows
that

Ep(x) = > m(zwn)wn/|[wnl3 = 7(zv5)vn. (11.5.2)

n>0 n>0

The quantities in the next definition will be needed subsequently in Corol-
lary 11.5.6.

Definition 11.5.2. (i) For each pair x,5 € S = {a,a~!,b,b71} and for each
n > 2, let wy,(z,y) be the sum of all reduced words of length n which begin
with  and end with y. We denote the number of such reduced words by
vn(z,y), and this is equal to ||w, (z,y)|3.

(ii) More generally, if o and 7 are subsets of S, then w, (o, 7) will denote the
sum of all words beginning with a letter from ¢ and ending with a letter
from 7. We will abuse notation slightly by continuing to use wy,(z,y)
rather than w, ({z}, {y}) for one point sets.

(iii) The numbers «,,, B, and v, are defined by

an:l’n(a;b)v 6n:’/n(aaa)v ’Yn:l/n((%ail)v
for n > 2. O

For any pair x,y € S, there is an automorphism derived from permuting the
generators of Fy and their inverses such that the pair (z,y) is sent to one of
(a,b), (a,a) or (a,a™'). Hence wy,(x,y) corresponds, under this automorphism,
to one of wy,(a,b), w,(a,a) or wy,(a,a™t) and thus v, (z,y) is one of a,,, (3, or
vn for each n > 2.

Lemma 11.5.3. Forn > 2,
(i) wpt1(a,b) = a(wy(a,b) + wy,(b,b) + w, (b1, b));
(i) wni1(a,a) = a(wn(a,a) + wy, (b, a) + w, (b7, a));
(iii) wnt1(a, a™t) = a(wn(a,a™) + wp(b,a™) + wp (b7t a™h)).

Proof. This is a simple direct application of the definition of w,,(z,y) and the
unique definition of each word in terms of S. O

Lemma 11.5.4. The following relations hold for cu,, Bn and vy
(i) ae =1, o =1, and v =0;
(ii) forn > 2,
(1) ant1 = an + Bn +Yn;

(2) Brny1 = Bn + 20
(3) Vn+1 = Vn T 200;
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(iil) forn > 2,
t, —4713" 71 < 3, (11.5.3)

where t,, denotes any one of the three quantities au,, Bn, 0T Yn-

Proof. (i) These are clear since ws(a, b) = ab, wa(a,a) = a?, and wy(a,a™1) =
0 since there are no reduced words of length 2 which begin with a and end with
a b

(ii)  These three equations follow from the corresponding three parts of Lemma
1153 using ap = [wa(a,0)[3 G = Jwn(a, )3 and v, = [wn(a,a V)3,
orthogonality and the observation above on v, (z,y).

(ili)  The equations of part (ii) show that

Br+1 — Ynt+1 = Bn — In (11.5.4)
and so this difference is independent of n. Since B3 — 2 = 1, it follows that
Bn=14+7, for n>2. (11.5.5)

Subtracting (3) from (1) shows that

Ant1 — Yn+l = ﬂn — Op = 1+ (’Yn - an) (1156)

by (11.5.5). Since az — 2 = 1, an induction argument using equation (11.5.6)
shows that

=7+ (1+(=1)")/2 for n>2. (11.5.7)
From equations (11.5.7) and (11.5.5) if follows that
‘an - 7n| S 1 and |an - ﬂn| S 2 (1158)

for all n > 2. There are 4-3" ! words of length n in F5, which may be split into
three classes: those beginning and ending with different symbols, those with the
same symbol and those with a symbol and its inverse. These three correspond to
wy(a,b), wy(a,a) and w,(a,a"t). Enumeration of the possibilities (for example,
wy(a,a), wy(b,b), wy(a™ta™t), and w, (b=, 671) lead to the 403, term below)
leads to

8ay, + 406, + 4y, = 43771 (11.5.9)
or
200 + B+ = 3" (11.5.10)

for all n > 2. Substituting the estimates from inequality (11.5.8) into (11.5.10)
yields

|4a, — 3" <3 forall n>2. (11.5.11)

If we combine the inequalities (11.5.8) and (11.5.11), then the estimates
|yn — 473" < 7/4 and |3, —4713"7Y < 11/4, (11.5.12)
for all n > 2, are immediate and (11.5.3) is established. O
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Remark 11.5.5. Well known properties of linear recurrence relations enable one
to obtain closed forms for «,, 8, and 7, from Lemma 11.5.4. Induction, gen-
erating functions or the observation that

Qg1 1 1 1 Qo
ﬂn—i—l =12 1 0 ﬂn
Yrn+1 2 01 Tn

would all derive exact formulae for these quantities. In the latter case, the
eigenvalues and eigenvectors of this 3 x 3 matrix enable one to give the closed
form. O

The estimates in the next corollary could be improved by a more detailed
analysis, but are sufficient for subsequent use. The quantities in the statement
of the next result were defined in Definition 11.5.2, and we use the notation |o|
for the cardinality of a set o. The result says, in essence, that up to a bounded
error, v, (o, 7) depends only on the sizes of the two sets.

Corollary 11.5.6. If 01, 02, 71 and T2 are non-empty subsets of S with

loi| = lo2| and |7i| = |72l (11.5.13)
then

[V (01, 71) — vn(02, 72)| < 96 (11.5.14)
for allmn > 2.
Proof. By the definition of v, (o, 7) in Definition 11.5.2,

|Vn(Jl7T1) - Vn(O'Q, 7—2)|

= | Z Vn(21,91) — Z Un (22, y2)]. (11.5.15)

T1€01,Y1€T1 T2€02,Y2€T2
Each v, (x,y) satisfies
|vn (2, y) —4.3" 71 <3 (11.5.16)

by Lemma 11.5.4 (iii), so that adding and subtracting |oy|-|71| = |o2]| - |T2| times
4-3"1 and using the triangle inequality show that

|Un (01, 71) — vn (02, 2)| < 2|o1] - |71] - 3 < 96, (11.5.17)
since |o| < 4 for any subset o of S. O

Lemma 11.5.7. Let x = z;...21 and y = y1...yr be words in Fy written
in reduced form. Ifn > j4+k+2,0<7r <j, and 0 < s < k, then there
are subsets o.(x) and 75(y) of S for 0 < r < j and 0 < s < k such that the
number of reduced words in Twy,y resulting from r cancellations on the left and
s cancellations on the right is equal to vy_r_s(or (), 75(y)).
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Moreover
|o0(2)| = loj ()| = |ro(y)| = [7(y)| = 3 (11.5.18)
and
o ()| = |7s(y)| = 2 (11.5.19)
forO<r<jand0<s<k.
Proof. Let
oo(z) =S\ {z1}, oj(x)=5\{z;}, (11.5.20)
7o) =S\{n} () =5\ {w}- (11.5.21)
For0<r<jand 0 <s<k,let
or() = S\ {zly, e (@) =S\ {yl, ush (11.5.22)

Note that the pairs {mf_&l, x,} and {y;rl17 Ys + consist of two elements otherwise
cancellation would occur in x and y. The cardinalities of the sets in equations
(11.5.20) and (11.5.21) are all 3, while those in (11.5.22) are 2. If the reduced
word z = T -+ - Tp41VYs1 - - - Yk Tesults from r cancellations in z and s cancella-
tions in y, then v must not begin with .Z’;_&l and must not end with y;_:l. These
restrictions do not apply if r = j—1 or s = k — 1. The original word of w,, that
cancelled to z is 2y -+ -z 'uy; -+ -y ', which requires that v does not begin
with z, or end with z,. Thus the first symbol of v must lie in o,.(z) and the
last symbol in 74(y) for exactly r and s cancellations. The word v clearly has

length n — r — s so the lemma follows. O

The constants in the next lemma are not best possible but are sufficient for
subsequent use.

Lemma 11.5.8. There is a function K: N — N such that if z,y € Fy and
n > || + [yl + 2, then

IE5(2wny) — Ep(z)waEp(y)llz < K (2K (y))|wallz"- (11.5.23)

Proof. Let = and y be fixed words in Fy of lengths j and k, respectively, with
j,k > 1. Let z be an arbitrary word of length j and let n > j 4+ k + 2.

If a word v has length p, then it is orthogonal to w,, for all n £ p and hence
Ep(v) = wyllw,|l5?, since 7(vw,) = 1. Now consider zw,y. This is a sum of
reduced words with various lengths. If v is a reduced word of length n, then
the unreduced word zvy has j + k + n letters. If it is possible to carry out
r cancellations on the left and s cancellations on the right, then the resulting
reduced word has length j + k +n — 2(r + s), and Lemma 11.5.7 shows that
Vp—r—s (ar(x), Ts (y)) distinct words arise in this way. If we let r and s vary and
take into account all the possibilities, the result is

Ep(zw,y)

ik
= Z Un—r—s (Jr (LC), Ts (y)) ||wj+k+n—2(r+s) ||§2wj+k+n—2(r+s) . (11524)
=0 s=0
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If z € Fy is another word, then by Corollary 11.5.6 and Lemma 11.5.7, the
sets o.(z) and o,(z) arising from 2w,y and zw,y are equal (see (11.5.19) and
(11.5.20)). Moreover,

lvp(or (), Ts(y)) — vp(on(2), Ts(y))| < 96 for all p > 2, (11.5.25)

from (11.5.17). Hence there are integers A, s depending on z, y, z with A, 5| < 96
for all r, s such that

Ep(zw,y) — Ep(zw,y)
J k

Z 7y sWnt j+k—2(r+s) | Wntj k- 2(7“+s)||2 : (11.5.26)
=0 s=0

T

Because ||wp||3 =4 -3P~1 = 37P7"||w, |3 is the number of words in Fs of length
p, the choice p=n+j+k — 2(r + s) gives

[t jen—2rt0)ll3 = 32wy |15 = 35 |13 (11.5.27)

for 0 <r < jand 0 < s < k. By the triangle inequality and (11.5.26), we obtain
the estimate

IEg(zwny) — Ep(2w,y)|l2

ik
<9 Z ||wn+J+k 2(r+s) ||2
r=0 s=0
< 96(7 + 1)(k + 1)3U+0/ 2|4y, |15 1. (11.5.28)
If this inequality (11.5.28) is summed over all words z of length j (there are

lw;]|3 of these), then

Hw;I3Es (zwny) — Ep(wjwny)ll2

< Z IEg(zwny) — Ep(zw,y)]le
|z|=j

< 96(j + 1)(k + 13U 2wy |15 [y 13- (11.5.29)
Since Eg(z) = w;|jw;|;* and Ep(wjw,y) = wjw,Epz(y), we have
Ep(z)wnEp(y) = wijw,Ep(y)|wll5? = Ep(wjway)|lw;*. (11.5.30)
Then (11.5.29) and (11.5.30) imply that

IE 5 (zwny) — Ep(zwny)lla < 96(j + 1)(k + 1)39 572w, |5
<96(j + 1)(k 4 1)39 /2|, |51, (11.5.31)

If we define K (j) to be (96)'/237/2(j +1) for all j € N, then the lemma follows.
O
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Theorem 11.5.9. Let B = {h}" be the Laplacian algebra in L(F3). If v, =
wy||lw,|l5 "t for all n > 0, then {v,: n > 0} is an orthonormal basis for L?(B)
satisfying

> B (zvny) — Ep(z)vaEp(y)|3 < oo (11.5.32)
n=1

for all x,y € Fs.

Proof. If x,y € F, then define k to be |z| + |y| +2 and let C be K (|z])2K (|y|)?,
where K () is the bound of Lemma 11.5.8. Then Lemma 11.5.8 gives the esti-
mate

IEg(zvny) — Eg(2)v,Ep(®)|3 < Cllwn|lz* = C.472372+2 (11.5.33)

for alln > k. The desired inequality (11.5.32) follows immediately from (11.5.33).
O

11.6 The Laplacian masa

Recall that in L(IF2), the self-adjoint element h is defined as the sum of the gener-
ators and their inverses. This section is devoted to the proof that the Laplacian
algebra B = {h}"’ C L(F3) is a masa in L(F3) using some nice commutator
inequalities of Pytlik [155] and then deducing singularity from the previous sec-
tions. An alternative method is to show that B is diffuse by calculating that
the spectrum of h is [—2\/?:,2\/5} so that B = L°°[—2\/§,2\/§]. From this it
follows that B contains a Haar unitary, so B is a singular masa by applying the
results of Sections 11.4 and 11.5. The reader is referred to the papers of Cohen
[32] and Pytlik [155] or to the book by Figa-Talamanca and M. Picardello [69]
for the spectrum of h. If W C Fy and if a vector € £?(F3) has orthonormal
expansion 1 = ZweFQ 1., then we will use the notation n|y for the restricted
sum » o oy Mo

In the following lemma, ¢ could be a or a~! if n > 2 and could be a if n = 2
but cannot be ¢! in this case. If n =1, then c=bor b~ ! and z =e.

Lemma 11.6.1. Let z, y € Fy with |z| = |y| = n, where x = za and y = cz
with |z| = n —1, and a and c are generators of Fa or their inverses. If ¢ > 0,
then there is a vector n € (*(Fy) satisfying the inequalities

I —nh) = (@ —y)llz <&, linll2 < 672 (11.6.1)

Proof. Before beginning the proof, we refer back to Definition 11.5.1 for the
Wy’s appearing below.

For m > 0, let ¢, be the sum of all reduced words in Fy of the form uczav
with |u| = |v| = m. This is also the sum of all words uczav with |u| = |v| =m
with the restrictions that u does not end in ¢~! and v does not begin with a=!.
There are 3™ words in the sum of v,,, as may be seen by counting from z
outwards, so ||¢m||l2 = 3™ for all m, since 1y = cza. The following properties
hold from the definition of ¥,,:
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(1) htpp, and ¢, h are supported on Wap, 4 U Wap4nto;
(2) Bhwm‘W2nz+n+2 = ¢m+1h|W2m+n+2;

(3) 31/}771|W2m+n+2h’ = hwm+1|W2m+n+2'

The first is clear. The second is valid because there is only one way of achieving
each word in the sum of the left-hand side but three cancellations which will
give it on the right-hand side. The same argument establishes (3).

Let 0 < § <1 and let

= Z (1 —8)™3"™ehy,. (11.6.2)

By the pairwise orthogonality of 1y, (m > 0) and ||¢,]|2 = 3™,

Insl3 = > (1= 8)*"37" [l
m=0
=1-(1-6)"1=(20-0*)"" <6, (11.6.3)

so that ||1s]|2 < 6*/2. By the restrictions on the support of v, (m > 0) in (1),
hns — nsh is supported on |J,, Womn-
If 0 <r < n, then
(hns — nsh) lw, = 0. (11.6.4)
If r =n or m =0, then

(hns — nsh)|w, = hibo — thohlw, = za —cz =z —y. (11.6.5)

Ifr=2m+n+2 with m=0,1,..., then

(hns — nsh)|w,
= (1= 8)"3"™ (Mpm — Ymh) + (1 = 6)™ 137 (hppg1 — Yms1h))|w,

= ((1=8)"3™ ™ (Wb — Pmh) — (1 = 8)™ 137 13(hpyn, — i) lw,
=(1—=08)"37"0(htpm, — Ymh)|w, (11.6.6)

by equations (2) and (3).
These equations yield

(hns—nsh) — (x —y)

o0

(1= 8)"37™6(htbm — Ymh) [ Wam snis- (11.6.7)

m=0
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By the orthogonality of the supports and this equation (11.6.7),

(ks — n5h) — (x = y)|3
2

= Z (hn5 - 775}7')|W2m+n+2
m=0 2
= > (1=06)*"372"6%||(htbm — Yimh) | Wap o |3 (11.6.8)
m=0

In ("M — Ymh)|Wapniios any words appearing twice will cancel, so this ex-
pression consists of a sum of distinct words with coefficients +1. Counting the
number of possibilities leads to the upper estimate

”(hwm - ,(/)mh)|W2'm,+n+2 ||% <2-3- 32 (11'6'9)
By inequalities (11.6.9) and (11.6.8),
[(hns = nsh) — (= = y)l3

< Z(l _ 5)2m372m522.32m+1

=0
66%(1 — (1 —0)*)"' <65(2—0)"" < 60. (11.6.10)

IN

If we now choose ¢ to satisfy (65)/2 = ¢, then (11.6.1) follows from (11.6.2) and
(11.6.10). O

The hypotheses and conclusions of Lemma 11.6.1 are invariant under an
automorphism of L(F2) induced by an automorphism of Fy that permutes the
generators and their inverses. Thus a and c¢ in the lemma can be any elements
of W7 subject to the restrictions when n =1 or n = 2.

Lemma 11.6.2. If x,y € Fy with |x| = |y| and if € > 0, then there is an
n € (?(Fy) such that

[(hn —nh) — (z —y)|2 <e. (11.6.11)

Proof. Let n > 2 and let x = ¢1---¢y, and y = dy, -+ - dy with ¢;,d; € Wy If
dy # ¢ty let ©g = x, and define z; for j > 1 by

1

Tj = dj o ~d1xc; < 'C;ij-t,-l = dj . -d101 o Cp—j- (11.6.12)

Then z,, = y and each pair (z;,2;41) satisfies the conditions of Lemma 11.6.1.
For the case d; = ¢j*, choose a generator ¢y with ¢y # dy and co # c1, and
define z; by

x, ]: Oa
coxc, T, =1,
0%Cn L = (11.6.13)
dj—1---dicomey, e iy, 2<j<mn,
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Each pair (2, xj41) satisfies the conditions of Lemma 11.6.1, since z,, = dp—1 - - - dico.
By Lemma 11.6.1, there are vectors n; € ¢?(F,) with

[(hn; —n;h) — (2 — zj41)[l2 < &/(n+1) (11.6.14)

for0 <j<n-—1or0<j<nin the two cases. Letnzzjnj. Then
[(hn = nh) = (& = y)ll2 < Y lI(hn; = mih) = (25 — 2541) |2
J

<e. (11.6.15)

Ifn=1withz =aory=aora !, thenuse zo =a, z1 = b and o = y in
Lemma 11.6.1 with 7 the sum of two of the 7;’s. This completes the proof. [

We note that if |z| = |y| = n, then the choice in Lemma 11.6.2 gives |72 <
6(n + 1)e 2.

Theorem 11.6.3. If h = a+a ' +b+ b~ and B = {h}" is the Laplacian
algebra in L(F3), then B is a masa in L(F3).

Proof. Let z € L(Fo) with zh = hz and ||z|l2 = 1. Let z,y € Fo with |z| = |y| =
n and let € > 0. By Lemma 11.6.2, there is a vector 1 € £%(F2) such that

[(hn —nh) — (z —y)|l2 <e. (11.6.16)

If we apply the Cauchy—Schwarz inequality and the self-adjointness of h, then
(11.6.16) yields

m(2(z™" =y~ ) = [zh — hz,n)r = (2,0 = y)-|

= |
= [{z,(hn —nh —z +y)),| <e. (11.6.17)

Hence 7(zz~ 1) = 7(2y~!) for all #, y € Fy with |x| = |y| so that ||w,||37(z271) =
7(2wy,), because ||w,||3 is the number of words in Fy of length n. This implies
that

z= f:( > T(zx_l):ﬂ>

n=0 Mz|=n

oo
= Z ”wnH;QT(ZWH)wn
n=0

=Eg(2). (11.6.18)
This shows that B’ lies in B, so B is a masa. O

Theorem 11.6.4. The Laplacian masa B = {h}" is singular in L(Fs).

Proof. By Theorem 11.6.3, B is a masa in L(IF3) so is a diffuse abelian subalgebra
of L(F3) by Corollary 3.5.3. By Theorem 3.5.2, the algebra B is isomorphic to
L°°[0, 1] so contains a Haar unitary. Thus the algebra B satisfies the hypotheses
of Corollary 11.4.3 with respect to the basis ||w,||3 'w, (n > 0) of B, and hence
is singular. O
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Just as the previous theorems may be extended to the Laplacian algebra in
the free group factor L(Fy) for k& > 2, so the theorems may be extended by
replacing the generators by positive powers of generators (see [123, 175]).

The treatment of the singularity of the Laplacian masa B given here is
taken from [175]. At that time, this was the only way to prove that this masa
is strongly singular. After the equivalence of singularity and strong singularity
(Theorem 11.1.2) was shown in [177], an alternative route is then to appeal to
the singularity of B as proved by Rédulescu in [156].



Chapter 12

Existence of special masas

12.1 Introduction

This chapter is devoted to results of Popa [136, 139, 140, 141] showing that
masas with certain additional properties exist in subfactors with trivial relative
commutant in separable II; factors. His results are more general, and his meth-
ods apply more widely than to the II; factor case presented here. The proofs
are neater for the II; factors; the inductive nature of his methods restricts them
to the case of separable predual. Note that although Zorn’s Lemma may easily
be used to show that masas exist, no additional structure is provided by this
method.

If N is a separable type II; factor and if A C M C N are von Neumann
algebras with A a masa in N, then

MNNCANN=ACN.

This condition is thus necessary if masas in N that are contained in M are to
exist, and Theorem 12.2.4 (which comes from [136]) shows that it is sufficient.
Clearly more cannot be said about A, because if M is a masa in N then A = M.
The condition that M is a subfactor of N with trivial relative commutant,
M’ NN = C1, ensures that M is large enough to have many masas of N in
it. Theorems 12.3.1 and 12.4.3 (first proved in [139, 140]) shows that in this
situation M contains both singular and semiregular masas of N. Voiculescu’s
result [199] that there is no Cartan masa in a free group factor L(FF,,) shows
that the algebra cannot be taken to be Cartan, and Dykema’s extension of this
result [59] shows that the masa cannot have Pukanszky invariant a finite subset
of N. The main results of this chapter are summarised for a subfactor with
trivial relative commutant in the next theorem.

Theorem 12.1.1. Let N be a separable type 111 factor and let M be a subfactor
with M' NN = C1.

(i) There is a singular masa A of N contained in M.

223



224 CHAPTER 12. EXISTENCE OF SPECIAL MASAS

(ii) There is a masa A of N and a hyperfinite subfactor R of M with A a
Cartan masa in R.

(iii) If M is a hyperfinite subfactor of N, then there is a masa A of N with A
a Cartan masa in M.

Note that in case (ii) we have AC RC M so RRNN C A'N N = A so that
R' NN =C1 because A C R.

The basic idea is to construct the masa A as the weak closure of an increasing
sequence of finite dimensional abelian von Neumann subalgebras A,, of N with
various good ||-||2-norm properties. The basic ||-||2-norm approximation property
of Lemma 12.2.3 ensures that A is a masa and the other approximations lead to
semiregularity (Theorem 12.3.1) and singularity (Theorem 12.4.3). The whole
process starts with an approximation based on the Dixmier style process arising
from averaging using minimal || - ||2-norm techniques and M’ N N C M. The
following elementary observation will be used many times in this chapter with
no subsequent comment. If e; (1 < j < n) is a finite set of elements in N with
eje; = 0 for all j # k, then orthogonality implies that

2

S el =3 llejasl3 (12.1.1)
Jj=1 j=1

2
forallz; e N,1<j<n.

An important result of Popa [139] is proved in Theorem 12.5.6 concerning
masas in N associated with a countable group of freely acting properly outer
automorphisms of V. We briefly mention another result from the same paper
which we will not prove:

Let N be a separable type 11, factor and let 8 be an aperiodic auto-
morphism of N. If e > 0, there is a unitary u in N, a masa A in
N and a hyperfinite subfactor R of N with A a Cartan masa in R
such that Ad(u)0(R) = R and ||ju — 1||» < €.

12.2 Approximations in subalgebras

This section contains the technical approximation lemmas on which the rest of
this chapter is built. Lemma 12.2.1 is one of the typical averaging arguments
discussed in section 3.6. Iterating this lemma as in the proof of the Dixmier
Approximation Theorem (see Theorem 2.2.2 for the statement and [105, Section
8.3] for the proof) starts a contraction argument for a single element orthog-
onal to M’ N N. Subsequent lemmas extend it to finite sets and remove the
orthogonality requirement. In Theorem 12.2.4, we prove that masas exist in
von Neumann subalgebras M of N with M’ N N C M. Note that if M C N,
then M’ NN C M is equivalent to M’ N N is the centre of M.

In several of the lemmas in this section the minimal projections are all chosen
to have equal trace 27% for some positive integer k. This power 2=% may be
replaced throughout by m =", where m > 2 is a positive integer.
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Lemma 12.2.1. Let M be a von Neumann subalgebra of a 11y factor N, let
U(M) be the unitary group of M and let © be in N. If Eppan(z) = 0 and
€ > 0, then there is a unitary u in M such that

luzu™ — |3 > (2 =€) |l]3. (12.2.1)
Proof. As in Lemma 3.6.5, the set

Ky (z) = conv’{uzu™: u e U(M)}

has a unique element h of minimal || - ||s-norm, and h = Epyqn ().
Suppose that

2)|z)|3 — 2Re T(uzu*z*) = ||uzu* — z|3 < (2 —¢)||z||3 (12.2.2)

for all u € U(M), where Re is the real part. Then 2Re 7(uzu*z*) > ¢l|z||3 for
all u € U(M) so by convexity and continuity,

2Re T(Eppnn (2)z*) > el|z||3, (12.2.3)
which contradicts Epnn(z) = 0. O

Lemma 12.2.2. Let N be a Il factor and let M be a von Neumann subalgebra
of N with M'NN C M. If x is in N with Eppran(x) =0, then there is a finite
dimensional abelian *-subalgebra A of M such that

IE 4 ()13 < 3/4]|13 (12.2.4)

and all the minimal projections of A may be chosen to have the same trace 2%
for some positive integer k.

Proof. Assume that ||z| = 1. By Lemma 12.2.1 (ii) there is a unitary u € U (M)
such that

luzu® — z|l2 > 5/4]|z2, (12.2.5)
since ||z||2 > 0. By the spectral theorem for the unitary u there are spectral pro-
jections f1,..., fr in M and complex numbers p1, ..., g of modulus 1 such that

> fij=1and |ju—>3 u;f;l| <1/16. By approximating the finite dimensional
algebra > Cf; by a suitable finite dimensional abelian von Neumann algebra
A all of whose minimal projections e;, 1 < j < 2*  have equal trace, there are
complex numbers \; of modulus 1 such that

2k
u— Y Nes|| <1/8. (12.2.6)
j=1 )

Each )\; may be chosen to be a suitable p; and each f; will be approximately
a finite sum of some e;’s in || - [|2-norm. Inequalities (12.2.5) and (12.2.6), and
lz]| <1 imply that

*

2k 2k
|| S oxei |2 | Y Nei |~ >zl (12.2.7)
j=1 j=1

2
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The elements e;ze;, 1 < 4,5 < 2k are pairwise orthogonal in L?(N) since
eie; = 0 if i # j. Using this orthogonality, in addition to A;A; = 1 and the
inequality |A;A; — 1| < 2 for all ¢, 7, gives

)3 =4l Y ejwesll3 =41 eiwejlls — 41D ejwesls
j i 5
=4 ewe; |3 = D I(AX; — Deizes |3

i#j i#]

= 1> _(\X = Deixes]3
i
= QO Ne)z (D> Ney)" —=lls > [|=3  (12:2.8)
i i

by (12.2.7). Thus

2

2k
IBarnn(@)II3 = || > ejze;| < 3/4]lz]3- (12.2.9)
=1 )

O

Note that any finite dimensional abelian von Neumann algebra B containing
A in the above lemma has

|Epnn(@)ll2 < 3/4][z|2, (12.2.10)
since BNN CA NN.

Lemma 12.2.3. Let N be II; factor, let M be a von Neumann subalgebra of N
with M'NN C M, let B be a finite dimensional abelian von Neumann subalgebra
of M, and let € > 0. If z1,...,x, are in N, then there is a finite dimensional
abelian von Neumann subalgebra A of M with B C A such that

||EA/QN(1:]') — EA(Z‘]‘)HQ <e€ (12211)

for1 <j<n.

If all the minimal projections of B have equal trace (an integer power of 2),
then A may be chosen with all it minimal projections of equal trace (an integer
power of 2).

Proof. The proof is in three parts. The algebra A is first constructed for a single
element x satisfying Epyrnn(z) = 050 |[Eann(x)]2 < e. This is then extended
to a finite number of elements with this property and the final result follows
with the aid of the basic masa approximation in Corollary 3.6.9.

An increasing family of finite dimensional abelian von Neumann subalgebras
B=CyCCyC...C M is constructed such that

By v (@)]13 < (3/4)" =13 (12.2.12)
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and the minimal projections f in C} all have equal trace (an integer power of
2) if all the projections of B have equal trace (an integer power of 2).

Note that inequality (12.2.12) holds for k = 0 because Ep/ny is contractive
for the || - ||2-norm. Suppose that the algebras up to and including C), have been
constructed satisfying the required conditions and that the minimal projections
of Cp, are f; (1 < j < r). Apply Lemma 12.2.2 to the element f;zf; in the
factor f; N f; with von Neumann subalgebra f; M f; for 1 < j < r. Observe that

(fiM L) O fNf = (M ON)f; € f;Mf; (12:2.13)
with these algebras acting on L?(f; N f;) and that
Epng, (fizf;) = [iEm(2)f; =0 (12.2.14)

since f; € M for 1 < j < r. For each j there is a family of pairwise orthogonal
projections in f; M f; summing to f; such that if B; is the abelian algebra they
generate, then

IEsns, v s, (Fizfi)lI3 < 3/40 fiaf51l3- (12.2.15)
The || - ||2-norm in this inequality is calculated initially in the algebra f; N f; and
then in NV as the || - ||2-norm in f; N f; is just a scalar multiple of the || - ||2-norm

in N. Let Cj41 be the abelian von Neumann subalgebra of M generated by the
family B; (1 < j <r) so that

T
Cri1 =P B (12.2.16)
j=1
By orthogonality, calculating all || - ||o-norms in N,

ey, v (@)lI3 = D IEpsngng, (Fefi)l3 < 3/4) N ffil3

j=1

= 3/4|Ecynn (2)]13 < (3/4)F!|13. (12.2.17)

by inequalities (12.2.15) and (12.2.12). The minimal projections in Cj41 can
be constructed to all have the same trace that is an integer power of 2 if this
applies to A though the choice has to be made all at one time to get a high
enough power of 271 to deal with all the algebras B; (1 <j <r). This proves
the existence of the family C; for a single element of N with Epyqn(z) = 0.

Now let {z1,...,2,} be a finite subset of N with Eps(z;) =0for 1 < j <mn.
By induction on j one constructs a sequence of finite dimensional abelian von
Neumann subalgebras A; (0 < j <n) of M such that Ag = B, A; C Aj+; and
IEasnn(z;)ll2 < ellz;llz for 0 < j < n. Once A; is constructed this follows from
the first part by taking k large enough that (3/4)* < ¢ and choosing B = A,
and = x;41, and letting A1 be the C} of the first part of this proof. Once
the sequence A; (0 < j < n) is constructed, then

[Ba,nn (@)l < [Basan())ll2 < el (12.2.18)
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forlgjgnsinceA;ﬂNgAgﬂN.

The condition Eppan(2;) = 0 is now removed. Let € > 0 and let z1,...,z,
be in N. Let .
e+ llaglla) (12.2.19)
j=1

let o = Epr(x;) and let o = z; — 2 for 1 < j < n. Then Ep(2}) = 0 for
1 < j < n. By the proof above there is a finite dimensional abelian *-subalgebra
C of M containing B such that

[Ecran (@))ll2 < €ll2] ]2 (12.2.20)

for 1 < j < n.Lete;, 1 <i<t, bethe set of minimal projections in C. Let Ag;
be a masa in the von Neumann algebra e; Me; for 1 < i < t¢. By Corollary 3.6.9,
there is a finite dimensional von Neumann subalgebra A; ; of Ag; such that

||EA’1’iﬁe,iMei (eixfei) —Ea, ,(eiries)|a < &'lleswjeql2 (12.2.21)

for 1 < j <mand1 <<t This first holds in the || - ||-norm of e;Ne; and
then in N, as these norms are scalar multiples of one another.

Let A = @5:1 A1 ;. Then A is a finite dimensional von Neumann subalgebra
of M containing B and C} if the choice of all the A, ;’s is carefully made together
then all the minimal projections of all the A; ;’s have the same trace, which is
an integer power of 2. Since 7 is in M,

B4 (25) — Eale))ll; = H]EAme(x') —Ea(z))]2

= Z (= ]EA iNeiMe; (z /) i eiEALi(x;’)eiH%

= Z B ay mecnre; (€ires) — Eay, (eizfed)

1=1
t
< (@)Y lleafeills = ()2 112513 (12.2.22)
=1

by orthogonality and inequality (12.2.21).
Hence

[Eann(zs) — Ea(z))ll2
<NEann(z}) —Ea(z))ll2 + [[Eann(z)) —Ea2))2
< &'llzfllz + [Ecan (@)]2 (12.2.23)

since /NN C C'NN, A D C and E4(z]) = 0, because A C M and Ep () = 0.
By (12.2.22) and (12.2.23) it follows that

Earnn (@) = Bazs)llz < (l2jll2 + 125 ]2)
< 2e'||xjll2 < e (12.2.24)

for 1 < j < n by the choice of &’ (12.2.19). O
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At the 1967 operator algebras conference at Baton Rouge, an influential
list of important problems was informally circulated by Kadison (and published
many years later by Ge in [79]). One of these problems (fully solved in [136]) is:

if M is a subfactor of a separable factor N with M’ NN = C1, must
there exist a masa A of M that is a masa of N ¢

Note that for a subfactor M of N the conditions M'NN C M and M'NN = C1
are equivalent. We will describe the positive solution for II; factors in Section
12.3. Theorem 12.2.4 is a precursor to Theorems 12.3.1 and 12.4.3 in which
additional properties are built into A in the inductive construction.

Theorem 12.2.4. Let M be a von Neumann subalgebra of a separable type 111
factor N with M' "N C M. If B is a finite dimensional abelian *-subalgebra
of M, then there is a masa A of N with B C A C M. In particular, this holds
for any subfactor with trivial relative commutant.

Proof. Let {z;}32, be a sequence in the unit ball of N with zo = 1 that is
| - |2 dense in this ball. By induction an increasing sequence {A,}52, of finite
dimensional von Neumann subalgebras of M is constructed so that Ag = B and

||EA:IQN(Z‘J) - EA" (l‘])HQ S 2" for 1 S] § n. (12225)

Once A,, has been chosen, select A,1 by Lemma 12.2.3 (with B there
equal to A,,) so that 4,, C A,,+1 and ||EA’"+10N($3') —Ea, (opll2 < 9-n—1 g
1 <j < n. If Ais the weak closure of |, An, then B C A C N and A is an
abelian von Neumann algebra. By (12.2.25) and the ||-||2-density of {z;: j > 0}
in the unit ball of N, it follows that limy, . [|[Ea; an(2) —=Ea(z)|]2 = 0 for each

x € N. Hence A is a masa in N by Corollary 3.6.9. O

12.3 Constructing semiregular masas

The main result of this section (Theorem 12.3.1) is that there is an abundance
of semiregular masas in a separable II; factor. As we will see in Corollary
12.3.2, there are sufficiently many to separate the subfactors with trivial relative
commutant.

Note that if A is a masa in N which is Cartan in a subfactor M C N of trivial
relative commutant, then the algebra N’ (A, N)” generated by the normaliser of
Ain N lies between M and N, and is consequently a subfactor of N. Thus the
masas constructed in Theorem 12.3.1 are automatically semiregular.

Theorem 12.3.1. Let N be a separable 111 factor.

(i) If M is a subfactor of N with M' "N = C1 and C is a finite dimensional
abelian *-subalgebra of M with all its minimal projections of equal trace,
then there is a masa A in N containing C' and o hyperfinite subfactor R
of M with A a Cartan masa in R and R' "N = C1.
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(ii) If M is a hyperfinite subfactor of N with M’ N N = C1, then there is a
masa A in N with A a Cartan masa in M.

Proof. Part (i) is proved and then the additional inductive condition needed for
(ii) is indicated.
Let {x; : 7 > 0} be a || - ||2-norm dense sequence in the unit ball of N with
2o = 1. This exists by the separability of N in | - ||2-norm. Let C' have minimal
projections ef; for 1 < i < k;o and let My be a matrix subalgebra of M with
diagonal C' and matrix units e? (1 <1i,j < ko). By induction choose increasing
sequences of

(1) finite dimensional abelian *-subalgebras Ao = C C 47 C A,... and

(2) matrix algebras My C My C Ms... of M such that, if ¥’ (1 <i,j <k,
are the matrix units of M,,, then

(3) {ew : 1 <i<k,} is the set of minimal projections of 4,, and
(4) [[Ear an(z)) —Ea,(2))]l2 <27 for 1 <j <n.

Observe that (3) says that A, is the diagonal of M, with respect to the
matrix umts er;. The algebras Ag C My have been constructed. Suppose that
Ay My, € (1 < 4,5 < k,) have been constructed to satisfy (1) to (4). To
construct M,, 11 we do the construction of e;; M,,11e11 in e;1Mej; and then
shift this to form M, by the matrix units ey- This is the reason that the
elements x; (1 < j < n+1) are pulled back to ety Ne?; in (12.3.1). Note that the
subfactor el MeT; has trivial relative commutant Ce;; in e}, Nef; by Theorem
5.4.1. By Lemma 12.2.3 there is a finite dimensional abelian *-subalgebra B of
ety Me?y with all the minimal projections of B having the same trace such that

I(Eprep, ney, — Ep)(efmeel)||2 < 27T 12 (12.3.1)

forl<t<n+1landl<j <k, Let e?fl (1 < i < my,) denote the set of
minimal projections of B, which are all equivalent in e}; Me};. Thus there are
partial isometries v; in M with

viv; = =Mt and vv; = e?j“ for 1<j<my,. (12.3.2)

Let e"J+1 = vvj for 1 < i,j < m,. Then {e"Jr1 :1<4,5 <m,} form a set
of matrix units for a subalgebra of e}, Mef;, Whlch are now moved to form the
matrix algebra M, using €7,

If kpy1 = knmy,, then
{efer el 1< st <my,, 1<i,j<kn} (12.3.3)

is a set of k11 X k1 matrix units for a *-subalgebra M,, 1 of M. The abelian
algebra spanned by

{ehertlel; 1 1<t <my, 1 <5<k}, (12.3.4)
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is denoted A, 41 and is the diagonal of M,, ;1 = M
Mn c MnJrl-
Tt is necessary to confirm (4) at n + 1. The projections e

Then A,, C A, 11 and

n+1"°

7y are in Ay i1, S0

EA',HAWN ($) - EAn+1 (x) = Z e?j (EA’”JAF‘IN( ) EAn+1( ))e_?j (1235)

for all z € N. The pairwise orthogonality of e;Ne!; for 1 < j < k;, implies
that

H Al NN ( ) n+1 ”2 _ZHe” EA;IJFI ( ) EA7L+1( ))e;ng

= Z 1(Ear,nv —Ea,,, ) (ehael)3, (12.3.6)

since e7; € A, C An+1 CAn+1ﬁN

The map e;xel; — ef;xel; is a || - [|2-isometric isomorphism from e}; Ne’;
onto ey; Nely that carries ef; (A7, ., N N)el; onto ef; (A}, ., N N)el;. The defi-
nition of 4,41 in terms of the minimal projections of B in (12.3.4) implies that

e (AL NN)ety =ely (B'NN)ely and ey Apirely = el Bely. Thus
||IEA;L+10N($) - EAn+1 (LU)H%

= (Epneg, ney, — Eg)(el;ze)I3 (12.3.7)

for all z € N by (12.3.6). Replacing « in (12.3.7) by x; for 1 <t <n+1 and
using (12.3.1) leads to

k’!l
Iy, on (@) =B, (@)ll3 < Y47k =470, (12.3.8)
j=1

which proves (4) for n + 1.

Let R be the weak closure of UM,, and let A be the weak closure of UA,,.
Clearly R is a hyperfinite subfactor of M and A is contained in R. By (4) and
the || - ||o-density of {x; : j > 0} in the closed unit ball of N, it follows that
lim, o [Ea;an(z) — Ea,(2)|l2 = 0 for all z € N. By Corollary 3.6.9, A is a
masa in N. Hence RNN C A'NN =A,andso RNNCRNACRNR=C1
as required. Finally note that if w is a unitary in M,, with uA,u* = A,,, then
uAgu* = Ayg for all k& > n so that uAu* = A. Each M, is generated by its
unitaries that normalise A,,, and thus R is generated by the nomaliser N'(4, R).
Hence A is a Cartan masa in R so is semiregular in V.

(i)  Now additionally suppose that M is hyperfinite and let {y, : n > 0} be
a || - ||2-dense sequence in the unit ball of M with yo = 1. Add to the inductive
conditions (1) to (4) of part (i) the inductive hypothesis
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(5) lly; —Ear, (y)lla < 27" for 1 < j <m.

Suppose that A,,, M, and e}; have been constructed to satisfy (1) to (5). Then
proceed as in part (i) to construct algebras and matrix units as before but
denoting the n + 1 versions just constructed by A% ,,, M2, and e?}"+17 which
satisfy (1) to (4) for n + 1.

Since M is hyperfinite, it is the weak closure of an increasing sequence of ma-
trix subalgebras, and so there is a matrix algebra M, with M3+1 CM,41 C
M such that

lyj — Entyey (i)l <2771 for 1<j<n+1. (12.3.9)

Let A, 41 be a masa (= diagonal) in M, 1 containing A? , and let e;’jH be a

set of matrix units of M, 1 with 2" ™" sums of suitable e%ﬂ for all s,t. By

Corollary 3.6.9,

[Ear, on (@5) = B (@))lls < B0 ~n(25) = Eag (7))l
<27l (12.3.10)
for 1 < j < mn+ 1. The properties (1) to (4) now follow easily for A, and

My 41. Thus A is a masa in N as before and is a Cartan masa in R = Uan.
Here condition (5) implies that R = M completing the proof. O

Corollary 12.3.2. Let N be a separable 11y factor with subfactors My and Mo
both with trivial relative commutant. If My ¢ Ma, then there is semiregular
masa A in N with A C My and A ¢ M.

Proof. Let h = h* be in M; but not in M>. By approximating h using the
spectral theorem, there is a finite dimensional abelian *-subalgebra C of M;
with C' ¢ M, with all the minimal projections of C' having the same trace. By
Theorem 12.3.1 there is a semiregular masa A of N with C C A C M. O

Remark 12.3.3. The results in this section are from [136, Theorem 3.2] (see also
[189]) where a more general result for a semifinite subfactor M of a separable
factor N is proved. In the case where M = N the results of section 12.2
are not required and the situation is much simpler. See [172] for an elementary
account of this, which has been used in calculations of the continuous Hochschild
cohomology groups H*(N,N) =0, n > 1. O

12.4 Constructing singular masas

In this section we show that there are enough singular masas in a separable type
IT; factor to separate subfactors with trivial relative commutant. The method
is similar to that used to show that there are many semiregular masas: an
additional condition is added to those in the inductive construction of the basic
masa (Theorem 12.3.1). A metric condition is required to pass from a countable
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dense set of partial isometries, or unitaries, having a singularity property to
their closure to force singularity. The method used here is due to Popa [139]
and involves showing that his delta invariant §(A) of the constructed masa A
has §(A) > 1/49. This is equivalent to the statement:

if A is a masa in N and if v is a partial isometry in N with vv* and
v*v orthogonal projections in A, then

|| (I - ]EA)EvAv*

002 > |lvv*||2/49.

The advantage of this inequality is that its validity on a countable dense set of
nilpotent partial isometries in N implies that it holds for all nilpotent isometries
in N. A partial isometry v is nilpotent if, and only if, vv* and v*v are orthogonal
projections.

Lemma 12.4.1 is the core of the proof of Theorem 12.4.3.

Lemma 12.4.1. Let N be a 11y factor, let M be a subfactor with M'NN = C1,
let B be a finite dimensional abelian *-subalgebra of M with 1 € B and let e > 0.
If v is a partial isometry in N with v2 = 0 and F is a finite subset of N, then
there is a finite dimensional abelian *-subalgebra A of M with B C A such that

(1) |Ea(z) —Eann(x)|l2 <€ forallz € F,

and at least one of the following statements holds:

(2) there is an element a in A with ||a|| = 1 such that

[lvav™ — Earnn(vav®)| > |Jov™||2/49; (12.4.1)
(3) there is an element a in A with ||a|| =1 such that

v av — Earnn (v*av)| > |Jov™||2/49. (12.4.2)

Proof. By Lemma 12.2.3 there is a finite dimensional abelian *-subalgebra C' of
M with B C C such that

HEc(.’L‘) — EC/QN(QT)HQ <eforallx € F. (12.4.3)

Each finite dimensional abelian *-subalgebra A of M with C C A will also
satisfy this inequality (12.4.5) by Corollary 3.6.9, since

|Ea(z) —Eann(z)|2 < [[Ec(z) — Ecran(z)|2, (12.4.4)

for x € N.
Let a > 0, to be chosen later. Let e; = v*v and ey = vov*. If

le; —Eonn(ej)llz > allejll2 (12.4.5)

for either j = 1 or 2, then take A = C and a = 1 so giving (2) or (3).
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Suppose that
les — Ecrmn(es)lla < alle;lz for j = 1,2 (12.4.6)

Note that ||e1]|2 = |lez2]|2. Since e1es = v*vvv* = 0, there are projections f; and
f2 in C' N N such that fifs =0 and

llej — fillz < 2%/ + 2)lle; — Ecran ()2 < 5alle;llz, (12.4.7)

by Lemma 5.3.3 and inequality (12.4.6).

Let g1, ..., g, be the minimal projections of the finite dimensional *-subalgebra
fiC. The algebra g;Mg; is a II; factor for each j. By splitting the projections
g; in half, there are two projections gi; and go; and a partial isometry w; in
g;Mg; such that

9j = 915 + 925, 91; = wjw; and ga; = wjwj for 1 < j < n. (12.4.8)
Let
z1 =Y (915 — 92)) (12.4.9)
j=1
and
z2 = foEcinn (vz1v™) fo. (12.4.10)

Since g;; are pairwise orthogonal projections and the g; are the minimal pro-
jections of f1C, we have

niai =ai =) (915 + 92) Zgj = (12.4.11)
j=1
SO
[z1ll2 = [ fill2- (12.4.12)

There are now two possibilities each leading to a different construction of A
and a € A with the choice depending on ||v*z1v — x2||2. Let 5 > 0 to be chosen
subsequently together with o and with both choices being independent of N,
M, C, F and e.

First possibility: ~ Suppose that
||’U*.131U — 33‘2”2 Z ﬁ||el||2. (12413)

Let A be the finite dimensional abelian *-subalgebra of M generated by the
pairwise orthogonal projections g;; (i = 1,2; j = 1,...,n) and by the abelian
algebra (1 f1)C, so A = (1 f1)C+@,; Cgi;. Let a = z1 s0 [[a]| = 1 by equation
(12.4.9). Since f1 =, 9; = >, ;9i 1s in A, we have (1 — f1)C = (1 — f1)A
Thus the two sets of minimal projections ¢ in A and C with ¢fy # 0 are the
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same. If x € N, then
Eann(fazfa) = Z {¢f2x f2q : ¢ a minimal projection in A}
= Z {qfazf2q : qf2 # 0, ¢ a minimal projection in A}
= Z {gfoxf2q: qf2 # 0, ¢ a minimal projection in C'}
= Z {qfaxfaq : qf2 # 0, q a minimal projection in C'}
= EC/QN(fQSEfQ) (12414)
by the equation (3.6.42) for the conditional expectation of E4/~n for a finite
dimensional abelian *-subalgebra A. Since fo € C'NN, equation (12.4.10) gives
13 = foEcinn (ve1v”) fa = Ecinn (faveiv™ f2)
= EAIQN(fQ’le’U*fQ). (12.4.15)
Using egv = v, (12.4.15) implies that
|22 — Earnn (vz10") |2 = [[Eann (f2vz10™ fo — vz1v™) [|2
< |[[fovz1v™ fo — vz1v* |2
< [[(f2 = e2)vazrv™ foll2 + lle2vz1v™ (f2 — €2)2
<2|f2 — ezl (12.4.16)
If @ = 1, then by inequalities (12.4.7), (12.4.13) and (12.4.16)
[vav® —Eann(vav®)|l2 = [[ve1v” — z2ll2 — [lz2 — Eann (varo”) |2
2 [lvz1v" — zafl2 — 2[|f2 — €2l
> (B —10a)|le2 - (12.4.17)
This proves (2) if 3 = 11la provided that 1/49 < «a < 1/48, where the choice of

the constant « lies in the little optimisation at the end of the second possibility.
Second possibility: ~ Suppose that

lv*z1v — z2ll2 < Bllea]le- (12.4.18)

The method here is to rotate each of the projections gi;, go; through an angle of
m/4 using the w; of (12.4.8), and to define A in terms of the resulting projections.
The rotated projections and their properties are handled first.
Let
hij =271 (g5 + wj +w)),
hgj = gj — hlj for 1 S] S n. (12419)

The *-algebra generated by the partial isometry w; is isomorphic to the 2 x 2
matrix algebra My with w;, hi;4, and hy; corresponding respectively to the

matrices
0 1 (1 1 (1 -1
G0 =G ()
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since wjw} + wiw; = g; and gjw; = w; = w;g; by equality (12.4.8). From this
isomorphism, it follows that

hijgijhi; =2 'hyj for ik =1,2and j = 1,...,n. (12.4.20)

By the definition of z; in equation (12.4.9) and by equation (12.4.20),

Z hijaihi; = Z hijgiihi; — hijgrihe; = 0. (12.4.21)
7,k 1,5,k
Clearly
> hii=> gi=h. (12.4.22)
Jk J

Let A be a finite dimensional abelian *-subalgebra of M containing C' such
that

(i) fi, f2€ 4
(ii) f1A has minimal projections hy; for k =1,2and j =1,...,n;
(iii) foA is such that ||zo — Ep,a(z2)|l2 < dlle1]|2;

where ¢ is chosen so that 0 < 20 < «. Note that the choice of f2A to satisfy (iii)
is possible, because x5 is a self-adjoint element of the algebra fo(C’ N N)fa by
equation (12.4.10) so can be approximated by an element in a finite dimensional
abelian *-subalgebra of f>(C’ N N) f2 by the spectral theorem.

Observe that the definition of E 4/qn, (i) and (ii) imply that

Eann(xz1) =0 (12.4.23)
as this is equation (12.4.21). Let
a=Ey(z3). (12.4.24)
By definition of x5 in equation (12.4.10)

a=Eas(foEcnn(ve1v™) f2) = foEaEc AN (ve1v™) fo
= [2Ea(vz1v®) fo (12.4.25)

since fo € Aand A C C'NN. Using equation (12.4.24) and the fact that E4qn
is || - |]2-norm reducing, we obtain

|lv*av—E 4 ~n (v av)||2
> |lz1 = Eann(@1)|2 — [Eann(z1 — v av)|]2 — [|21 — v™av]]2
> ||z1ll2 = 2[|z1 — v™av|2. (12.4.26)

We now estimate the last two terms in (12.4.26). By inequality (12.4.7) and
equality (12.4.12),

z1ll2 = I f1ll2 = llerll2 — [lex = fill2 = (1 = 5a)lle1 [|2- (12.4.27)
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By definition of a in equation (12.4.24) and using inequality (iii),

|21 —v*av]l2 < [lz1 — v" @202 + [[v" (22 — Ea(z2))v]2
<z — v zovl|2 + [|z2 — Ea(22)]]2
= [|z1 — v"22v|]2 + |22 — Ep,a(z2)]|2
< |lwy — v*aavl2 + d]le1|2 (12.4.28)

since E4(z2) = Eg, 4(z2) by equation (12.4.10). An estimate for ||z — v*z2v]|2
is required. By equation (12.4.9), since fix1f1 = 1,

|21 — v 2av|l2 = [ frz1 fi — v7 2202
<Az (fi —e)llz +[[(fi —er)zrer]lz + [lerzier — v z20]|2
<2l fi — etz + v (vz10" — 22)0|2
<2lfi —etllz + [loziv* — 222
< (100 + B)||exl» (12.4.29)

by inequalities (12.4.7) and (12.4.18) using e; = v*v. Assembling inequalities
(12.4.26), (12.4.27), (12.4.27) and (12.4.29) together yields

lv*av — Eann (v av)|l2 > (1 — 5o — 2(10a + 5) — 26)||e1 |2
= (1 - 25a — 28 — 20)|je1 . (12.4.30)

To obtain good estimates here in inequalities (12.4.17) and (12.4.30), and to
satisfy inequality (12.4.5), we require the maximum value of

min{a, § — 10, 1 — 25 — 203 — 26}
subject to a, 3,6 > 0. The minimum occurs when
a=0—-10a=1—25a — 23 — 20

so that 8 = 11l and 1 = 48a + 26. Taking 0 < 26 < « gives 1/48 < o < 1/49
as required. O

Remark 12.4.2. Using 2%/24-2 in place of 5 in inequality (12.4.7) yields o > 1/33.
However there is little point in trying to improve the inequality a little as in
Theorem 11.1.2 we showed that the constant can be taken to be 1.

A little problem that arises from this proof is the following. If v is a partial

isometry in N with v> = 0 and A is a masa, or an abelian von Neumann
subalgebra, is [|[E4(v)|2 < 27202 ? O

Theorem 12.4.3. Let N be a separable 11y factor and let M be a subfactor of
N with M' "N = C1. If B is a finite dimensional abelian *-subalgebra of M,
then there is a singular masa A in N with BC AC M.

Proof. Let {x,}52, be a sequence that is dense in the unit ball of N in the
|| - [[2-norm. Let {v,}2%; be a sequence of partial isometries in N with v2 = 0
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for all n that is dense in || - ||o-norm in the set of all partial isometries v in N
with v? = 0. Let a > 1/49 be the constant of Lemma 12.4.1.

By Lemma 12.4.1 choose an increasing sequence {A,} -, of finite dimen-
sional abelian *-subalgebras of M satisfying Ay = B and

IEa, (7)) —Earan(z;)ll2 <27" for1<j <n, (12.4.31)
and one of the following two conditions holds: either
sup{ |[vnzvy, — Ear an (vazvy)||2 2 @ € Ap, [J2]] < 1} > aflvv™(|2 (12.4.32)
or
sup{ [v}zv, — Eayan(viav,)lla @ € Ay, flall < 1} > afov’ 2. (12.4.33)

In Lemma 12.4.1 take F' = {z1,...,z,} and v = v,,.

Let A be the weak closure of UA,,. Then B C A C N and A is a maximal
abelian *-subalgebra of N by (12.4.31) and Corollary 3.6.9. Let v be a partial
isometry in N with v? = 0 and let £ > 0. By the choice of the sequence {v,, }°°;,
there is an integer n such that

[0 = vnll2 < e (12.4.34)

Either inequality (12.4.32) or (12.4.33) holds. Suppose that inequality (12.4.32)
holds and let © € A with ||z|| <1 and

lvnzvy, —Ear an (vazvy,)|l2 > allvaoy, [|2. (12.4.35)

If inequality (12.4.33) holds the calculation is similar to that below but with
v vy, and vzv* replaced by vy, zv, and v*zv. Using that Ea/ v is a projection
gives

[vzv” —Eaynn (vzv®)|l2 = [[onzvy, — Bagan (v )|z — 4o = vall2
> al|vpvy |2 — 4e (12.4.36)

by inequalities (12.4.34) and (12.4.35). Here
lowvllz = lenlle = lloll = o = valle > lolls — &. (12.4.37)
Since A, "N D A,
lvzv* — Ea(vev®)ll2 > [Jvev® —Ear an(vev®)|e > aflov®|| — 5. (12.4.38)
This implies that

|| (I - EA)]EUAU*

00,2 = al|vv™||a. (12.4.39)

The similar calculation with v and v* interchanged implies that if v is a partial
isometry in N with v = 0, then either

I~ Ea)Boasr o2 = allor” s (12.4.40)
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or
I —EA)Epavlloo,2 > aljv*v]s. (12.4.41)

If v is a partial isometry in N with vo* ,v*v € A, v? = 0 and vAvV* = vv*A,
then v*Av = v*v A and the left-hand sides of inequalities (12.4.40) and (12.4.41)
are zero so v = 0.

Let u be a unitary in N with uvAu* = A and suppose that u is not in A =
A’ N N. Then there is a projection p in A with u*pu # p. Let ¢ = p(1 — u*pu).
Then ¢ is a non-zero projection in A with uqu* < 1 — p so that ququ* = 0
and quq = 0. Let v = ug. Then v is a non-zero partial isometry in N with
v?2 = uqug = 0, vAv* = ugAu* C A and v*Av = gA C A. This contradicts that
such a v must be zero and completes the proof. O

Remark 12.4.4. Theorem 12.4.3 says in effect that the singular masa has Popa’s
delta invariant 6(A) > o > 1/49 (see Section 11.1). Note that due to a theorem
of S. Popa (Theorem 11.1.2) it is now known that the invariant §(A4) = 1 for all
singular masas A. O

Corollary 12.4.5. Let N be a separable 11y factor and let SM(N) denote the
set of all singular masas in N. If M is a subfactor of N with M' NN = C1, let

M°={AeSM(N): AC M}.

If My and My are subfactors of N with trivial relative commutants, then My C
My if, and only if, My C Ms.

Proof. Clearly M; C M, implies that M7 C Ms. If M, Sz M, then there is
a projection p in M; that is not in My. By Theorem 12.4.3 there is a singular
masa A in N with C1 + Cp C A C M so that My ¢ M. O

Observe that the hypothesis that M; are subfactors with trivial relative
commutant cannot be weakened as there might be no singular masas of N in
M;.

The results in this section are from [139]. The technique of either leaving a
2 x 2 diagonal of a matrix alone or sometimes twisting it to achieve singularity
is used in Tauer’s work [190] and also in the work of White [208].

12.5 Singularity and automorphisms

Popa [137] proved that if G is a countable group of properly outer automorphims
on a separable II; factor N, then there is a singular masa A in N with 0(A4) # A
for all @ in G (see Theorem 12.5.6). The result is deduced from Theorem 12.4.3
by taking a crossed product with G and using some preparatory lemmas due to
Jones and Popa [96] (see Lemma 6.2.4).

Definition 12.5.1. Let N be a von Neumann algebra.
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(i) An automorphism 6 acts freely on a von Neumann algebra N if w € N
and zw = wh(z) for all x € N implies that w = 0.

(i) If a: G — Aut(N) is a homomorphism, then G acts freely on N if each ay
acts freely for g € G\ {e}.

(i) An action is ergodic if an element « € N satisfying ay(z) =z forall g € G
must lie in C1. 0

Lemma 12.5.2. If 6 is an outer automorphism on a Il; factor N, then 0 acts
freely on N.

Proof. Let w € N be non-zero and suppose that
zw=wh(z) forall xeN. (12.5.1)
Then
zww* = wlh(z)w* = wwh(z*))" = w(z*w)" = ww e (12.5.2)

for all z € N so ww* = A1 for some A > 0. Let u = A~'/2w. Then u is a unitary
in N, since N is a finite factor gives u*u = 1, and 0(x) = v*zu (x € N) follows
from equation (12.5.1). This contradicts 6 being an outer automorphism. O

Remark 12.5.3. If N is a finite von Neumann algebra with faithful normal trace
7 and if the discrete group G acts on N as trace preserving automorphisms,
let N x4 G be the von Neumann crossed product [198], [105, Chapter 13]. Let
ug be the unitary implementing oy by o4(z) = ugzuy for all z € N and all
g € G. An element w in N X, G may be represented by w = Zg Zglg, Where
zq € G for all g € G. The trace 7 is defined on N x4 G by 7(3_, 2gug) = 7(zc)
and the || - [la-norm on N x, G is given by || 30, z4ugll3 = 3, [|74]3 for such a
representation.

Lemma 12.5.4. Let N be a finite von Neumann algebra with a faithful normal
trace T and let the discrete group G act as trace preserving automorphisms on
N. If the discrete group G acts freely on N and ergodically on its centre N'N N,
then M = N x4 G is a type 111 factor and N' N M = N'NN.

Proof. Let w =3} xgug be in N'N M with z, € N for all g. For all y € N,

Zyxg“g = ngugy = ngag(y)ug (12.5.3)
g g g
so that

yrg = xqaq(y) forallgeg. (12.5.4)

If g € G\ {e}, then equation (12.5.4) implies that x, = 0, since o, acts freely
on N. If g=-e , then 2, € N’. This shows that NNNM C N'NN C N' NM as
required.

Ifze M'NMC N NM,then x € N and ay(v) = ugzuy; =z forall g € G
so that x = Al for some A € C, by the ergodicity of the action of G on the centre

N’'N N. Hence M is a II; factor. O
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Definition 12.5.5. An automorphism « of a II; factor N is properly outer if
for each non-zero projection p in N with a(p) = p, the restriction «|,n, of a to
pNp is outer.

A group of automorphisms G on N is called properly outer if all automor-
phisms « € G\ {I} are properly outer. O

Theorem 12.5.6. Let N be a separable 111 factor and let G be a countable
group of properly outer automorphisms on N. If B is a finite dimensional
abelian *-subalgebra of N, there is a singular masa A in N containing B such
that ¢(pA) € A for all non-zero projections p € A and all ¢ € G\ {I}.

Proof. Regard G as a discrete group acting on N and note that G acts freely on
N by Lemma 12.5.2 and ergodically on the centre C1. Hence M = N x G is a
separable II; factor and N is a subfactor with N'NM = N'NN = C1 by Lemma
12.5.4 . By Theorem 12.4.3 there is a singular masa A in M with B C A C N.
Let u be the unitary in M = N x G implementing the automorphism ¢ in
G\ {I} by ¢(x) = uzu* (x € N). Suppose that there is a non-zero projection
p in A with ¢(pA) C A and let v = up. Then v is a partial isometry in M
such that v*v = p, vv* = ¢ is a projection in A, ¢(p) = upu* = vv* = ¢ and
vAv* = ¢(pA) = q¢(A) C gA. Note that ¢|,ap is a *-isomorphism from pMp
onto ¢M ¢ mapping the masa pA into the masa gA. Hence ¢(pA) = gA and
vAv* = qA. This implies that v is in the groupoid normaliser of A in M, and
so has the form v = qu where ¢ is a projection in A and u € N (4), by Lemma
6.2.4. Then u € A since A is singular, giving v € A. Thus p = v*v = vw* = ¢
since A is abelian. This implies that ¢|,n, is an inner automorphism on pNp
implemented by the unitary v in pNp. This contradicts ¢ being a properly outer
automorphism of N. O

Remark 12.5.7. Theorem 12.5.6 is in [139] in a more general form. That pa-
per presents various lemmas for properly outer automorphisms of a continuous
semifinite von Neumann algebra, and deduces Theorem 12.5.6 from these.

Can we use the perturbation results of Popa on §(A) = 1 for singular masas
to show that ||(I — Ea)Eg(a)llec,e = 1 for all ¢ € G\ {I}? O



Chapter 13

Irreducible hyperfinite
subfactors

13.1 Introduction

This chapter is devoted to the construction of irreducible hyperfinite subfactors
R in a separable II; factor N with suitable additional properties available for R
in its embedding in N. All these results depend on inductive matrix methods
that were developed by Popa [136]. The method has already been used exten-
sively in Chapter 12 for the construction of singular and semiregular masas.

In Section 13.2, a basic method is presented to show that an irreducible
hyperfinite subfactor exists in each separable II; factor. Section 13.3 shows that
if A is a Cartan masa in a separable II; factor IV, then there is an irreducible
hyperfinite subfactor R in N with A C R and A Cartan in R (see [141]). Section
13.4 discusses the basic theory of property I' factors, a topic which we will revisit
in greater depth in Appendix A. This is applied in Section 13.5 to prove a useful
result (Theorem 13.5.4) on the existence of a masa in a I' factor that is Cartan
in an irreducible hyperfinite subfactor and that contains unitaries that can be
used in the I' condition. This theorem combines methods from [140] and from
[30, Theorem 5.3] that give the I" condition.

The following result from Chapter 12 is the basic one for hyperfinite subfac-
tors containing masas and the main theorems of this chapter will be refinements:

Let N be a separable 111 factor. There is a masa A in N and a
hyperfinite subfactor M of N containing A such that A is a Cartan
subalgebra of M and M’ N N is Cl1.

13.2 Irreducible hyperfinite subfactors exist

This section is devoted to the construction of an irreducible hyperfinite subfactor
R in a separable II; factor N; such subfactors were called Popa subfactors in

242
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[172]. It is easy to get a hyperfinite subfactor R in a (separable) II; factor by
putting in an increasing chain of matrix subalgebras and taking R to be the
weak closure of the union. An extra approximation is needed to ensure that it
is irreducible. In other sections such subfactors are constructed with additional
properties. However, the proof here is more elementary than those cases so is
included to illustrate a slightly different way of handling things. We will need
the following two lemmas.

Lemma 13.2.1. Let N be a Il factor and let M be a matriz subalgebra of N.
Then Eppan(x) = 7(x) for all x € M.

Proof. Since M is a matrix subalgebra of N, the basic theory of factors (see
[104, 105, 187]) shows that (M’ N N)' NN = M. If 2 € M and b € M' NN,
then

bErnn(7) = Erpan (br) = Enpan (#0) = Eapan ()b (13.2.1)

by the module property of Eyrny. Hence Eppan(z) € M N M = C1 so
Exran(z) = A1 and A = 7(x) by the trace preserving property of Eppray. O

Lemma 13.2.2. Let N be a Il factor and let y be a self-adjoint element in N.
If £ > 0, then there exists a matrix subalgebra M of N such that

[Earan(y) = 7(y)1l2 <e. (13.2.2)

Proof. By elementary spectral theory there are mutually orthogonal projections
P1,-..,pn in N (actually in {y}”) and A1, ..., A, € R such that 7(p;) = n=! for
1 <7 <nand

<e/2. (13.2.3)

n
Y- Z AiDi
i=1

Since N is a II; factor, there is an n x n matrix subalgebra M of N such that
{p1,...,pn} is the set of minimal projections in the diagonal of M. Applying 7
and Eppan to y — Y i) Aipi gives

n

T(y) — Z An T < e/2 (13.2.4)
i=1
and
Enran(y) — z": Ain M = Earan(y) — Zn: i Enran (pi)
- 2 <e/2 - 2 (13.2.5)
by inequality (13.2.3) and Lemma 13.2.2. The lemma follows from this. O

The following theorem is due to Popa [136].
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Theorem 13.2.3. Let N be a separable 111 factor. There exists an irreducible
hyperfinite subfactor R of N.

Proof. Choose a ||-||2-dense sequence {z,, }$° in the set of all self-adjoint elements
of N with z; = 1. By induction we construct an ascending sequence of matrix
subalgebras M,, of N such that

IEar, AN (27) = T(zn)1ll2 <1 forall neN. (13.2.6)

Observe that M, = My, for a k£ considerably larger than n in most cases. Let
M; = C1. Suppose that matrix subalgebras M; C ... C M,, of N have been
constructed satisfying the inductive hypothesis (13.2.6). Decompose N = M,, ®
(M,’L ﬂN), where M) NN is a II; factor. Let y = Eap an(2p41) € M), NN with
7(y) = T(Earr AN (Zng1)) = T(2py1). In the Iy factor M;, NN there is a matrix

subalgebra M such that
‘lEM’ﬂ(M;LﬂN) (y) —7(y)1ll2 <e, (13.2.7)

by Lemma 13.2.2.
Let

My = (M, UM)" =M, ® M, (13.2.8)

which is a tensor since M,, and M are matrix subalgebras with M C M. The
containment M), ., NN C M; NN follows from M, C M, 1, and thus
AN (@n+1) = Eny anEngon (@n41) = Ea v () (13.2.9)

EM;:A»]

Then

Emy,on(@nt1) = En vy nmy () (13.2.10)

because y € M, NN C N.
The equation M, 1 = (M, U M)H = M, ® M gives M, ,, = M' N M), so
that

Enry im0y =Bz ane (13.2.11)

Hence Enrr N (Zn+1) = Eg7iq 00 oy (Y) Dy the equations (13.2.9) and (13.2.11).

The trace preserving property of the conditional expectation gives

[Earr, N (@n1) = T(@ng1) ]z = [En, an(y) — 7)1z < 1. (13.2.12)

This ends the construction of the sequence M,,.
"
Let R = (U Mn) , and consider z € R'NN. For each k € N choose an x,,x)
such that

bz — Tpyll2 < 1. (13.2.13)
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By the inequality (13.2.6) in the induction hypothesis,
||EMI mN(xn(k)) — T(.rn(k))HQ < 1. (13.2.14)

n(k)
Since M,,x) € R and = € R, we have z € M;L(k) N N so that ]EM'(k)ﬁN(x) = .
Thus, from inequality (13.2.13), we obtain the inequalities

||km — EM;lmN(xn(k))||2 <1 (13215)

and
k() — T(2nry)| <1 (13.2.16)
so that ||kx — k7(z)1||2 < 3. Dividing by k and letting k — oo gives x = 7(z)1.
Thus R'N N = Cl. O

Remark 13.2.4. One can give an elementary proof of Theorem 13.2.3 that avoids
direct use of the conditional expectation. It is a standard philosophy that to
study subalgebras M of a II; factor N one investigates Eys, epr and (N, epr)
as has been emphasised in these notes, so the conditional expectation version
is used in Theorem 13.2.3. Here is the outline of the direct approach avoiding
explicit use of conditional expectations, though the maps introduced are the
conditional expectations of the commutants of matrix subalgebras.

Let N be a separable II; factor for the remainder of this remark. If G
is a compact group of unitaries in N with normalised Haar measure ug, let
¢c : N — N be defined by

pc(z) = /Gua:u* duc(u)  (z € N). (13.2.17)

When this is used in the discussion, G is a finite group and fg'dMG is the
average over G.
The steps are as follows. Show that if H C G are such subgroups of IV, then

¢cou = dudc = dc (13.2.18)
and
[oc(z) = 7(@)1l2 < l¢u(x) = T(z)[2  (z € N). (13.2.19)
Using the technique of Lemma 13.2.1 show that if ¢ > 0 and y = y* € N, then
there exists an n x n matrix subalgebra M of N with matrix units e;; € {y}”
such that if G is the group generated by the natural permutation matrices in
M, then ||¢pa(y) — 7(y)1||2 < €. Here G is the group generated by the unitary
permutation matrices u;; interchanging i™™ and j* basis elements and leaving
the others fixed:

wij=ejteit+ Yy ew (1<i,j<n) (13.2.20)
s#4,J

in M, where ei; (1 <14,j < n) are the matrix units of M. The rest of the proof
roughly follows the inductive construction in Theorem 13.2.3 but with Eq7, -\
replaced by ¢¢.

This all works of course because ¢c = Eq;, ., as may be seen by applying
the uniqueness condition of the conditional expectation in Lemma 3.6.2. O
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13.3 Cartan masas in hyperfinite subfactors

The main result of this section is Theorem 13.3.2, which constructs a hyperfi-
nite subfactor containing a given Cartan subalgebra. Throughout, A denotes
a Cartan subalgebra of a separable I factor N. Recall from Section 3.3 that
a Cartan subalgebra A of N is a masa in N such that the unitary normaliser
N(A) = {u € U(N): uAu* = A} of A in N generates N as a von Neumann
algebra. From Section 6.2, recall that GA/(A) denotes the groupoid normaliser
of A:

GN(A) ={v € N: vis a partial isometry, vAv* C A and v*Av C A}.

The following lemma ensures that the hyperfinite algebra M constructed in
Theorem 13.3.2 is generated by the unitary normaliser of A in it.

Lemma 13.3.1. If {f1,..., fx} is a set of orthogonal equivalent projections in
a Cartan subalgebra A of N, then there are matriz units fi; (1 < 4,5 < k) in
GN(A) such that fi; = f; for 1 <i<k.

Proof. By Lemma 6.2.6, there are partial isometries fi; € GN(A), 1 < j <k,
such that

fuliy =5, fjhi=1f, 1<j<k (13.3.1)
where fi1 = fi. If we define f;; = f{;f1;, then each f;; lies in GN(A), by
Lemma 6.2.3, and we now have the desired set of matrix units. O

Theorem 13.3.2. Let N be a separable 111 factor and let A be a Cartan sub-
algebra of N. Then there is an irreducible hyperfinite subfactor M of N such
that A is a Cartan subalgebra of M.

Proof. The idea of the proof is to construct an increasing sequence of matrix
algebras using techniques from Chapter 12 to ensure that the weak closure of
the union has the required properties.

Let {a,: n € N} be a sequence of projections in A whose linear span is dense
in A in the strong operator topology. By induction, we construct an increasing
sequence

My=C1C M, CMs...

of finite dimensional matrix subalgebras of N with matrix units (ef;) satisfying
the induction hypotheses

(1) ey € GN(A) for 1 <i,j < k(n), where M,, is isomorphic to My, (,);
(2) if A, is the finite dimensional subalgebra generated by the set
{elt: 1<i<k(n)},
then A,, C A and

la; —Ea,(aj)]]2 <27" for 1<j<n. (13.3.2)
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Suppose that M, has been constructed. Since w € GN'(A) implies that wAw* C
A by definition of GN'(A), the finite set

F=A{etarey: 1<t<n+1, 1<i<k(n)}

is contained in A. By Corollary 3.6.9, there is a finite dimensional subalgebra
B of A that contains A,, and is such that

I(7 = Ep)(efsazefy) 2 < k(n)~t2= "+ (13.3.3)

for 1 <i <k(n)and 1 <j <n+ 1, while the minimal projections fi,..., f; in
B are all equivalent.

The projection ef; is in A,, C B, so is a sum of some of the minimal projec-
tions in B, and e}, acts as an identity for the finite set

{efarely: 1 <i<k(n), 1<t<n-+1}.

Thus those f; that do not occur in the sum for e}; may be discarded, and we
assume that

etr=fit o+ fm (13.3.4)

By Lemma 13.3.1 there are matrix units f;;, 1 < 4,5 < m, such that fi; = f;
for 1 < ¢ < m. The matrix units eZéH (1 < k,¢ < mk(n)) are defined by using
a tensor product idea. Let

el =t fijer, for 1<s,t<k(n)and1<i,j<m, (13.3.5)

©,7,8,t
and let M, ;1 be the linear span of these matrix units. Then M, is isomorphic
to the algebra of k(n + 1) x k(n + 1) matrices, where k(n + 1) = mk(n) and
M, 4+1 contains M,,. The diagonal of M, ;1 is contained in A since each e;; s in
GN(A).
To finish the induction we need to prove inequality (13.3.2) from (13.3.3).
If L, and R, denote respectively left and right multiplication by z, observe
that Len Ren is a || - [[2-norm isometry from ef; Aefy onto e, Aef;. Using the
Ap41-module property of E4 ., and the equation

e11Antr€l, = efy Befy, (13.3.6)
it follows that

1T = B )Ehzedlle = (T — B, )(elwel)l
= H(I_EB)(E?Z‘fEG?i)HQ (13.3.7)

for all z in A. Since A is abelian and e} (1 < ¢ < k(n)) are orthogonal in A, 41,
Iz =B,y @)I3 = 11D els(I = Ea,y)(@)elill3
=Y llef(I = Ea, ) (@)ef|l3
=Y I —Ea,,,)(epze)ll3

=Y (I —Eg)(efimefs)| (13.3.8)
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for all z in A, by inequality (13.3.7), where the sums are taken over 1 < ¢ < k(n).
Inequalities (13.3.3) and (13.3.8) give inequality (13.3.2) directly.

Let M be the weak closure of |JM,, a subfactor of N. Note that the
weak closure of | J A, is equal to A by inequality (13.3.2) and the choice of
{an: n € N}. Thus A C M, and is Cartan in this subfactor of N by Corollary
6.2.5 (ii). O

The crossed product construction of Murray and von Neumann of a discrete
non-amenable group G acting ergodically on L*° (X, u) provides many separable
non-hyperfinite II; factors N, to which Theorem 13.3.2 applies. There are also
separable non-hyperfinite II; factors with non-conjugate Cartan subalgebras
[41], although Cartan masas in the hyperfinite factor R are unique up to unitary
conjugacy [40].

13.4 Property I

In seeking to give examples of non-isomorphic II; factors, Murray and von
Neumann [118] introduced property I" with which they were able to distinguish
the hyperfinite II; factor R from the group factor L(Fz). In this section we
will first present two equivalent formulations of property I', and then give some
other characterisations which are more flexible. The one due to Dixmier [50]
is stated as Theorem 13.4.6 but the proof is postponed to Appendix A since it
requires some results concerning ultrafilters.

Definition 13.4.1. A II; factor N is said to have property T' if, given ¢ > 0
and z1,...,x, € N, there exists a trace zero unitary u € N such that

lux; — zulle <e, 1<i<k. (13.4.1)

An alternative formulation is the existence, for a fixed but arbitrary finite set
F C N, of a sequence {u,}>2; of trace zero unitaries in N satisfying

lim |lupz — zu,|2 =0, z€F. (13.4.2)

O

It will be convenient to relax the requirement that 7(u,) = 0 in the second
version of Definition 13.4.1, by only asking that lim, .. 7(u,) = 0. This is
Corollary 13.4.4, and the following preliminary results are needed in order to
see that this is possible. Theorem 13.4.2 and Corollary 13.4.3 are phrased in
terms of matrices and factors respectively, but an examination of the proofs
shows that they are really about properties of abelian algebras, £>°(n) in the
first case and L°°[0, 1] in the second.

Theorem 13.4.2. Let e > 0 be fized and let n be any integer satisfying ne > 1.
Let T denote the normalised trace on M,,. If U € M, is a diagonal unitary
matriz with |T(U)| < e, then there exists a diagonal unitary matriz Uy € M,
satisfying T(Ug) = 0 and ||U — Up|l2 < 254/€.
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Proof. We begin by making three simple observations concerning the geometry
of the unit disc D and the unit circle T.

(i) If z1, 22 € D, and the angle between them is at least 7/4, then

[(z1 4 22)/2| < cos(7/8) < 0.93 < 19/20. (13.4.3)

im/8 —in/8

This follows by examining the extremal case z; = e and zo = e

(ii) f 0 < R < 1 and |z| < R, then the horizontal line joining z to the unit
semicircle in the left half plane has length at least 1 — R. The minimal
such distance occurs when z = —R which is a distance 1 — R from the
closest point —1 on the unit circle.

(iii) For each integer k > 2, every point re’® € D is the average of k points in
T. This is clear for k = 2. If the result is true for k — 1, then take 2z, = e*?
and choose 21,. .., zx_1 to average to (kre'® —e¥)/(k — 1) € D. A simple
computation gives re? as the average of z1, ..., 2.

By multiplying U by a suitable scalar of modulus 1, we may assume that 7(U)
is both real and positive. The strategy of the proof will be to alter a small
proportion of the eigenvalues in such a way that the sum of their imaginary
parts is unchanged while making an appropriate reduction in the sum of their
real parts. The three observations will allow us to achieve this. We need to
consider two ranges for € so we begin by assuming that e < 1/150.

Divide T into eight equal arcs Aj,...,As where A,, corresponds to the
interval (m — 1)w/4 < Argz < mn/4 for 1 < m < 8. There must be at least
one arc which contains more that 10ne eigenvalues, otherwise we would have at
most 80ne < n eigenvalues. The interval (10ne, 11ne) has length greater than
1, and so let k£ be the minimal integer in this interval. There are three cases to
consider, the first two of which will be shown to be impossible. Note that (c)
covers all cases outside (a) and (b) since if there are three or more arcs with at
least k eigenvalues each, then at least two are non-adjacent and so separated by
an angle of at least 7/4.

(a) Only one arc has at least k eigenvalues.
(b) Exactly two arcs have at least k eigenvalues each and they are adjacent.
(¢) There are two non-adjacent arcs which each contain at least k eigenvalues.

(a) Since we will show that |7(U)| > 3¢ in this case, we may rotate the eigen-
values so that the arc with at least k eigenvalues is now —7/8 < Argz < 7/8,
which lies to the right of the line = cos(7/8). The other seven arcs contain at
most 70ne eigenvalues, and so

Re7(U) > ( — 70ne + (n — 70ne) cos(w/8)) /n
> —T0e + (150e — 70¢) cos(w/8) > 3e, (13.4.4)
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by evaluation of the last term. This contradicts |7(U)| < €.

(b) By rotation as in (a), we may assume that the two arcs containing at least
k eigenvalues are A; and Ag, which both lie to the right of the line z = 1/v/2.
The other six arcs account for at most 60ne eigenvalues so a similar estimate to
that of (a) gives

Re7(U) > (—60ne + (n — 60ne)/v/2)/n
> —60e 4 (150e — 602)/V2 > 3¢, (13.4.5)

and again we have a contradiction.

(c) Select k eigenvalues from each of two non-adjacent arcs. Then (i) implies
that the average of these 2k eigenvalues lies in the disc of radius 19/20. Obser-
vations (ii) and (iii) allow us to change these 2k values within T so that the sum
of the imaginary parts is unchanged but any reduction in the sum of the real
parts up to (1/20)(2k) > ne is possible. Thus we can define a diagonal unitary
Uy with 7(Up) = 0 by moving 2k < 22ne eigenvalues of U to other points on the
circle. Each eigenvalue moves a distance at most 2, and so we have the estimate

|U - Upl|3 < 22 22¢ = 88e. (13.4.6)

Thus ||U - U0||2 < ].Oﬁ

Now consider € > 1/150. Take Uy to be any n x n diagonal unitary matrix
of zero trace, possible by (iii). Then ||[U — Uplla < 2 < 2v/150e < 25+/e. This
last estimate is then valid for all values of ¢. O

Corollary 13.4.3. Let N be a I factor and let € > 0 be given. Ifu € N
is a unitary satisfying |7(u)| < e, then there exists a unitary @ € N satisfying
7(@) =0 and ||u — a2 < 26+/¢.

Proof. The functional calculus in the abelian von Neumann algebra generated by
u yields orthogonal projections py,...,p, € N and scalars A1, ..., A, of modulus
1 such that Y7 | A\;p; approximates u as closely as we like in ||-||2-norm. Further
small perturbations of the projections allow us to assume that they all have
rational trace, whereupon appropriate subdivision of these projections allows
us to assume that they all have equal trace. The result is that we may choose
the projections and scalars so that

T <Z )\ipi>
< Ve (13.4.8)

n
w=> \ipi
=1 2

Further subdivision of the p;’s will ensure that n is so large that ne > 1. Then
the p;’s are the minimal diagonal projections in a matrix subfactor M,, C N.
We can apply Theorem 13.4.2 to see that there is a trace zero unitary u € M,
with |37, Aips — @], < 25/€, and the result follows from (13.4.8) and the
triangle inequality. O

<e (13.4.7)

and
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Corollary 13.4.4. Let N be a I factor. The following statements are equiv-
alent:

(i) N has property I';

(ii) given x1,...,x, € N, there exists a sequence of unitaries {u,}>2, in N
such that lim,, .o 7(u,) = 0 and

lim ||upz; — Tuplle =0, 1<i<k. (13.4.9)

Proof. (i) = (ii) is immediate from Definition 13.4.1 so we only prove the
other direction. Suppose that (ii) holds. If we have a sequence of unitaries
{un}22; satisfying (ii), then Corollary 13.4.3 allows us to find a sequence of
unitaries {,}>2; so that 7(4,) = 0 and lim,_, ||ty — Gy|l2 = 0. This second
condition ensures that the @, ’s asymptotically commute with the x;’s, showing
that N has property I O

The following theorem will be used in the next section. Although it is easy to
state, there does not seem to be a short proof of it. The one given here requires
the previous results of this section. A more sophisticated approach would use
the ultrafilters of Appendix A, which would have the advantage of extending
the result to finite index inclusions of factors [133].

Since we have two factors below, we use 73y and 7n to distinguish their
traces.

Theorem 13.4.5. Let N and M be type 11 factors and suppose that there
exists a matriz algebra M,. such that N is isomorphic to M, @ M. Then N has
property U if and only if the same is true of M.

Proof. Suppose that M has property I', and let x1,...,zr € N be a finite set

of elements. Let {y;: 1 <i < kr?} C M be a listing of the matrix entries when

we view the x;’s as matrices over M. There is a sequence of trace zero unitaries
{un}22, in M which asymptotically commutes with the y;’s in || - ||2,7,,-norm,

and then the sequence of unitaries {I, ® u,, }5; in N asymptotically commutes
with the z;’s in | - ||2,7y-norm and 75 (I, ® u,) = 0 for n > 1. Thus N has
property T'.

Conversely suppose that N has property I', and consider a finite set {z1,...,2;} C

M. Fix a finite group G of unitaries in M, which generates this matrix algebra,

and apply Definition 13.4.1 to

F={l,®x1,....,., @} U{v®@1p:veEG}CN.

We obtain a sequence {uy, }52; of trace zero unitaries in N which asymptotically

commutes with the elements of F' in || - ||2,-y-norm. For n > 1, let
1
t, = @l D (0@ 1a)un(v* @ 1a) € N. (13.4.10)

veG
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The u,’s asymptotically commute with the (v ® 1ps)’s, and so lim, o0 ||ty —
tnll2,ry = 0. Moreover, 7n(t,) = 0 and ||¢,]] < 1 for n > 1. Each ¢,
lies in M/ N N, and so has the form I, ® s, for some s, € M satisfying
lsn]l <1 and Tar(s,) = 0. Since lim,, o [|ukwy — thtn 2,7 = 0, it follows that
limy, o0 ||1ar — SiySnll2,7,, = 0, which says that the s,,’s are behaving asymptot-
ically as unitaries.

Let s, = vy|s,| be the polar decomposition of s, for n > 1, and let p, =
VRV, @n = V) Uyn. These projections have equal trace and so we may find partial
isometries ¥, satisfying 1as — pn = 0,0 and 00, = 1y — gn. Since pnSn = Sn,
we have that lim,_,o |13 — S5 DnSn 2,7, = 0, showing that lim, oo ||pnll2,7y =
1. Thus limy, oo Tar(1ps — pr) = 0, which is the same as lim,,_.« ||Un /2,71, = O-
Now define unitaries by w, = v, + 9, € M. Applying 73; to the inequality

(s — 5580)% = (1ag — |50|5)? > (1as — |sn])? (13.4.11)

shows that lim, oo ||1as — [Snlll2,7, = 0, and so limy, oo ||Sn, — vn|l2,7y, = O.
This yields lim,, .o ||Sn, — Wy |2,7, = 0. The s,’s asymptotically commute with
the x;’s, and so the same is true for the wy,’s. Since limy, oo Tar(sn, — wy) = 0,
we obtain lim, o 7as (w,) = 0. From Corollary 13.4.4, we conclude that M has
property T. O

The following characterisation of property I', due to Dixmier [50], has been
very useful (see [30]). It will be proved in Appendix A, although we will make
use of it in the next section.

Theorem 13.4.6. A separable 11, factor N has property I if, and only if, for

each m, k € N, z1,-+- ,x,, € N and ¢ > 0, there exist mutually orthogonal
projections p1,--- ,pr in N each with trace k=1 such that
lpiz; —xjpilla <e for 1<j<m,1<i<k. (13.4.12)

Remark 13.4.7. We mentioned at the beginning of this section that property T’
could distinguish certain factors. In the hyperfinite factor R, any finite set of
elements can be simultaneously well approximated in || - ||2-norm by elements in
some large matrix subfactor M. Any trace zero unitary from M’ N R will then
fulfill the definition of property I" for R. Establishing that L(Fz) does not have
property I' is more complicated and is postponed to Appendix A (see also [105,
Theorem 6.7.8]). O

In the following example, we expand this remark to include McDuff factors,
infinite tensor products, and tensor products of two factors when at least one
has property T

Example 13.4.8. Let (Ng,71), k > 1, be a sequence of II; factors with normal
normalised traces, and let M, = N1®--- QN with the product trace. Then
M; C M, C ..., and we let A be the C*-algebra generated by (J;-; M}, which
has a trace T induced by the traces on the My’s. Let m be the GNS representation
of (A,7) and let N be the weak closure of w(A). The trace 7 on A is given by
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a vector state which induces a normal trace on N, also denoted by 7. Then N
is a II; factor, since any two normal normalised traces on N would agree on
each My and hence on N. This is the infinite tensor product ®,-; N, in which
U, My, is || - ||2-dense. To check property I', we only have to consider elements
T1,...,Tm € My for a sufficiently large choice of k. We may then choose a trace
zero unitary u € Ng41, and this commutes with each x;, verifying property I'.
If we write the hyperfinite II; factor R as ®,., My and group the matrix
factors appropriately, then we see that R = ®,- ; Ry, where each R}, is a copy of
R. Consequently, for any II; factor M, the McDuff factor M®R is isomorphic
to an infinite tensor product and so has property I' by the previous discussion.
We also note that M;®M, has property I" whenever at least one factor, say
M, has this property. It is easily checked that any family (u,) of trace zero
unitaries verifying property I' for M gives rise to a family (u, ® 1) verifying
property I' for M{®QMs. O

Remark 13.4.9. There is a more general form of Corollary 13.4.3 available which
we will need in Theorem A.5.3: given ¢ > 0 and A € D, there is a constant K (]A|)
so that if w € N is a unitary satisfying |7(u) — A\| < ¢, then there is a unitary
@ € N with 7(2) = A and ||Ju — @ll2 < K(|A])V/E.

For || = 1, take @ = Al and K (1) = /2. When |A| < 1, follow the proof of
Theorem 13.4.2 by making the following choices. Take t arcs (¢ replaces 8) where
cos(2m/t) > |A|. Then choose an integer s to satisfy 2s(1 — cos(n/t)) > 1 (sne
replaces 10ne). Now choose 6 > 0 (& replaces 1/150) to satisfy the analogues of
(13.4.4) and (13.4.5):

—(t—1)sd 4+ (1 — (t — 1)s6) cos(m/t) > |A| + 36 (13.4.13)

and
—(t—2)s0 + (1 — (t — 2)s8d) cos(2m/t) > |\| + 36. (13.4.14)

The proof then proceeds as in Theorem 13.4.2 by considering the ranges ¢ < §
and € > §. The constraints on these constants imposed above will force s, t — oo
and 6 — 0 as |A| — 1, and the constant K (|A|) that would emerge in Corollary
13.4.3 would tend to oo as |A| — 1. Since K (1) = v/2, it seems likely that there
should be an absolute constant K to replace K (|A]), but our methods do not
give one. O

13.5 Irreducible hyperfinites in I' factors

In this section we use the existence of an irreducible hyperfinite subfactor to
construct such a subfactor with some additional properties in the case that IV
has property I'.

We will use the notation [z, y] = zy—yx for the commutator of two operators.

Lemma 13.5.1. Let N be type I1; factor with property I' and let N = M, ® M
be a tensor product decomposition of N. Given x1,...,x, € N, k € N, and
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e > 0, there exists a set of mutually orthogonal projections {ps}*_, € M, each
of trace k=1, such that

Il®@ps,zla<e, 1<s<k, 1<t<n. (13.5.1)

Proof. Write each x; as an r X r matrix over M, and let {y; ;ﬁi be a listing of
all the resulting matrix entries in M. By Theorem 13.4.5, M has property I'
so choose a set {ps}*_; € M of mutually orthogonal projections of trace k~*
satisfying

s, vellla <r e,  1<s<k, 1<t<nr? (13.5.2)

from Theorem 13.4.6. Inequality (13.5.1) follows directly from this. O

Since the projections found above have equal trace, they may be viewed as
the minimal projections in the diagonal of an n x n matrix subalgebra of M; we
will use this subsequently.

The next two lemmas will handle the inductive step in the proof of Theorem
13.5.4.

Lemma 13.5.2. Let N be a separable 11y factor with property I' and let M,
be an r X r matriz subfactor of N such that N has the form M, ® M. Given
T1,...,Ty € N, there exists a matriz subfactor Q@ C M of dimension n! X n!
with the following property. For each integer k satisfying 1 < k < n, there are
k orthogonal projections pi, ..., p in the diagonal of Q, each of trace k=, such
that

lzj, I @pillla <n™t, 1<i<k, 1<j<n. (13.5.3)

Proof. We will construct @ as Q1 ® Q2 ® ... ® @, where each Q,, is an m X m
matrix subfactor, and where the diagonal of @ is the tensor product of the
diagonals of the @,,’s. We take @Q; = C1. Assume that Q1,...,Qr_1 have been
constructed so that the desired projections of trace m~* for (13.5.3) are in the
diagonal of Q,, for 1 < m < k — 1. We now apply Lemma 13.5.1 with ¢ = n~!
and M, replaced by M, ® Q1 ® ... ® Qr_1 to obtain a matrix subfactor Q) in
the commutant of this algebra whose minimal diagonal projections of trace k—!
satisfy (13.5.3). This inductive step allows us to arrive at Q = Q1 ® ... ® @,
whose diagonal contains all the required projections to satisfy (13.5.3). O

Lemma 13.5.3. Let M, be a matrix subalgebra of a separable 11y factor N so
that N = M, ® M. Given € > 0 and y1,...,yx € N, there exists a matric
subalgebra My C M such that the diagonal D,q = D, @ Dy of M, ® My has the
following property:

1Ep,, (1) — Ep; nn(yi)ll2 <€ (13.5.4)

for1 <i<k.

Proof. Choose a masa B in M, which is isomorphic to L*°[0,1], by Theorem
3.5.2, and where the trace corresponds to Lebesgue measure. By dividing [0, 1]
into 2" intervals of equal length, we obtain an increasing sequence B; C By C

. C B of finite dimensional subalgebras, where the minimal projections in
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each B, are equivalent in M. Thus there is an increasing sequence of matrix
subfactors M7 C My C ... C M with B,, the diagonal of M,. The construction
of the B,,’s implies that their union is weakly dense in B. Then J,,~, D, ® B,
is weakly dense in the masa D, ® B in N. By Lemma 3.6.8, a

lim ||Ep,g8, (¥i) — Em,e8,)nn@i)llz =0 (13.5.5)

n— oo

for 1 <14 < k. If we take M, to be M, for a sufficiently large choice of n, then
(13.5.4) follows from (13.5.5). O

The next theorem is a refinement of [30, Theorem 5.3], which gave the same
conclusion except for the statement that A is a masa in N.

Theorem 13.5.4. Let N be a separable 11, factor with property I'. There is
a masa A in N and an irreducible hyperfinite subfactor R of N such that A is

a Cartan masa in R, and if m,n € N, x1,--- ,x,, € N and ¢ > 0, then there
exist mutually orthogonal projections pi,...,pn in A, each of trace n™', such
that

lpizj — xjpilla <e, for 1<i<n, 1<j<m. (13.5.6)

Proof. We will construct A C R as the ultraweak closure of an ascending union
of diagonals A,, of matrix subalgebras M,, of N, which are inductively defined.
We choose a sequence {y;}£2; from the unit ball of N with y; = 1, and which
is || - ||o-norm dense in the unit ball. For this choice, the induction hypotheses
on A, and M, are

(l) A1 = M1 = (C].;

(11) Mn—l g Mn and An—l Q AT, with Mn = Mn—l ®an and AT, = An—l (24
D,,, for some m, € N for n > 1;

(iii) for each k < n there exist mutually orthogonal projections pi,--- ,pr €
An, 7(ps) = k71, satisfying

s> yellla < n ™, 1<i<k, 1<t<m (13.5.7)
(iv) for 1 <t <m,
[Eaynn(ye) —Ea, (ye)l2 <27 (13.5.8)

Before we construct these algebras, we first see why their existence implies
the conclusion of the theorem. Suppose that we have algebras A, C M, for
n > 1 as described in (i)-(iv). The weak closure of | J,,~; M, is a hyperfinite
subfactor R containing the abelian subalgebra A = |J,,~,; Ay. Inequality (13.5.8)
implies that A is a masa in N by Corollary 3.6.9. Then any x € R'NN commutes
with A and so lies in A C R. Thus z is central in the factor R, so is a scalar,
and it follows that R’ " N = C1. The permutation matrices in M,, generate

this algebra and also normalise A, for each r > n, from the nature of the
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tensor product construction of these algebras in (ii). Thus M,, C N'(A, R)", for
all n > 1, showing that A is Cartan in R. Finally, (iii) shows that A contains
enough projections to meet Dixmier’s criterion for property I' in Theorem 13.4.6.
Thus it only remains to construct inductively the algebras satisfying (i)—(iv).
Suppose that Ay C My, for k < n— 1 have been constructed. We first tensor
M, _1 with a matrix algebra R; so that the tensor product of the diagonals
contains projections for which the inequalities of (13.5.7) are satisfied; this is
possible by Lemma 13.5.2. Using Lemma 13.5.3 with £ = n and ¢ = 27", we
then tensor by a further matrix algebra Ra so that (13.5.8) is satisfied when
M, is M,_1 ® Ry ® Ry and A, is the tensor product of their diagonals. This
finishes the inductive step and completes the proof. O

The following observation is immediate from Theorem 13.5.4. We refer to
Appendix A for the definition of A and N¥.

Corollary 13.5.5. If N is a separable 111 factor with property I, then there is
a masa A in N with N'N A¥ # C1 in N¥.

Proof. Let A be the masa constructed in Theorem 13.5.4 and let {y;}32, be the
set of elements in the proof of that result. Then, for each n € N, there exist
projections p7,...,p5, € A of trace (2n)~! satisfying

llpfyss yipillla<n™',  1<i<2n, 1<j<n. (13.5.9)

We may then define a sequence of trace zero unitaries w,, € A by u, = 1 —
2> _, pi for n > 1, and these asymptotically commute with all elements of N,
but form a non-trivial element of N since the tracial condition rules out the
possibility that lim, . ||un, — Anl|j2 = 0 for any sequence of scalars {A,}52 ;.

O

Remark 13.5.6. The results of this chapter are based on the methods of Popa
(see [139, 140, 141]) with the T' factor section from Christensen, Pop, Sinclair
and Smith [30, 31]. The results in this chapter have been used in cohomology
calculations in von Neumann algebras (see [172] and [30]) and in Shen’s proof
that separable Cartan and I" factors are singly generated (see [171]). O



Chapter 14

Maximal injective
subalgebras

14.1 Introduction

The hyperfinite, or injective, von Neumann subalgebras of a type II; factor are
closed under weak limits of unions of ascending chains so maximal injective von
Neumann algebras exist in all type II; factors [36]. However explicit examples
are hard to find. Popa [137] showed that the generator masa in a free group fac-
tor is a maximal injective von Neumann subalgebra in the factor. His methods
show (Theorem 14.1.1) that the masas in the free group factors that arise from
prime elements in the group are maximal injective von Neumann subalgebras of
the free group factors. Note that in each type II; factor N there are injective
subfactors R with R’ N = C1 by Theorem 13.2.3, and if M is an injective von
Neumann subalgebra of N with R C M, then M'NN C RRNN = Cl so M
is a maximal injective subfactor of N with trivial relative commutant. What
is amazing is that there are maximal injective abelian von Neumann algebras
[137, Corollary 3.3]. In the same paper other results about maximal injective
von Neumann subalgebras of I1; factors are also discussed.
Section 14.2 is devoted to a proof of the following:

Theorem 14.1.1. Let 2 < n < co. If a is a generator of ¥, then the abelian
von Neumann algebra A generated by a is a mazximal injective von Neumann
subalgebra of L(F,,).

This is a direct consequence of Theorem 14.2.5 since each von Neumann
subalgebra of L(F,) properly containing A has a central summand that is a
factor that does not have property I' so is not injective. The proof of Theorem
14.2.5 depends on checking the asymptotic properties of commutators in the
Il - ||2, which are handled in the ultrapower, so providing the link with property
I’ via McDuff’s results [114]. The combinatorial ideas are in Lemma 14.2.2 in
the free group and are turned into orthogonality and ||-||2-norm estimates in von

257
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Neumann algebras in Lemma 14.2.3. The orthogonality and ||-||2-norm estimates
are lifted to properties of various subalgebras in L(F,)* in Lemma 14.2.4. The
existence of non-zero atomic parts in several von Neumann subalgebras is an
important tool in the proof.

In Section 14.3, we extend these results by showing how to obtain concrete
examples of injective subfactors. The ones we present arise as crossed products
by free groups, and their properties heavily depend on Theorem 14.1.1. We also
discuss some basic results about crossed products, but the reader should consult
[104, 105] for a more detailed survey of this subject.

14.2 Maximal injectivity and masas

Before proving the result that a generator masa in L(TF,,) is a maximal injective
von Neumann subalgebra (Theorem 14.1.1) we shall prove that, in group von
Neumann algebras, masas arising from subgroups restrict the central structure
of von Neumann subalgebras containing them. The condition on the pair H C G
in the next theorem is similar to conditions (C1)—(C4) from Section 3.3. Indeed,
it is a simple algebraic exercise to see that (C1) is implied by the hypothesis of
Theorem 14.2.1.

Theorem 14.2.1. Let G be a countable ICC group and let H be an infinite
abelian subgroup of G with the property that gHg=* N H = {e} for all g in
G\ H. Let A= L(H) be the von Neumann subalgebra of L(G) generated by H.
If N is a von Neumann subalgebra of L(G) containing A, then there is a partition
{er : k > 0} of the identity 1 in the centre Z of N such that Ney = Aey, and
Ney, is a 11y factor with the von Neumann algebra (N’ N A“)ey, having non-zero
atomic part for all k > 1.

Proof. As noted above, the hypotheses on G and H imply that condition (C1)
of Section 3.3 is satisfied, and so A is a masa in L(G) by Lemma 3.3.1. Thus
A is a masa in N and A contains the centre Z of N. Let ey be the maximal
projection p in Z such that Np = Ap and let e = 1 — ¢y. It is possible that
eo = 0. We will show that eZ is an atomic (abelian) von Neumann algebra, and
we will obtain a contradiction by supposing that this is not so. Then there is a
non-zero projection ¢ in eZ such that ¢Z is diffuse and (e — ¢)Z is atomic. Let
B=(1-q)A+qZso Z C BC Aand ¢B = ¢Z is diffuse. For all g in G\ H
the abelian von Neumann algebras gAg~' and A are orthogonal by hypothesis.
Hence gBg~! and B are orthogonal for all g in G\ H. Let N'(B) be the unitary
normaliser of B in L(G). By Lemma 6.3.2 with N = Ny = B, the element
g € G\ H is orthogonal to N (B)" so g is orthogonal to B’ N L(G), since this
algebra is contained in A'(B)”. Thus B’ N L(G) is contained in L2(H) = L?(A),
which is the orthogonal complement of the linear span of G\ H, and so B'NL(G)
is contained in A. Since ¢ is in Z with ¢B = ¢Z, we have

qA 2 q(B'NL(G)) = q(Z' N L(G)) 2 ¢N (14.2.1)
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so that ¢A = ¢N. This contradicts the maximality of ey with egA = egN so
(1 —e9)Z = eZ is an atomic abelian von Neumann algebra.

Let {ex}r>1 be the atoms of (1 —ep)Z. Then ), ,er = 1. The von
Neumann algebra N is diffuse since A is a masa in N and each of the factors
erN is of type II; for k > 1.

Suppose that (N’ N A%)ey, is diffuse for some k& > 1 and let

B=(N'NA)e, + A“(1 — ey (14.2.2)

in L(G)¥. Then B C A¥ is diffuse. Let g € G\ H. The algebras A“ and gA¥g~!
are orthogonal von Neumann algebras since A and gAg~! are orthogonal. Hence
B and gBg~! are orthogonal von Neumann algebras. Using Lemma 6.3.2 again
shows that g is orthogonal to N (B)"” in L(G)“ so that g is orthogonal to B’ N
L(G)¥ for all g in G\ H. Moreover

New € (N' N A®Y N L(G)?)er, = (B' N L(G)*)ey,
C B'NL(G)¥ (14.2.3)

since ((N'N A“)e, = B'ey, by (14.2.2). Hence G\ H is orthogonal in L?(L(G))
to Ney, so that Ney, is contained in L?(H) = L?*(A) and Ney, is contained in A.
This contradicts the definition of e for k > 1. O

Throughout the remainder of this section we shall use the following defini-
tions and notation. Let 2 < n < oo, let the free group F,, have n generators
a, v1, va,. .., and let L*(F,) denote the Hilbert space arising from the trace 7
on N = L(F,). If W is a subset of F,, define the orthogonal projection py on
L*(F,) by

pw () = Z agg if = Z agg € L*(Fy,). (14.2.4)
geEW g€F,

If W is empty, then py is the zero projection. Observe that if V and W are
subsets of F,,, then pypw = pyaw. The following two elementary equalities of
pw will be used frequently in the subsequent calculations:

1 -1

and  pw(z)* = pw-1(z") (14.2.5)
for all W CF,, g € F, and x € L?(F,,).

Let Gp(a) denote the subgroup generated by a. A word g in F,, is said
to begin exactly (end exactly) with a’ for some j € Z if g = a’h (g = ha’)
with no cancellation in a’h (ha’) so |g| = |j| + |h| and h cannot be written
h = ahy (h = hia) with |h| = 1+ |hy|. If h begins exactly with a’, then
h = alv;,v;, - - - v;, , where v;, is not equal to a. In the next lemma, and for the
rest of this section, U, is the set of all words of length less than m that are
not powers of a, W, is the set of all words that are not powers of a that begin
exactly with a® for 0 < |k| < m and V,, is the set of all words that are not
powers of a that begin exactly and end exactly with powers of a greater than
or equal to m.

Pewg-1(x) = gpw (9~ xg)g
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Lemma 14.2.2. With the notation just described,

(i) if m is a positive integer, then Wy, C€ Wi and Uy, C Uppia;

(i) USSy Un = Uy Wi = F\ Gpla);

(i) U ViU NV = 0 and Up, Vi, N Vi Uy = 0.
Proof. Parts (i) and (ii) are clear. Let g; begin exactly with a/ and go end
exactly with a* with |g1| < m and |g2| < m . If h is in V,,, then h begins
exactly with a® and ends exactly with at, where |s|, |[t| > m, and h contains a
generator not equal to a. In g1 hgs the cancellation in g1 h, and hgo, stops at the
generator in g1, and g2, not equal to a since |s| > m and [t| > m. Hence g1hgs

begins exactly with a/ and ends exactly with a*, where |j|, |k| < m, so g1hga is
not in V,,. Since U,;! = U,,, the second inequality follows from the first. O

Lemma 14.2.3. For each positive integer m, let V,,, and U,, be as defined before
Lemma 14.2.2.

(i) Let m be a positive integer, let € > 0 and let x € L*(F,,) with ||z||2 < 1. If
e’z —xza’|lys < e for 1<j<2m?, (14.2.6)

then
”meuW,;l (z)]|2 <4+ (2m+1)71). (14.2.7)

(ii) Ify € L(F,,) with Eao(y) =0, then

lim_{ly ~ pw,, ()2 = Tm_|ly ~ pu, (0)]l> = 0. (142.8)

m—00

(ili) Ifz;, y; € L(Fy) for j =1, 2, then py,, (z1)pu,, (y1) and py,, (y2)pv,, (22)
are orthogonal.

Proof. (i) 1If 1 < j <m, then using (a + 3)? < 2(a? + 3?) for 0 < o, 3,

lpw,. (@)115 < (lpw,, (& — a= 2" 2a®™) |5 + [|pw,, (@~ P " xa®™)||2)?
< 2|z — a” ¥ xa®™ |3 + 2|pw,, (a” a3
< 252 + 2||(a_2jmpa2ijma*2jm (x)a2jm||§

< 262 + 2||pazimw, a-2im ()13 (14.2.9)

by (14.2.6). If g € a®*™W,,a=2'™ then g = a®*™a*ha=2™ where |k| < m and
h does not begin with a, so g starts with a®™+* and (2§ — 1)m < 2jm + k <
(25 + 1)m. The open intervals ((25 — 1)m, (2j + 1)m) in Z are pairwise disjoint
so that

a®"™W,,a” 2™ N @ Wa” ™ = () (14.2.10)

and
DPa2imwy, q—2imPg2im\y, q—2im = 0 (14.2.1 1)
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for 0 < i # j7 < m. Using this orthogonality and summing (14.2.9) over |j| < m
yields

(2m + Dllpw,, (2)|5 < 22m+ 1) +2 Y |Ipazimmw,,a-2im (2)|3

l7l<m
<2mA D242 Y P, ameim ()3
l7l<m
<202m+1)e* +2. (14.2.12)
and hence
lpw,, @)I3 < 22 + @m +1)71). (14.2.13)
The element z* satisfies the same hypothesis as z and pw,, (z*) = py,—1(2)* so
that
P, owa @3 = llpw,, (@)113 + Py, (@)112
< lpw,, @)113 + oy (@)113
<4+ 2m+1)7h (14.2.14)

by Lemma 14.2.2 and equation (14.2.12).

(i) If y is considered as an element of L(FF,,), then Pepa)(¥) =Ea(y) =0,y
is supported on F,, \ Gp(a) = U, _; Wi, = U;e—; Uy, and hence lim,, oo ||y —
pw,, (¥)ll2 = limpm oo ly — pu,,, (y)ll2 = 0.

(iii)  The support of the element py (z) is contained in W. Hence the support
of pv., (z1)pu,, (y1) is contained in V,, Uy, and the support of py, (y2)pv,, (z2)
is contained in U,,V,,. By Lemma 14.2.2 these supports are disjoint and hence
the elements are orthogonal. O

Lemma 14.2.4. Let x be in L(F,,)¥ with Ex(x) =0 and az = za. Ify; are in
L(F,,) with Ex(y;) =0 for j =1, 2, then y1x and xy, are orthogonal in L(FF,)*
and

12 = wyall? o = llll? o + logall? o (14.2.15)

Proof. Let € > 0. Using the result from Appendix A, Lemma A.5.4, that
Eaw(zy) = (Ea(zy)) for all (z.) € L(F,)¥, we may replace x by (z, — Ea(x,))
and so assume that E4(z,) = 0 for all r € N. By scaling we assume that z = (z,)
with [|z,|| <1 for all » € N and ||y;|| <1 for j =1, 2. Both y; and y, satisfy
Lemma 14.2.3 so there is an mg in N such that

ly1 — pu,yill2 < e and [lya — pu,y2llz < e (14.2.16)

for all kK > mg. Let m be a positive integer with m > mg and (2m + 1) > 72,
and let , ,
T={reN:|dz, — x|y <eforl<j<2m?}.

If r € T, then

e = pv,xell3 = Py, ot (20)ll3 < 4(6% + (2m +1)71) < 8% (14.2.17)
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by Lemma 14.2.3 since - = pv,,, (2r) + pyy -1 (%) using pap(a) (2r) = 0.
The scaling on z, and y;, and the Cauchy—Schwarz inequality imply that

I (12 (2ry2)™)| <lly1 — pu,,, (W1)ll2 + lys — pu,, (2)*[l2 + 2|z — pv,,, (z2)[]2
+ [7((pv,,. (y1)pv,,, (1)) [PV, ()P0, (y2)] )]
< 24252 < 8¢ (14.2.18)

for all r € T by (14.2.16) and Lemma 14.2.3.
Let x7 be the characteristic function of 7" and assume that € < 1. For each
JeN,
w(||a’z, — zpal|2) = @’z — xa?||bo =0 (14.2.19)

and so w(xr) = 1. Hence

17w (12 (2y2)")| = |w(T (Y12 (2,y2)"))|
= |w(xr(r) (g2, (2ry2)"))| < 8¢ (14.2.20)

by (14.2.18). O

Examining the proof of Lemma 14.2.4 indicates that minor changes to the
notation show that if x; are in L(F,)* with E4v(z;) = 0 and az; = zja for
j =1, 2 with the remaining hypotheses as in Lemma 14.2.4, then y;z1 and xoy»
are orthogonal in L(F,)* and

lyrz1 — wayell2 o = lra1ll2 o + 22212 o- (14.2.21)

Theorem 14.2.5. Let 2 < n < oo, let a be a generator of F,,, and let A be
the von Neumann algebra generated by a. If N is a von Neumann subalgebra of
L(F,,) containing A, then N is a (central) direct sum of a subalgebra of A and
a sequence of type 11y factors that do not have property T'.

Proof. By Theorem 14.2.1 there are projections ey (k > 0) in the centre Z of N
such that >, er =1, Neg = Aeg and Ney, is a type II; factor for each k > 1.
Suppose that Neg has property I" for some e with & > 1. By McDuff’s result,
(see [114] or Lemma A.7.3), it follows that (exNeg) N (exNey)“ has no atoms.

By Theorem 14.2.1 the von Neumann algebra (N’ N A“)e; has non-zero
atomic part. Since

(N'NA)er, Cex(N'NN¥)er = exN'ep N (exNeg)® (14.2.22)

there is an z in (e Neg) N (exNeg)® that is not in A“, since the later is contin-
uous. By subtracting E 4w (x) from 2, we may assume that E4w(2) = 0. Then
xw = wx for all w in ex N and xa = ax, since A C N.

Choose a unitary w in the von Neumann algebra exNep = Nej that is
orthogonal to A, or equivalently E 4 (w) = 0. This choice can be made as follows,
for example. Let f; and fy be orthogonal projections in A with f; + fo = ey
and 7(f1) = 7(f2) so f1 and fy are equivalent projections in Neg. Let v be a
partial isometry in Neg with vv* = f; and v*v = f5, and let w = v + v*. Then
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w is a self-adjoint unitary in the factor Nep with E4(w) = 0 since E4(v) = 0.
By Lemma 14.2.4 with w = y; = yo orthogonality gives

2|3 = [lwal3 + llzwl; = [lwe — zwll3 =0 (14.2.23)

because zw = wx. Thus 2 = 0 and this contradicts the assumption that z ¢
A“. O

Theorem 14.2.5 may be proved with A replaced by the von Neumann algebra
B generated by a prime element u in F,,. Before starting the calculations one
replaces u by an element v in its conjugacy class of minimal length and so
cyclically reduced. It would be interesting to know for which groups G and
prime elements v Theorem 14.2.5 is true.

14.3 Maximal injectivity of subfactors

In this section we will give some non-trivial examples of maximal injective sub-
factors. If N is a II; factor with an irreducible hyperfinite subfactor R, then any
von Neumann algebra M lying between R and N is automatically a factor, since
any central element would lie in R’ N N = C1. Thus Zorn’s lemma guarantees
the existence of maximal injective subfactors in any II; factor. Our objective is
to give some concrete examples of this phenomenon. These will be drawn from
crossed products by actions of groups by outer automorphisms. Blattner [6] was
the first to observe that each countable discrete group acts by outer automor-
phisms on the hyperfinite II; factor R. One way to see this is by expressing R
as @ geclg; where each R, is a copy of R; this isomorphism is possible because
of the uniqueness of the hyperfinite II; factor R. The Bernoulli shift action of
G is to let each h € G act as a permutation of the constituent factors, sending
R4 to Rpg. Rather than give the argument that this is an outer action, which is
notationally complex, we will instead look at the flip automorphism 6 of RQR
which sends z ® y to y ® x, since the case above works in the same way. If 0
were implemented by a unitary v € R®R, then conjugation by u would extend
6 to an automorphism ¢ of B(H)®B(H), where H = L*(R). Then ¢ would fix
R'®1 C (R®R)’, and so would give an isomorphism between (RUR’)” ® 1 and
R'®@R. The former is B(H) ® 1 while the latter is a II; factor, showing that
cannot be inner.

We will require a theorem of Choda [16] concerning von Neumann algebras
which lie between a factor M and its crossed product M x, G by an outer
action of a discrete group G. We will prove this using the following result from
[209] which is valid for general discrete groups but is notationally easier in the
countable case. We consider a factor M C B(H ), and we list the group elements
by

G =1{91,92,93 -}

We regard the elements of B(H ®, ¢?(()) as infinite matrices with entries from
B(H). If a: G — Aut (M) is an outer action of G on M, then there are
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diagonal representations p: M — B(H ®3 *(G)) and o: M’ — B(H ®, (*(G))
given respectively by

a!h (1')
p(z) = ag, (x) z €M, (14.3.1)

and

o(y) = Yy , yeM. (14.3.2)

With this notation, we have

Lemma 14.3.1. Let a be an outer action of a countable discrete group G on a
IT; factor M C B(H). Then the von Neumann algebra generated by p(M) and
o(M') is
tq
Q= ta tt; € B(H), sup||t;|| < oo p,
. i>1

a countable direct sum of copies of B(H).

Proof. Tt is clear that W*(p(M),o(M")) C Q. Once we have shown the inclusion
W*(p(M),c(M")) C @, the result will follow from the double commutant
theorem, Theorem 2.2.1.

Let t € B(H ®2*(@)) lie in the commutant of W*(p(M),o(M")), and view
t as an infinite matrix (¢;;) with ¢;; € B(H). Commutation with o(M’) shows
that each ¢;; lies in M. Since each t; commutes with {ag, (z): x € M} = M,
we conclude that t;; € C1 since M is a factor. If i # j, then

ag, (x)ti; = tijay, (z), =€ M, (14.3.3)

which becomes
ag g1 (@)t = tijz,  © € M, (14.3.4)
after replacing = by o -1 (2) in (14.3.3). We now have the situation of an outer

automorphism 6 = o, -1, and an element s = ¢;; € M such that
J

9i9
0(z)s = sz, x€ M. (14.3.5)

It follows that s*sx = s*0(x)s for x € M, implying that s*s € M commutes
with M, so s*s = Al for some A > 0. If A > 0, then s/v/A € M is a unitary
implementing 6, which is impossible. Thus A = 0 and so t;; = 0 for ¢ # j.
We have shown that ¢ is a diagonal matrix with scalar entries, so t € Q’. This
completes the proof. O



14.3. MAXIMAL INJECTIVITY OF SUBFACTORS 265

Remark 14.3.2. (i) For the purposes of Theorem 14.3.3, we note that Lemma
14.3.1 is valid for any ordering of the group elements in the diagonal represen-
tation, in particular for the representation 7 of M in (14.3.11).

(i) Suppose that we have two sequences of vectors n;,(; € L?(M) which are
each square summable in norm. Then a relation

oo

> (yag, (@), ¢y =0, x€M, yeM, (14.3.6)

i=1

can be written in matrix form as
yag, () m G
< yorg, () n2 | |G > =0, zeM, yeM. (14.3.7)

Lemma 14.3.1 then implies that

3] m G
< t2 m|, |G > —0, t; €B(H), (14.3.8)
which is equivalent to
> (tmi Gy =0, ti€B(H). (14.3.9)
i=1
We will use this in (14.3.14). O

We come now to a theorem due to Choda [16]. If M is a II; factor represented
on L?(M) and G is a countable discrete group acting by outer automorphisms on
M by a: G — Aut (M), then the crossed product M X, G is the von Neumann
algebra in B(L?(M) ®2 £%(G)) generated by (M) and the unitary operators

)‘9(7]®5g):77®5gha g7hEGa UGLQ(M)y (14310)
where
m(2)(n®dy) = ag1(z)n®S,, €M, g€ G, neL*(M). (14.3.11)

These definitions are made to ensure that A\gw(x)\,~1 = (g (z)) for x € M
and g € G, as can easily be checked. In particular, we note that conjugation by
Ag leaves invariant M when identified with 7(M).

The vector £®J, is both cyclic and separating for M x, G, and the associated
vector state is a trace on M X, G. Each operator t € M x, G can then be
identified with a vector t(£®4.) € L*(M)®2¢*(G) and has the form > gec Ng®dg
for n, € L?(M) satisfying > gec [ngl|? < co. Since ng is Ear(tA,-1), we actually
obtain 1y, € M. Thus each ¢t € M x, G has a unique Fourier series deG TgAg
where xg € M and }° s |
converges in L?(M x, G) but does not converge strongly or weakly in general
[115]. We refer to [104, 105] for a more detailed discussion of crossed products.

|z4]3 < co. As we noted in Section 3.2, this series
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Theorem 14.3.3. Let M be a1l factor and let G be a countable discrete group
acting on M by outer automorphisms. Let H be a subgroup of G. If N is a von
Neumann algebra such that M x, H C N C M X, G, then there exists a group
K lying between H and G such that N = M %, K.

Proof. Let K be the set of group elements g € G such that some n € N has a
non-zero Ag-coefficient in its Fourier series. Clearly H C K, but at the moment
K is only a set and not a subgroup of G. We will first show that A\, € L?(N) for
each k € K. Fix an arbitrary vector } s pgAg € L*(N)*, where p, € L*(M)

and Y, cc; l1g13 < oo

Since M C N, L?(N) is invariant under left and right multiplication by M.
If n € N has Fourier series deG ngAg where ny, € M, and if z,y € M, then
ynz™ has Fourier series } ., yngag(z*)Ag, and so

> (yJag(@)Ing€, ig) = 0. (14.3.12)

geG

Applying J to (14.3.12) gives

Z(JyJag(a;)Jngf, Jug) =0 (14.3.13)
geG

for x,y € M. Since JMJ = M’, we may apply Lemma 14.3.1 and Remark
14.3.2 (ii) to conclude that

> (tgIngé, Jug) =0 (14.3.14)

geqG

whenever t, € B(L*(M)) and sup,cq ||ty|| < oo. For a fixed k € K, we may
choose n € N such that ny # 0. Then let {; = 0 for g # k, while selecting
to satisfy trJnié = Ju,. It follows from (14.3.14) that py, = 0, and thus A, L
> gec Mgrg- We conclude that A € L?(N) for each k € K. Now the expectation
Ex of M x, G onto N is also the Hilbert space projection of L?(M x,, G) onto
L?(N), and so Ex(A\x) = Mg, showing that Ay € N. Consequently K is a
subgroup of G, and we see that M x, K C N. The reverse inclusion follows
trivially from the definition of K, proving the result. O

Before we can state and prove Theorem 14.3.5, the main result of this section,
we must first see when crossed products are injective.

Theorem 14.3.4. Let G be a discrete group acting by automorphisms oy on a
Iy factor M.

(1) If ag is an outer automorphism for each g # e, then M' N (M x, G) = C1
and M x,, G is a 11y factor;

(ii) M x4 G is injective if and only if M is injective and G is amenable.
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Proof. (1) Suppose that z € M' N (M %, G), and let z =3 5 z4Ag be the
| - |2-norm convergent Fourier series. For each x € M, the relation zz = zz
becomes
Z(ng — zgog(x))Ag =0, (14.3.15)
geG

showing that xz, = zga4(x) for all x € M. As in the proof of Lemma 14.3.1,
we conclude that oy is inner unless z, = 0. It follows that M'N (M x,G) = C1
since M 1is a factor. Since the centre of M x, G is contained in the relative
commutant of M, we see that M X, G is also a factor and we have established
above that it has a trace.

(ii) Suppose that M x, G is injective. This algebra contains both M and
L(G) so the conditional expectations onto these subalgebras show that they are
injective. Amenability of G follows from Theorem 3.8.2.

Conversely, suppose that M is injective and that G is amenable. By Theorem
3.8.1 and the subsequent remarks, M’ is injective. The operators A, conjugate
M to itself and so have the same property for M’. If we let u denote an invariant
mean on £°°(G), then we may define a contraction E: M’ — M’ by the formula

E()(9) = 1lg — 6(AgAg-1)) (14.3.16)

for x € M’ and ¢ € M. The invariance of u shows that each E(x) commutes
with L(G), and thus E is the expectation of M’ onto (M X, G)" which proves
injectivity of this last algebra. Injectivity of M X, G now follows from Theorem
3.8.1. O

Theorem 14.3.5. For 2 < n < oo, let F,, act on the hyperfinite 11y factor R
by outer automorphisms, and let H be the abelian group generated by a single
generator. Then R X, H is a mazimal injective subfactor in R x4 F,, and has
trivial relative commutant.

Proof. By Theorem 14.3.4, R x,, H is injective and also a subfactor of R X, F,,.
Moreover, it has trivial relative commutant because R has this property. By
Theorem 14.3.3, any von Neumann algebra between these crossed products has
the form R %, K for a group K lying between H and F,,. If this is injective,
then L(K) is injective by Theorem 14.3.4, which forces K = H since L(H) is
maximal injective in L(F,) by Theorem 14.1.1. The result follows from this. [



Chapter 15

Masas in non-separable
factors

15.1 Introduction

Up to this point, our discussion of masas has focused on the separable case.
However, all von Neumann algebras possess masas, and there are some inter-
esting phenomena which appear only when we leave the separable setting. The
ultrapower examples of Appendix A are important non-separable algebras which
play a role even for separable algebras, so strict adherence to separability is not
generally possible. In this chapter we investigate masas in non-separable fac-
tors, and the results that we present below are all due to Popa [136, 138]. Many
of them concern the algebra N“ which is discussed in Appendix A.

The main results for N“ in this chapter are Theorems 15.2.3 and 15.2.8.
They can be summarised as follows:

If N is a separable 11 factor, then all masas in N are non-separable,
N*® has no Cartan subalgebras and N is prime.

This is proved in Section 15.2. The third section is devoted to showing that, for
an uncountable set S, masas in L(Fg) are separable and that this factor has no
Cartan masas. These algebras were the first examples of the absence of Cartan
masas. The algebras L(F,), n > 2, also have this property [199], but in the
separable case the proof is substantially more difficult. We draw attention to
the difference between N“ and L(Fg): the first has no separable masas and the
second has no non-separable ones.

15.2 Masas in N*
Recall that Theorem 9.6.3 (i) in Section 9.6 states that

268
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if A is a masa in a separable 11y factor and u is a unitary in N with
(I —Ea)Eyaurllco,2 < 9§, then there is a unitary w € N(A) such
that |ju — w2 < 56.

The following lemma and corollary are due to Popa [150].

Lemma 15.2.1. Let N be a separable 11y factor. If A is a masa in N, then
N(A)Y = N(A¥).

Proof. If u, € N(A) for all n, then
T (Up) T (an)T(Upn)* = m(unanuy) € A® (15.2.1)

for all (ay,) € £>°(A), so that 7(u,) € N(A4¥).

Let u € N(A¥) and let u, be unitaries in N such that v = 7w(u,) by
Theorem A.5.3 (ii) on representations in ultrapowers. Suppose that lim, ||(I —
Ey, auz )Ealloo,2 > 0, and let € > 0 be such that

im || (1 = Bu, aus )EA)|lo,2 > € > 0. (15.2.2)

For each n, choose an a,, € A with || a,|| <1 and
(I = ]EunAu;)(an)||2 > (1= EunAu;)EAHOOJ -2 (15.2.3)
and let a = m(ay) € A¥. By Theorem A.5.3 and Lemma A.5.4,
I = Buavu)(@)l2,0 = (T = Eu, auz)« ) (@)2,0
> h}un (H(I - EunAu;‘L)(an)”2 - 2_n)
= liUrJn |(I = Eu, auz )Ealloo, 2 > €. (15.2.4)
This inequality (15.2.4) contradicts uA“u* = A and hence

lim [|(1 — Eu, Auz )EAllco,2 = 0. (15.2.5)

Let 0p, = [|[(I —Ey, aux )Eallco, 2 for all n. By Theorem 9.6.3 (i), for each n there
is a unitary w,, € N(A) such that |Jw, — u,|| < 5d,, so that

|7 (wn) — ull2,w = liul)n lwn — up|l2 = 0. (15.2.6)

Hence u = m(w,) € N(A)“ as required. O

Corollary 15.2.2. Let A be a masa in a separable 11y factor N. Then A is
singular in N if, and only if, A¥ is singular in N¥.

Proof. Suppose that A% is singular. If u € N (A), then ud“u* = (vAu*)¥ = A¥,
so that u € A“ and hence u € A. Thus A is singular. The other direction is a
direct application of Lemma 15.2.1. O
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Note that N (A¥) is relatively small in N“. If A is a Cartan subalgebra in
N, then N(A)” = N but N(A“) # N¥, since N* has no Cartan subalgebras
by Theorem 15.2.8.

The algebras N are rather extraordinary. Contrast the conclusion that
masas in N are non-separable with the situation in L(Fg), where masas are
separable even when the algebra is non-separable, equivalent to S being un-
countable.

Theorem 15.2.3. If N is a separable I1; factor, then the masas in N¥ are
non-separable.

Proof. Suppose that the masa B in N“ is separable and let u be a unitary
generator of B (see Theorem 3.5.2). By Theorem A.5.3 on lifting unitaries in
the ultrapower, there are unitaries u,, € N such that u = 7(u,). For each n,
let B, be a masa in N containing u,. Then By = €,, B, is a masa in {*°(N)
so that m(Bp) is an abelian von Neumann subalgebra of N“ containing u, so
containing B. Since B is a masa, B = 7(B,).

Using the observation that (Bn, 7') = (L‘X’[O7 1], fol -dt) (see Theorem 3.5.2),
for each n choose an abelian subalgebra A, of B,, with dim(A4,,) = 2™ and each
minimal projection in A, of trace 2~™. For each n, the finite tracial algebra
(An, T) is isomorphic to

Cn = (X Ceo @ Cey, 7), (15.2.7)
1

where e;, j = 1,2, are projections with eg +e; = 1, 7(e;) = 1/2 and 7 is
tensorial on the tensor product. If @ = (a1,a2,...) € {0,1}°° is an infinite
binary sequence, let u(«), be the self-adjoint unitary in A, corresponding to
the unitary

®7_1(eo + (—1)%e1) € Ch. (15.2.8)

Let (o) = (u(a)1, u(a)s,...) € £°(N,) and let u(a) = m(u(«)). Then u(w) is
a unitary in N2 for all o.

If o, 8 € {0,1}*> with a; # f3; for some j € N, then 7(u(c),u(5);) = 0 for
all n > j, because this contains the factor 7(eg — ;) = 0 arising from the j**
place. Hence

To(u(@)u(p)*) = liur)n T(u(a)pu(B)r) = 0. (15.2.9)
Thus {u(a): a € {0,1}°°} is an uncountable orthonormal set in L?(N*) that is
contained in the masa B. O

Lemma 15.2.4. Let N be a separable 111 factor. If e1,...,er and f1,..., [
are projections in N with 37 e; = 32, f; = 1 and 7(ej) = 7(f;) = k=" for
1 < j <k, then there is a unitary u € N such that veju* = f; for 1 <j <k
and

11— ully < 22262 max{|le; — fjll2: 1 < j < k}. (15.2.10)
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Proof. Let 6 = max{|le; — fj|l2: 1 <j < k}. By the comparison Lemma 5.2.9
for projections, there is a partial isometry v; € N with viv; = e;, vjv] = f;

and [le; — vjll2 < 2Y/2|le; — fi]l2 for 1 < j < k, since e; is equivalent to f]. Let
u=73,;vj. Then u is a unitary in N and

ue; = vje; =v; = fiv; = fiu (15.2.11)
for all 1 < j < k by the orthogonality of the families {e;: 1 < j < k} and
{f;: 1< j <Ek}. Moreover,

11— w3 =11 (e; vl =D lles — vl < 2k6%, (15.2.12)
J J
since e; — v; and e; — v; are orthogonal for ¢ # j. O

The estimate on ||1 — u||2 in (15.2.12) is not required subsequently. The
following theorem indicates that separable diffuse abelian von Neumann subal-
gebras of N“ behave like finite dimensional abelian subalgebras of a separable
II; factor with all their minimal projections of equal trace.

Theorem 15.2.5. Let N be a separable 111 factor.

(i) If A and B are separable diffuse abelian von Neumann subalgebras of N“,
then there is a unitary w € N such that wAu* = B.

(i1) If A is a separable diffuse abelian von Neumann subalgebra of N“, then
there is a hyperfinite subfactor R of N“ with A a Cartan masa in R
(arising from the diagonals of a 2™ x 2™ matriz approzimation to R).

Proof. (i) By Theorem 3.5.2, the separable diffuse abelian von Neumann alge-
bras (A 7') and ( ) are both isomorphic to (L°° 0,1] fol dt) Choose sets

of mutually orthogonal projections {e M.1< j < 2k} and {f(k) 1<j <20
in A and B for all k¥ > 0 such that

k k k k k _ k
W) Yo =1=0 1Y, ) = 2k = (),

k (k k k k (k
(2) et = et + eyt and £ = fGEY 4 pY
for1§j§2kandk21

3) A={el:1<j<2b k>0 and B={f":1<j<2% k>0})"

By the representation Theorem A 5 3 for lifting from the ultrapower, choose
sequences of projections e( ; and f . in IV such that

ok k ok k _ k
@) X2 e =1=2 f ¥y =27k = (1R,

k k+1 k+1 k k+1 k+1
(5) et =el5 D)y +ell ) and £ = fU50 4+ 50
for 1§j§2k k>0 and n>1,
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(6) m(e (k)) ej) and 7r(f ) f(k) for 1<j<2andk>0.

nj

By the previous Lemma 15.2.4 for each n € N, there is a unitary u,, € N

such that une ey f(n) for 1 < j < 2". The equations in (5) imply that

n,j Up,
Upe ;k)]un = fék; for1 <j< 2% and 1 < k < n, by a downward induction on k

from n.
Let u = 7(uy,). Then
uelut = ww ) (el () = wlunel ) = w0 = £ (15.213)

n, unn]n

for 1 < j7 < kandk > 0. SinceA:{eg-k):lgngk,kzO}"and

B = {f;k): 1<j<2F k>0} by (i) above, uAu* = B as required.

(ii)  Construct a hyperfinite subfactor R in N* by inductively choosing matrix
subalgebras My, Mo, ..., each isomorphic to the algebra Ms of 2 x 2 matrices,
such that M,, C {My,..., M,_1} N N¥ for all n > 2 using the observation that
{My,...,M,_1} N N¥ is a factor. Let R = (Un Mn)” = (®n Mn)”. There is
a Cartan masa B in R, for example the masa arising from the diagonals in the
tensor product. Thus B is a separable diffuse abelian von Neumann subalgebra
of N“. By (i) there is a unitary u € N* such that A = uBu*. Hence uRu* is a
hyperfinite subfactor of N“ containing A as a Cartan subalgebra. O

We will require the following useful little lemma.

Lemma 15.2.6. Let N be a separable 111 factor and let M be a matriz subalge-
bra of N. If A and B are mutually orthogonal masas in M, then A is orthogonal
to BN N.

Proof. If ey, ..., e, are the minimal projections in B, which is the diagonal of
M with respect to this basis then, by Remark 3.6.7,
k
Epnn(z Zeﬂ:ej for all z € N. (15.2.14)
j=1

From this it follows that Ep/~n(x) € M for all z € M. Thus the restriction of
Epnn to M is the conditional expectation Eg/nys = Eg from M onto B'NM =
B by the uniqueness of the conditional expectation. If x € A, then

EB/QN(x) = EB/QM(I) = EB(I) = T(x)l, (15215)
since A and B are orthogonal in M. Hence A and B’ N N are orthogonal in N
by the definition of orthogonality (see also Lemma 6.3.2). O

When we apply the next result subsequently, we will take M in its statement
to be the ultrapower N“.

Lemma 15.2.7. Let M be an arbitrary 11y factor and let R be a hyperfinite
subfactor of M. There exist two masas A and B in R such that A is orthogonal
to B’ N M as von Neumann algebras, and A is the (diagonal) Cartan masa

arising from R =2 (®n Nn)//, where Ny, = My for all n.
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Proof. Let Ag and By be two orthogonal masas of the algebra of 2 x 2 matrices
M. For example, let Ay be the diagonal masa Dy and let By be wAqw™*, where
w is rotation through m/4. Let N;, A; and B; be sequences of algebras with
the triples A; C N; and B; C N; isomorphic with A9 C My and By C M.
With the tensorial trace, there is an isomorphism 6 from ®ij onto R. Let
A= 0(®JAJ—) and B = 9(®ij). Then A and B are (Cartan) masas in R, since
®jAj and ®ij are (Cartan) masas in @J.Nj. In the algebra M,, = @] N;,
the algebras A, = @7 A; and B, = @/ B, are masas and A, is orthogonal
to E,L, since each A; is orthogonal to all the B;. By the Lemma 15.2.6 above,
applied to Zn, En C M, = My C M, the algebra En is orthogonal to E; NnM
for all n. Since E; NM D B'N M, it follows that Zln is orthogonal to B’ N M
for all n, so that A = (|, Xn)" is orthogonal to B’ N M. O

A II; factor M is said to be prime if M cannot be written as a tensor
product M = My®Ms, where M; and My are II; factors. Since each factor M
can be expressed as N ® M,,, where N is isomorphic to pMp for any projection
p € M of trace 1/n, this definition is equivalent to requiring that these trivial
decompositions are the only ones possible.

The conclusion below that N“ has no Cartan subalgebras is due to Popa
[138] and that N“ is prime is due to Fang, Ge and Li [67].

Theorem 15.2.8. If N is a separable 111 factor, then N¥ has no Cartan sub-
algebras and N“ is prime.

Proof. Let A be a masa in N¥ and let B be a separable diffuse (abelian) von
Neumann subalgebra of A. By Theorem 15.2.5 (ii) there is a hyperfinite sub-
factor R C N“ with B a Cartan subalgebra of R arising from a 2" x 2" matrix
approximation to R. By Lemma 15.2.7, there is a masa By in R with By or-
thogonal to B’ N N¥. Since B C A, BN N“ D A NN¥ = A, so that By is
orthogonal to A. Since By and B are separable diffuse abelian von Neumann
subalgebras of N“, by Theorem 15.2.5 (i), there is a unitary v € N“ such that
uBu* = By. Thus B is a diffuse abelian subalgebra of A and uBu* is orthogonal
to A so that u is orthogonal to N'(A)” by Lemma 6.3.2 on orthogonality. Hence
N(A)" # N“ and A is not a Cartan masa.

Suppose that N¢ is not prime and let N* = M;®M>, where M; and My
are II; factors. Choose separable diffuse abelian von Neumann subalgebras
A1 C M; and As C M, using standard techniques. By Theorem 15.2.5 (i) there
is a unitary u € N*“ such that uA;u* = Ay C M,, which is orthogonal to M;.
Here M, is identified with M; ® 1 and My with 1 ® M,. Since A; is diffuse
and contained in M, u is orthogonal to N (M7)” in N¥ by Lemma 6.3.2 on
orthogonality. However N (M;)” = M;®M,; = N*, which is a contradiction.

O

If A is a masa in a separable II; factor IV, then A% is a masa in N“. This
and property I' suggests asking how large is A’ N N¥ in relation to A“. When
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N has property I', then A’NN¥ D N'NN“ so the question is mainly of interest
when N does not have property T.

The following result is surely known to experts but we do not know of a
reference. The proof uses the idea of Theorem 15.2.3.

Lemma 15.2.9. If N is a separable 11 factor and A is a masa in N, then there
is an uncountable set of mutually orthogonal unitaries in A’ NN all orthogonal
to A%.

Proof. By Theorem 3.5.2, each masa A in N is a diffuse abelian separable von
Neumann subalgebra of N. By Theorem 12.3.1, there is a masa B in N and a
hyperfinite subfactor R of N such that B is the Cartan subalgebra of R arising
from the diagonals of the matrix algebras in R = @), M}, where M = M,
for all k¥ € N. Since B is a diffuse abelian separable von Neumann subalgebra
of N, Theorem 15.2.5 (i) implies that there is a unitary v € N such that
A = uBu*. The hypotheses and conclusions of this Lemma 15.2.9 are invariant
under unitary equivalence within N¢, so it is sufficient to prove the result for
B.

By the construction of B and R in Theorem 12.3.1, R = @), M}, with M;,
having matrix units e( ) (1<i,j<2)and B= {el(.f): 1<i<2k keNY. It
seems desirable to have the superscript as (k) rather than k as powers appear
subsequently in the proof and (k) specifies the tensor factor it is contained in.

Let By, = {egf): 1 <i<2F} and let
w=1®..10 P +e)v10...eR (15.2.16)

for all k£ € N, where the superscript specifies where it is in the tensor product.
Then

u,b=bu, forall be Byandalll <k<n (15.2.17)

by the construction of u,, and Bj. If fék) = A® e(k) ®1®... € B and

M -1®...1@eP ®1®... € B, then

Ep(ur) = Ep(f§ur + {1 ur)

= fYEp1e. 10! ®10.. )+ fPEsle... 10l e1e..)
—Ep(1®...10e1e.. )P +Es(le... 10l e1e...) P

—Ep((1®... 10! o1e.. )P +(1e.. 10y o1e.. ) ")
—0, (15.2.18)

since B is abelian.
If @« = (a1, @a,...) € {0,1}* is an infinite binary sequence, let w(a), be the
self-adjoint unitary in R given by

o = ® 1® ®u for all n € N. (15.2.19)
j=1
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The values a, = 0, 1 produce respectively factors of 1 or ug in the tensor product
expansion of w(a),, but in the (n+ k)™ position, and so we identify the matrix
algebras M}, and M, and their matrix units. Let

w(a) = (w(a), w(@)s,...) € L°(N) (15.2.20)
and let
w(a) =n(w(a)) for all a € {0,1}°°. (15.2.21)

Then w(«) is a unitary in N¥ for all a.

If a, 8 € {0,1}* with o # j; for some j € N, then w(a),w(B);;, = w(¥)n
for v = a+ 3, with the calculation done mod 2, so that w(a),w(f3);, contains
the tensor e}, + e, in the (n+ j)'™ place for all n. Hence Eg(w(a),w(B);) =0
for all n by equation (15.2.18). By Theorem A.5.3,

Epe (wows) = limEp (w(a),w(B);) = 0. (15.2.22)

If b € B; for some j € N, then
bwe = T(bw(a),) = m(w(a)nb) = wab (15.2.23)

by equation (15.2.17). Hence w, (o € {0,1}>\ {(0,...)} is the required un-
countable set of unitaries in N“. O

Observe that the proof shows that there is an isomorphism
X: 23 — U(A' N N¥)

with E 4w (x(u)) = 0 for all u # e in the group Z3°. Modifying the approximation
to R permits non-commutative discrete groups to be embedded in the same way.

15.3 Masas in L(Fy)

If S is a non-empty set, let Fg denote the free group on the symbols in S. Note
that L(Fg) is separable if, and only if, S is countable. This section is devoted
to a proof of the following assertion:

The von Neumann algebra L(Fg) for S uncountable is a non-separable
11y factor in which all masas are separable and which has no Cartan
masas.

This is in contrast to the situation of N“, discussed in Section 15.2, where all
masas were non-separable.

Lemma 15.3.1. Let S be a set containing at least two elements and let () #
So C S. If B a diffuse von Neumann subalgebra of L(Fs,), then the normaliser
N (B) of B in L(Fg) is contained in L(Fs,).
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Proof. 1If g € Fg \ Fg,, then gFs,g7 ' NFs, = {1} since all non-trivial words in
gFs,97! contain at least two symbols of S\ Sp. By Lemma 6.3.2, it follows that
N(B)" C L(Fs,). O

Corollary 15.3.2. Let S be a set containing at least two elements and let
0 # So C S. Each (singular) masa in L(Fg,) is a (singular) masa in L(Fg).

Proof. If B is amasa in L(Fg,), then B is diffuse. If u is a unitary in L(Fg) with
uBu* = B, then v € L(Fg,) by Lemma 15.3.1. Each unitary v € B’ N L(Fg)
normalises B and so lies in L(Fg,). Thus v € B’ N L(Fg,) = B, showing that
B is also a masa in L(Fg). Moreover, the assumption of singularity in L(Fg,)
implies the same in L(Fg) by the relation

B =N (B,L(Fs,))" =N (B, L(Fg))" (15.3.1)
O
Corollary 15.3.3. Let S be an uncountable set.

(i) If B is a diffuse abelian von Neumann subalgebra of L(Fg), then there is
a countable subset W of S such that B'NL(Fg) C L(Fw ), and B'NL(Fg)
is separable.

(ii) If B is an abelian von Neumann subalgebra of L(Fg), then B is separable.

Proof. (i) Since B is a diffuse von Neumann algebra, there is a family of
projections {e?: 1<j<2" n>0}in B such that

(1) 6(1] =1,
(2) eg;r—ll + eg;rl =e7,
(3) r(ef) =277,
for 1 <j<2" and n > 0. Let

By ={e}:1<j<2"n>0}"

be the abelian von Neumann subalgebra of B generated by these elements, so
By 22 L>[0,1] (see Theorem 3.5.2). Since e} € L(Fg) C £*(Fs), it is supported
on a countable subset W of S, when e} is thought of as a function on 5. Let
w=U ; n Wj'. This is a countable subset of S, so that each element of By is

supported on W, and hence By C L(Fy) C ¢2(Fy ). Thus
B' N L(Fs) C ByN L(Fs) € N(Bo, L(Fs))" € L(Fw)

by Lemma 15.3.1. This completes the proof as L(FFy) is separable, so B'NL(Fg)
is separable.

(ii) Now suppose that B C L(Fg) is abelian. By Zorn’s lemma, choose a masa
By containing B. Then By is diffuse, so part (i) implies that BN L(Fg) (= By)
is separable. Separability of B follows. O
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Note the difference in the sizes of masas in L(Fg) and in N¥ for each sepa-
rable II; factor N.

Theorem 15.3.4. Let S be an uncountable set. FEach masa B in L(Fg) is
contained in L(Fy ) for some countable subset W of S and L(Fg) has no Cartan
subalgebras.

Proof. Let B beamasain L(Fg). By Corollary 15.3.3 (i) there exists a countable
subset W of S with B C L(Fg), so B is separable. By Lemma 15.3.1

N(B)" C L(Fw) S L(Fs) (15.3.2)

and so B is not Cartan. O



Chapter 16

Singly generated II; factors

16.1 Introduction

Some of the technical results proved in these notes concerning masas with spe-
cial properties have been used to study the generator problem in separable II;
factors. Certain of these results are presented in this chapter using an invariant
G which was introduced and studied by Shen [171].

The generator problem in von Neumann algebras asks whether each sepa-
rably acting von Neumann algebra is generated by a single element [77]. The
answer is positive for factors for type I, II_ and III, and so we discuss only the
remaining case of II; factors in this chapter. For an overview of this problem, we
refer to the book by Topping [196, Chapter 10], as well as some of the original
papers of Douglas and Pearcy [53], Ge and Popa [71], Ge and Shen [81], Olsen
and Zame [124], Pearcy [129], Popa [141], Shen [171] and Wogen [210]. The
main progress on the case of II; factors can be found in [63, 71, 81, 141, 171]
and much of this chapter is drawn from these sources.

The classes of separable II; factors that are known to be singly generated
are as follows:

(i) those with Cartan masas, [141], (see Corollary 16.8.4);
(ii) tensor products of II; factors, [71], (see Theorem 16.8.1);
(iii) those with property T, [71], (see Theorem 16.8.5).

The recent theory developed by Shen [171] has evolved from these earlier results
and now gives a unified approach to the three cases above, as well as proving
single generation in other contexts. Dykema and Haagerup [61] have obtained a
specific quasinilpotent operator which generates L(F3). The importance of this
lies in a concrete description of the operator, since any factor generated by two
unitaries is also generated by their two self-adjoint logarithms z; and x2, and
single generation is obtained from x1 + ixy. More generally, any factor with a
single generator x is also generated by two hermitians x + z* and i(x — 2*), and

278
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vice versa. The paper [98] by Jung contains many results related to those in
the latter sections of this chapter. His approach is quite different, being based
upon free probability theory.

The basic underlying idea for single generation is in the following lemma
which is a k x k version of the 2 x 2 version due to Pearcy [129].

Lemma 16.1.1. If N is a von Neumann algebra generated by k self-adjoint
elements, then M ® N is generated by two self-adjoint elements.

Proof. Let x1, ...,z be k self-adjoint generators of N and let {e;;: 1 <1i,j < k}
be matrix units of M. By scaling and adding multiples of 1, we may assume
that j —1/2 <az; <jfor1<j<k. Let

k k—1
Y1 = Z €jj QT and Yo = Z(GL i+1 T ei+1,i) ® 1. (1611)
=1 i=1

By the choice of z, the von Neumann algebra generated by y; contains e;; ® z;
and e;; ® 1 for 1 < j < k, since e;; ® 1 is the spectral projection of y; for the
interval [j — 1/2, j]. From this it follows that

ej i1 ®@1=(ej; @1)(y2 @ 1)(ejy1,j41 @ 1) € {y1,92}" (16.1.2)
for 1 < j < k so that e;; ® 1 € {y1,y2}” for 1 < 4,5 < n. Hence M ® N C
{yi, y2}". O

The use of matrix units in this lemma will be a recurring theme throughout
the chapter, whose contents we now describe.

We introduce Shen’s invariant G(+) in Section 16.2. This is defined in terms
of decompositions of 1 as finite sums of orthogonal projections, and we make the
useful reduction to considering only those decompositions where the projections
have equal trace. The relationship of this invariant to the problem of single
generation is established in Theorem 16.6.2. There it is shown that if a factor
N satisfies G(N) < 1/2, then N is singly generated. Section 16.3 calculates
G(-) in various situations, and is a prelude to Section 16.4 where a formula is
obtained for expressing G(N;) in terms of G(N), where N; is a compression of
N (see Theorem 16.4.5). This is applied in Section 16.5 to the interpolated free
group factors.

Section 16.6 is devoted to the problem of single generation. In general, the
results are for factors, which are assumed to be finitely generated. However,
Theorem 16.7.5 shows that it is possible, in certain circumstances, to obtain
single generation without this hypothesis. The technical results of Sections 16.6
and 16.7 are applied in the last section to a range of examples, including tensor
products and crossed products.

16.2 Notation and definitions

Throughout this chapter N will denote a separable finite von Neumann algebra
with a faithful normal trace 7; subsequently it will frequently be a II; factor as
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well.

Definition 16.2.1. (1) For each positive integer k, let P, denote the set of
all sets {p1,...,pr} of mutually orthogonal (non-zero) projections p; € N with
>, pi = 1 and let P.? be the set of all {p1,...,px} € P with 7(p;) = 1/k for
1 <4 < k. Note that P;? could be empty, as it is in M, for k > n.

Let P— e Pr- Define < on P by P < Q if and only if

q= Z p for all ¢ € Q. (16.2.1)
PEP, p<q

Note that < is a partial order on P.
(2) Let

I(z; P) = T(x; {p:}) = Y 7(pi)7(py) (16.2.2)

pixp; #0

forallz € N, all k € Nand all P = {p;} € Ps.
If {p;} € P;?, then

I(x; {pi}) = k2{(i,5) : pixp; # 0}, (16.2.3)

where | - | denotes the cardinality of a set. This indicates the importance of the
cardinality of certain sets, which play a role subsequently.
Let

I(X;P)= Y I(z,P) (16.2.4)
zeX

for all finite subsets X of N and all P € P.

For each finite subset X of N and each P € P, it follows that Z(X; P) < | X|.
If X is a finite subset of N and P € P;%(N), then Z(X; P) > k2| X]|.

Note that if P = {p;} € Py(N), then k= < > 7(p;)? with equality if, and
only if, P € P;(N).

(3) Let
I(X)=inf{Z(X;P): PP}
=inf{> Y 7()7(p;): {pi} € Pr, k € N} (16.2.5)
z€X pizp; #0

for all finite subsets X of N.
(4)  The support S(z; P) of an element z € N on P € P is defined by

S(xz; P)=V{p € P: px # 0 or xp # 0}. (16.2.6)
Note that for self-adjoint elements x the condition is px # 0.

The proof of the following lemma is a simple calculation about rectangles in
a square.



16.2. NOTATION AND DEFINITIONS 281

Lemma 16.2.2. Let N be a separable finite von Neumann algebra with a faithful
normal trace 7. If P, Q € P with P X Q, then

I(X; P) <I(X;Q) for all finite subsets X C N. (16.2.7)

Proof. This follows by induction using the following observation for a single
element x € N. The following pairs of projections are thought of as being in
P and their sums as being in Q. If ej,e; and fi, fo are orthogonal pairs of
projections with (eq + e2)x(f1 + f2) # 0, then

> rle)t(f;) < mlex + e2)T(f1 + fo). (16.2.8)
e;xf;7#0

O

Remark 16.2.3. (1) If {p;} € Pr and z is in the centre Z(N) of N, then
Z(z:{pi}) = 2., 20 7(pi)?. Tf N is diffuse, then Py # 0 so that Z(1;k) = k="
by a standard minimisation argument. If N is a diffuse von Neumann algebra,
then Z(X) = 0 for all finite subsets X of the Z(N).

(2)  The definition of S(x; P) leads to two easy lower estimates on its trace for
allz € N. Let x € N. If P = {p;} € P, then

I@P)= Y ) < (X @) (Y )

pixp;#0 pix#£0 xp; #0
< 7(S(z; P))2. (16.2.9)

Similarly, by orthogonality,

3 =1 Y pizllz= D lpels < ll=)® Y- 7(po)

piz7#0 pix#0 pix#0
< |lz]*m(S(x; P)) (16.2.10)

so that [|z]]3/[z]|* < 7(S(x; P)).
(3) Let X be a finite subset of N, let P € P(N) and let ¢ = V,exS(z; P).
Then z = gz = zq for all x € X so that y = qy = yq for all y € Alg(X U X™).
If X generates N as a weakly closed *-algebra, then g = 1.
(4) Note that if X generates N, if £ € N and P = {p;} € P,*(N), then
Z(X;P) > 1/k. If Z(X; P) < 1/k, then Z(X; P) = m/k?, where m € N with
m < k. Hence there is an ¢ (1 <14 < k) such that xp; = pjz =0 for all x € X.
This implies that p; is orthogonal to Alg(X) so Alg(X) cannot be weakly dense
in N. 0
The following lemma shows that for diffuse algebras, Z is attained by fami-
lies in P4, those with minimal projections of equal trace, which is useful sub-
sequently in IIy factors. The case n =1 is used frequently.

Lemma 16.2.4. Let N be a separable diffuse finite von Neumann algebra with
a faithful normal trace 7. If X is a finite subset of N and n € N | then

I(X) = lim ngz‘z I(X; P). (16.2.11)
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Proof. Let € > 0, let k € N and let {p;} € Pj be such that
(X {pi}) < Z(X) +e. (16.2.12)

Assume that ||z]] < 1 for all z € X. Let B be a masa in N containing
{p1,...,px} and identify (B, ’/") with (LOO[O, 1, [~ dt) using Theorem 3.5.2. Let

§=¢e/2|X|k > 0. (16.2.13)

By closely approximating 7(p;), 1 < 4 < k by rational numbers with a common
denominator of the form nf, there is an o € N such that if ¢ > ¢y, then there
are r1,...,r; € N so that 0 < r;/nl < 7(p;) < ry/nl +0 for 1 < i < k.
Choose mutually orthogonal projections ¢i,...,qx € B such that 0 < ¢; < p;
and 7(¢;) = ri/nl for 1 <i<k. Let gp41 =1 — Zle ¢;. Then

k
T(qes1) S 1= ri/nl < kS (16.2.14)
i=1

and {¢; : 1 <i < k+1} € Ppy. If 1 <4,5 <k, then gizq; = ¢;p;xpjq; # 0
implies that p;zp; # 0. Hence

IXph) =2, > 7

z€X pixp;#0

>y > T(a)T(e)

z€X pixp;#0;1<4,5<k

>N > Tla)r(g)

z€X qixq;#0;1<4,5<k
=I1(X:{q;}) - B, (16.2.15)

where

ﬁZZ( o+ > )T(Qi)T(Qk-‘rl)

z€X  qizqr+170  qry17¢i#0

<D 2r(grs1)

zeX
<2X|ké=e (16.2.16)

by inequality (16.2.14) and the choice of ¢ in (16.2.13). Hence
I(X;{gj}) <IT(X) +2¢ (16.2.17)

by inequalities (16.2.15) and (16.2.16). Using the isomorphism B 2 L*°[0,1]
again, there is a refinement {e;} € Pr7 of {g;}, so {e;} < {g;}, such that

= e forl<j<k+1 (16.2.18)

€;<qj
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and
7(e;) = (nf) ™' for 1 < i < nt. (16.2.19)

Hence
I(X) < I(X;{ei}) < I(X;5{g;}) <T(X) +2¢ (16.2.20)

by Remark 16.2.3 (3) and inequality (16.2.17). This proves the limits by Lemma
16.2.2. O

Definition 16.2.5. If N is finitely generated, let
G(N) =inf{Z(X) : X is finite and generates N}. (16.2.21)

If N is not finitely generated, let G(IN) = co. Note that if N is finitely generated,
then

GIN)=inf{ Y > 7(pi)7(py):
z€X pixp; #0
x € X, ke N {p;} €Pr, X a generating set of N}.  (16.2.22)

If N has n generators, then
0<G(N)<n (16.2.23)

by (16.2.9), since the right-hand side of that inequality is bounded by 1. O

The following corollary shows that for diffuse algebras, G is attained by
families in P as a limit. It is an immediate consequence of the definition
16.2.5 and Lemma 16.2.4.

Corollary 16.2.6. Let N be a finitely generated separable diffuse finite von
Neumann algebra with a faithful normal trace 7. If n € N | then

G(N)=lim _ inf inf Z(X;P). (16.2.24)
k  {XUX*}'=N Pep%l

16.3 Examples and basic lemmas

In this section we discuss various elementary results for G(N). We consider the
behaviour of this invariant for tensor products and direct sums, and we also
show that G(R) = 0 for the hyperfinite IT; factor. Such a result also holds in
the abelian case.

Lemma 16.3.1. If N is a diffuse separable abelian von Neumann algebra with
a faithful normal trace, then G(N) = 0.

Proof. The algebra (N, T) is isomorphic to (L‘X’[O, 1], f~dt) by Theorem 3.5.2.
The latter is singly generated by x = €™ or x = t so that

0<G(N)<Z(x)=0 (16.3.1)

by Corollary 16.2.6. O



284 CHAPTER 16. SINGLY GENERATED II; FACTORS

It is well known that M, is generated by the elements e;; and v = Zi:ll (e5i+1+
ei+1,;). For notational convenience it is useful to regard the indices of e;; in
{1,...,k} as being handled by arithmetic (mod k). We shall often use this
convention subsequently in this chapter. The matrices

k-1
w = Z ei,i+1 and v = w + w* (16.3.2)

i=1
will be required in the next lemma and subsequently.

Lemma 16.3.2. Let My, be the algebra of k x k matrices over C, let 1 <t <k
and let {e;;: 1 < 1,5 <k} be a set of matriz units for M.

(i) The set of two self-adjoint elements ey and v algebraically generate M.
Moreowver,
Z({ew, v} {ew}) =2k~ — k2 (16.3.3)

and
S({ew, v} {en}) = 1. (16.3.4)

(i) The matriz w also generates My, and gives a value of (k — 1)/k? for
Z({w}; {ei}).

Proof. (i) By permuting the integers 1,2,... k cyclically, we assume ¢t = 1
and we note that v is unchanged because the sum in (16.3.2) is over all pairs
(i,74+ 1). As the two elements are self-adjoint, the algebra and *-algebra they
generate are equal. It is enough to show that e;; is in this algebra for 1 < j < &.
This follows from the equations

€11V = €1,2 (16.3.5)

and
€1V = €1, j+1 + €1,5-1 (1636)

for 2 < j <k — 1. Here Z(e11;{e;;}) = k=2 and the definitions of v and Z give
(16.3.3). The definition of S leads to the final equality.

(ii) This is a series of simple matrix calculations which we will state but not
carry out. The only self-adjoint matrix = which satisfies zw, zw*, wx, w*x = 0
is x = 0. If p is the identity of C*(w), then this shows that 1 —p = 0 and
so 1 lies in C*(w). Then verify that the only self-adjoint matrices commuting
with w are scalars, and the result follows from the double commutant theorem,
Theorem 2.2.1. The quantity (k — 1)/k? is obtained by observing that w has
k — 1 non-zero entries. O

Lemma 16.3.2 (ii) provides an estimate on G(M]},), since

G(My,) < IT(My;{eis}) <k ' —k 2 (16.3.7)
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Note that in the following lemma if IV; has identity 1; and normal trace 7;
for 4 = 1,2, then the trace on N is given by

T(xl ) 1'2) = T(ll)Tl(.’El) -+ T(lQ)TQ(SUQ). (1638)

Lemma 16.3.3. If N; (i = 1,2) are separable finite von Neumann algebras with
traces as above, then

G(Ny ® Np) = 7(11)°G(Ny) + 7(12)°G(N2). (16.3.9)

Proof. The case where either G(N7) or G(N») is infinite is clear so assume both
are finite and let € > 0. By definition there are finite sets of generators X; and
X5 of Ny and Ns, respectively, integers k, ¢, and {p;} € Pr(N1) and {¢;} €
Pe(N2) such that

(X {pi}) <G(N1) +e, T(Xai{g;}) < G(N2) +e, (16.3.10)
Y o=l and ) ¢j=1 (16.3.11)

The set Z = (X1 ®0) U (0@ X,) generates Ny & N and
Q={pi®0,00q;:1<i<k 1<j</(}

is in Pr4e(N1 @ N3). The projections p; @ 0 do not interact with 0 & Xo and
the projections 0 ® g; do not interact with X; @ 0. Hence using the trace 7 as
defined in equation (16.3.8)

I2(Z;Q) = 7(11)*Z(X1, {pi}) + 7(12)*Z(Xo; {g;})
< 7(11)2G(Ny) + 7(12)%G(No) + 2¢. (16.3.12)

The definition of G(N1 ® N2) gives
G(N; @ N2) < 7(11)*G(Ny) + 7(12)*G(N2) + 2¢. (16.3.13)

Let € > 0. By definition of G, there is a finite generating set X of N; & Ny
and P = {p;} € Pr(N1 ® N2) such that

I(X;P) < G(N; & Ny) +&. (16.3.14)
Let ) )
= eop, pP =0 1)p, (16.3.15)
and
M =100z, 2 =001y, (16.3.16)

for all p; € P and z € X. Then z = () +2® for all x € X and p; = pz(-l) —|—p§2)
with ) )
7(pi) = (1) 7w (0] + (1), (7)) (16.3.17)
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for all p; € P. Let P, = {pgl)}, P, = {pgz)}, X; = {2M: 2 € X} and
Xy = {x(z) : ¢ € X}, where we are ignoring the zero projections that may occur
for p(l) or p§2). Then X; generates Ny, X5 generates No, P € P(N;) and

%

P, € P(NQ) If x € X, then
piap; = pMeMpl) 4 pPap (16.3.18)

so that p;xp; # 0 if, and only if, pl(-l):v(l)py) # 0 or p(z)x(2)p§-2) # 0. Hence

%

I(X; P) = Z Z{T(pi)T(pj)I pgé)xpy) #0 for £=1o0r2}

zeX

>r1)2Y. Y ) 08

zeX pgl>w(1)p§_1)7§0
+7(122Y. Y 0P )
zeX pEZ)x(Q)p§2)¢O
7(11)2Z(X1; P1) + 7(12)*T(Xy; )
> 7(11)°G(N1) + 7(12)G(Na), (16.3.19)

completing the proof. O

Lemma 16.3.3 provides an easy way of showing that if NV is a diffuse abelian
separable (finite) von Neumann algebra, then G(N) = 0, as was proved in
Lemma 16.3.1. Let p be a projection of trace 1/2 in N, let N; = pN and
N2 = (1 —p)N Then N = N1 @NQ and N & N1 = NQ. Since

0 < G(N) = (1/2)?G(N) + (1/2)*G(Ny) = 1/2G(N), (16.3.20)
we have G(N) = 0.

Lemma 16.3.4. If N1 and N2 are diffuse finitely generated finite von Neumann
algebras with faithful normal traces 71 and 79, then G(N1®@N3) = 0.

Proof. Let X and Y be generating sets of Ny and No, let k,£ € N, and let
{pi} S Pk(Nl) and {qs} c Pg(NQ). Then

Z={z®1,10y:z€X,yeY}
is a generating set for Ny®Ny and {p; ® ¢s} € Pre. If x € X and y € Y, then
(pi ®¢s)(x ®1)(p; @ @) = Pixpj ® qsqr # 0 (16.3.21)
if, and only if, s = ¢ and p;zp; # 0, and similarly

(Pi ®¢s) 1R Y)(pj @ @) = pip; ® qsyqr # 0 (16.3.22)
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if, and only if, i = j and ¢syqp: # 0. Summing over the elements of X and Y
yields

14
L(Zdpi@a) = D> > 7)) >, mmi)7(p))

rz€X s=1 pixp;#0
k
+ D ) Y mas)m(a)
yeY i=1 qsyqr#0

=Z(1;{qs DI(X5{pi}) + Z(L;{pi})Z(Y5{qs}).  (16.3.23)

If N1 and N, are diffuse, € > 0 and n € N, then there exist integers k, £ > n
and sets of projections {p;} € P;/(N1) and {gs} € P,?(N2) such that

I(X;{pi}) <G(N1)+e and Z(Y;{qs}) < G(N2) +¢ (16.3.24)

by Lemma 16.2.4. Tt follows from equation (16.3.23) that
G(N1®N2) < I(Z; {pi ® qs}) < n~ " (G(N1) + G(N2) + 2), (16.3.25)
since Z(11;{p;}) = k= and Z(12;{qs}) = £=*. This proves the result. O

Minor alterations to the proof above yield G(My ® No) < k~1G(N3) for all
k € N. This inequality is improved in the following lemma, and a more detailed
discussion will be given in Section 16.4.

Lemma 16.3.5. If N is a diffuse finitely generated von Neumann algebra with
a faithful normal trace T, then

G(M, ® N) <n 2G(N) (16.3.26)
for all n € N.

Proof. Let € > 0. By Lemma 16.2.4 choose a finite generating set X for NV, a
ke Nwithk>etanda P={pi,...,px} € P,Y(N) such that

I(X; P) < G(N) +e. (16.3.27)
Then the set
YV =(enn®X)U{e;,iq1®1:1<i<n—1}
generates M,, ® N, since {e; ;41: 1 <i <mn — 1} generates M,,. Let
Q={e;®p;j:1<i<n,1<j<k}

Then Q € Pl (M, ® N). By definition of Z,

Z(e11 ® X;Q) = (nk)™? Z {(s,t): pszpr # 0 for some z € X}|
zeX

=n"2I(X; P), (16.3.28)
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since only the projections e;; ® p; from @ contribute to Z(e11 ® X;Q). In a
similar way,

Z(ei i1 ®1;Q) = (n) %(k)~* forall 1<i<n-—1, (16.3.29)

since only the pairs of projections (e;; ® pj;, €;41,i+1 ® p;) are relevant. Hence,
from (16.3.28) and (16.3.29),

I(Y;Q) = n *Z(X; P) + ((n = 1)k)(n) (k)" < n™?G(N) +2en” 1,
(16.3.30)

which gives the result. O

There are several proofs of the following lemma, each of which emphasises
some aspect of the hyperfinite II; factor R. The proof below is given to motivate
the proofs of later results. Example 3.4.3 exhibits R as the factor generated by
a certain pair of unitaries, and so is singly generated. Uniqueness of R also gives
R = M, ® R for any integer n > 1, so the result could be deduced from these
facts using Lemma 16.3.5.

Lemma 16.3.6. Let R be the hyperfinite Iy factor. If k € N and if {e;;: 1 <
i,j < k} are matriz units in R, then there are self-adjoint generators x1, s in R
such that Z({z1,a}; {ei}) < 3k™1. Hence R is singly generated and G(R) = 0.

Proof. Regard R = (@52, M,&"))_w, where M,gl) ={e;j;: 1 <i,j <k}’ and
M(n) is the algebra of k x k matrices with normalised trace with (n) indicating
the position in the tensor product. Let e( ) — €45 (1<i4,j<k)and {ez(-?): 1<

i,j < k} be a set of matrix units for M,(Cn) (n > 2). Identify M,(Cn) and ®§L:1M,(€j)
with the corresponding subalgebras in R. Let

k—1
1 1
yi=> (e + et ) (16.3.31)
j=1
k—1
Ynt1 = 622 ® 6(22) L ® egg) ® ( (n—:_ll) + (j_tlj))) for alln € N, (16.3.32)
j=1
zy =) + Z 2D @eld .. @elV @elm Y, (16.3.33)
and
T2= Yn, (16.3.34)
n=1

where the series defining xo converges strongly.
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The spectral properties of the self-adjoint element x; imply that

6511)7 6512) ( ) L® 652) ® e(nﬂ) € {x1}" for allm € N.

By equations (16.3.31) to (16.3.34) and by considering products of the form

(n+1)

(eglz) .®e 2) ® ey )1'2,

it follows that

6%12) ®...0 eg;) ® 6(172l+1) 6;2) ®...0 652) ® e§”+1>, . €4z, 22}
for all n € N, since
(o ol odi ) =1 0. o) o () +4

for 2 < j7 < k—1. The algebra M,gl) is contained in {1, z2}" asin Lemma 16.3.2.
A repetitive argument now yields M,gQ), M,gg), ... are contained in {z1, x2}".
Hence {1, z2}" = R.
Using 21 € {e{): 1 <i <k},
Do) = oD elh
€jj

7,1

JT1#F0 = i=]
oMy -1
so that Z(zq;{e;;’}) = k1.
Note that

1
El) gj) #0 < one ofe“ Yne ” 7&0 (n €N).

By Lemma 16.3.5, y; contributes the set {( Dili—4l=11<4j < k}
of size 2(k — 1) and all the other y, (n > 2) contribute only {(2, )} Thu
T(x; {e'V}) = k~2(2k — 1) and
Z({w, w2k {ea}) = T({w, wahi{efl}) =3k — k72
O

16.4 The scaling formula for G

This section deals with the problem of how G(-) behaves with respect to scal-
ing. We will make this precise after some further discussion, but the typical
question concerns the relationship between G(N) and G(pNp) where p € N is a
projection.

Two projections p,q € N of equal trace t € [0, 1] define isomorphic compres-
sions since a partial isometry for the equivalence of p and ¢ also implements a
spatial isomorphism between pNp and ¢/Nq. Without ambiguity, we may then
let Ny denote pNp where 7(p) = t. For integers n, we let N,, be M, ® N, and we
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extend the definition of NV; to all non-integer values by first choosing an integer
n >t and letting N; be M, ® N;/,. There is no ambiguity in the choice of n,
since if m < n are admissible choices then we can regard M,,, ® N as embedded
in the upper m x m block of M, ® N. If p and ¢ in N have respective traces
t/m and t/n, then the projections 1,, ® p and 1,, ® ¢ have equal traces in N,
so their compressions are isomorphic. Thus the choice of m or n does not affect
the definition of ;. Direct calculation shows that

(Ns)t & N for s, t > 0. (16.4.1)

Definition 16.4.1. With the above notation, we define, for ¢ > 0, the t-scaling
of N to be N;. The set
{t > 02 Nt = N}

is a subgroup of (R, x) from (16.4.1), and is called the fundamental group
F(N) of N. O

The fundamental group was introduced by Murray and von Neumann [118],
who showed that F(R) = RT, where R is the hyperfinite 11y factor. The factors
arising from property 7' groups were shown by Connes to have countable funda-
mental groups [37], though no specific values other than 1 could be given. Very
recently, Popa [147] has proved that if G is a countable multiplicative subgroup
of RT, then there is a separable II; factor N with F(N) = G (see also [91, 146]).
Moreover, if the separability requirement is dropped, then any subgroup of RT
is a possible fundamental group. The cardinality of such subgroups exceeds the
cardinality of the set of separable factors, so non-separable factors are inevitable
here.

The next lemma ensures that only the finitely generated case needs to be
discussed in Theorem 16.4.5 and the proof contains a useful little calculation.

Lemma 16.4.2. Let N be a I1; factor and let t > 0. Then N; is finitely
generated if, and only if, N is finitely generated.

Proof. (1) If N is finitely generated by X and n € N, then N,, = M, ® N is
finitely generated by

Y:{611®X}U{61‘7i+1®11 ISZSTL—l},

where e;; are the matrix units of M,,.
(2) Let N be finitely generated by X = X* let 0 < ¢t < 1 and let p be a
projection in N such that 7(p) = ¢t. Then pNp is a representative of N;.

Let m = [t~!] be the maximal integer such that mt < 1. Choose orthogonal

projections p1,...,Ppm+1 in IV such that
P1 =D, (16.4.2)
T(pi) =7(p) for 2<i<m, (16.4.3)
m—+1

> pi=1. (16.4.4)
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Thus 0 < 7(pm+1) < 7(p) =t.

Choose partial isometries va, ..., vmy,41 in N such that
viv; =p; and viv,=pp=p for 2<i<m, (16.4.5)
and
Um1VUpmi1 = Pmy1 and Uy, 1 Umy = Pmt1 < p1L=D. (16.4.6)
Let
Y ={vjzv;: 1<i,j<m+1, zeX} (16.4.7)

By the choice of v; (1 <i < m+ 1), we have Y C pNp. Inductive use of the
equation

m—+1
V] LTV = Z v v, xov; for all xq,x0 € N (16.4.8)

s=1

implies that Alg(Y) = p Alg(X)p. Hence pNp is generated by Y.
(3) Let 0 <t < 1 and let n be an integer with nt > 1. If N, is finitely
generated, then (N;), = N, is finitely generated by (1) so that N 2 (Ny¢)1/me
is finitely generated by (2).

Let 1 < t and let n € N with n > ¢. If N is finitely generated, then N,
is finitely generated by (1) so that N; = (N, )./, is finitely generated by (2).
Conversely, if N; is finitely generated, then N = (Ny),, is finitely generated by

2). O

The inequalities required in the proof of Theorem 16.4.5 are proved in the
next two Lemmas 16.4.3 and 16.4.4.

Lemma 16.4.3. Let N be a finitely generated 111 factor. If n € N, then
G(N) <n*G(M, ® N).

Proof. Let € > 0. By Lemma 16.4.2 choose a finite generating set Y for M =
M, ® N, an integer k and a set P = {p;: 1 <t < nk} € P,% (M, ® N) such that

Z(Y; P) < G(M,, ® N) +¢/n?. (16.4.9)

Since 7(ps) = 7(pt) for 1 < s,t < nk, we may find matrix units {ps;: 1 < s,t <
nk} with py = py for 1 <t < nk. Let

k
Fii =Y Pkt G-vhrs for 1<d,j <n. (16.4.10)

s=1

The family {f;;: 1 < 4,5 < n} is a set of matrix units for an n x n matrix
subalgebra of M,, ® N, because when calculating f; ; fr,m as a double sum over
s and t, say, the set {r € Z: —k+1<r <k—1}NkZ equals {0}.
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Let {e;;: 1 <4,j < n} be the standard matrix units of M,,. Since
Tv(en ® 1) = (f11) = 1/n, (16.4.11)
there is a partial isometry v € M such that vv* = f1; and v*v =e;; ® 1. Let
X={fuyfn:1<i,j<n, yeY}h (16.4.12)

Then v*Xwv is a generating set for e ® N = (e11 ® 1)M (e11 ® 1) using (2) of
the proof of the preceding Lemma 16.4.2. Let ¢; = v*p;v for 1 < j < k. By
definition of f1; in equation (16.4.10),

k
pi<fu=>Y pi(1<j<k) (16.4.13)
i=1

so that ¢; € e;3 ® N for 1 < j < k. Hence

Py={p;:1<j<k}ePfuiMfn) (16.4.14)
and

Q={q;:1<j<k}ePen1®N). (16.4.15)

Since the map = — v*zv: f11 M fi1 — e11 ® N is an isomorphism that sends Py
onto (), we have

IT(v*'Xv;Q) =I(X; P) (16.4.16)
with the first calculated in e;; ® N and the second in fi; M f11. Since each
projection p; has trace k=! in f1; M fi1,

Z(fuyfins Po) = k72 {(s,8): psfrayfnpe # 0;1 < st < kY. (16.4.17)
The definition of fi; and f;1 implies that
psfl iyfjlpt = Zpspﬁ, (i—1)k+£ YP(j—1)k+m, mDPt
Lm
= Ps, (i-1)k+sYP(j—1)k+t, ts (16.4.18)

which is non-zero if, and only if,

D(i—1)k+s, (i—1)k+sYPG—Dk+t, (j—1)k+t 7 0- (16.4.19)
The mapping (i, s) — (i — 1)k + s from {1,...,n} x {1,...,k} to {1,...,nk} is

a bijection with the sets {(i —1)k+s: 1 < s <k} (1 <4 < n) forming a disjoint
partition of {1,...,nk}. Hence

Z H{(s,t): psfriyfiipe # 0;1 < s,t < k}|

i
= |{(¢,m): peypm # 0;1 < €, m < nk}|. (16.4.20)
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By this equation (16.4.20) and equations (16.2.3), (16.4.17)

> T(fuyfini Po) = k2 [{(s,0): poype 0, 1< s, <k}

ij=1

=n?ZI(y; P) (16.4.21)

for each y € Y since 7(ps) = (nk)~!. Summing this equation (16.4.21) over
y € Y and using equation (16.4.16) gives

G(IN) <Z(0"Xv;Q) =I(X; Py) = ) Z Z(friyfir; Do)

yeY i,j=1
=n®Y I(y; P) = n’I(Y;P)
yey
<n?’G(M, ® N) +¢. (16.4.22)
This proves the lemma. O

Combining Lemmas 16.3.5 and 16.4.3 implies that G(N) = n?G(M,, ® N)
for all n € N. This will be included in the conclusions of Theorem 16.4.5.

Lemma 16.4.4. Let N be a finitely generated 111 factor. If 0 < t < 1, then
G(N) < 12G(Ny).

Proof. Let p be a projection in N with 7(p) = ¢ so that pNp is a representative
of N;. Let ¢ > 0. By Lemma 16.4.2 choose a finite generating set X of Ny, a
positive integer k and a set E = {e1,...,ex} € Pl(pNp) such that

I(X; E) < G(Ny) + t2e. (16.4.23)
Let m = [t~ !] be the maximal integer such that mt < 1. Choose orthogonal
projections p1,...,Pm+1 in IV such that

p1="p, (16.4.24)
T(p;) =7(p) for 2<i<m, (16.4.25)

m+1
> pi=1 (16.4.26)

1

Thus 0 < 7(pm+1) < 7(p) = t. Let t 17(ppms1) =7/k + «, where 0 <r <k —1
and 0 < a < 1/k. Choose a projection €,y in the II; factor e, 1Ne,;1 such
that t!'7(é,11) = a. Then the projection P11 = Y. €; + €,41 satisfies

T(Pmi1) = t(r/k + a) = 7(Pm+1)- (16.4.27)
Choose partial isometries va, ..., vp41 in N such that

viv; =p; and vy, =pp=p for 2<i<m, (16.4.28)
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and

Um+11}:n+1 = Ppm+1  and U;kn+1vm+1 = m <p1=0p. (16-4-29)

Let v1 = p1 = p. By equation (16.4.28), v;pNpvj = p;Np; so the set X U
{va,...,um} generates (p1 +...+pm)N(p1+ ...+ Pm), since X generates pNp.
By equation (16.4.29),

Um4+1PNpUy 1 = Pt 1 NPmg1 € (X U{vg,..., vm,+1}),/ (16.4.30)

and

Um1PN(p2 + .+ Pm) = P N(p2 + ... + )
C (XU {va,. o)) (16.4.31)

Thus Y = X U{va,...,Um41} generates N, since p1 + ...+ Dmi1 = 1.
Let

FO = {617 sy €y é’f:/lv €r41 — e’r‘/:/la €r42y---, ek}~ (16432)
Choose an integer ¢ such that
0>k teim (16.4.33)

and choose a refinement F of Fy in P(pNp) such that each projection fy in Fp
is split into ¢ projections f in F of equal trace 7,np(f) = ¢~ 1pnp(fo) when
f < fo. Hence

(f) <te 'k~ forall feF. (16.4.34)

Note that, due to the role of €,11, the projections in F' may not all have equal
trace.
Let
Q={vjfvi:1<j<m+1,feF} (16.4.35)
Then @ € P(N), since >, > ;cpvifv; = > ;p; = 1. By equation (16.4.34),
7(q) < tk=1~1 for all ¢ € Q. Since pQ = F U {0} and X is contained in pNp,
the trace scaling 7,n,(z) = t~17(z) for all x € pNp gives

I(X;Q) =t ?I(X; F) (16.4.36)
because Z(X; Q) is calculated in N and Z(X; F') is calculated in pNp. Hence

T(X:Q) = 1 2T(X; F) < ¢-21(X; Fy)
<t ?I(X;E) <t ?G(N)+e (16.4.37)
by equation (16.4.36) and Lemma 16.2.2, since F' 5 Fy < E.

Let 2 <j <m. If g5 = vs fsv} and q; = vy frv] for some f; and f; in F, then
4sVqr = Vs fsvivjvg frvf # 0 if, and only if, vivjv, = p1 = p and fs = fi, since
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fs, fe <p,vivsfs = fs and fivfv, = fi. Here vivjv, = p if, and only if, s = j
and t = 1. There are (k + 1)¢ values of fs = f;. Hence

T(v;;Q) = Y. 7(gs)7(q)
qSquﬁm

<2k T2(k 4+ 1)0 < 262 (k)1 (16.4.38)

since 7(qs) < (kf)~!. A similar final inequality holds for Z(v,,1;@Q), using the
equation (16.4.29) that defines v,, 11 and P = €1 + ...+ e, + €41 € F".
Hence

T({vay o U1 1 Q) < 26*mk 10t (16.4.39)
so that
G(N) <Z(Y;Q) < t72G(Ny) + e + 2t*mk~ 101
< t72G(Ny) + 3e. (16.4.40)
This proves the lemma. O

Theorem 16.4.5. If N is a separable 11 factor, then
G(N;) =t2G(N) for all t> 0.

Proof. By Lemma 16.4.2, the algebras N and N; may be assumed to be finitely
generated. By Lemmas 16.3.5 and 16.4.3,

G(N) <n°G(N1yn) < ?n*G((N1jn)n) = G(N) (16.4.41)
so that
G(N)=n"2G(Ny/,) forall neN. (16.4.42)
Replacing N by N,, in equation (16.4.42) gives
n*G(Ny) = G((Ny)1/n) = G(N). (16.4.43)

If m,n € N, then
G(Nonsn) = G((Nim)1/n) = n°G(Nim) = (m/n)2G(N), (16.4.44)

using equation (16.4.43) for both integers.
Let 0 <t < 1 and choose 0 < s < 1 such that st is a rational number. By
equation (16.4.44),
G(Ng) = (st)"'G(N), (16.4.45)

so that
G(N) < 2G(Ny) < s°t°G((Ny)s) = (st)*G(Ngt) = G(N) (16.4.46)

by Lemma 16.4.4. Thus G(N) = t2G(Ny).
If t > 1, then 0 < t~* < 1. Applying the equation (16.4.46) to N; gives
G(N) = G((Ny)1¢) = t72G(NNy) as required. 0O
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The following corollary is a direct consequence of Theorem 16.4.5 and Lemma
16.3.3, since one involves a factor 7(p;) 2 and the other 7(p;)%.

Corollary 16.4.6. Let N be a separable II; factor, let k € N and let {p;} €
Pr(N). If M = Z]f pjNp; with the trace T inherited from N, then

G(M) = kG(N).

16.5 Interpolated free group factors and ¢

In this section we investigate the relationships that hold for G(-) on the free
group factors and their generalisation to the interpolated free group factors.
We begin by considering amalgamated free products.

Theorem 16.5.1. Let M and N be separable 11 factors, and let B be a diffuse
von Neumann algebra with B C M and B C N. Then

G(M xp N) < G(M)+ G(N).

Proof. Assume that M and N are finitely generated and let € > 0. By Corollary
16.2.6, there is a k € N, finite generating sets X of M and Y of N, and P €
PrY(M) and Q € P.?(N) such that

GM)<I(X;P)+e and G(N)<IZI(Y;Q)+e. (16.5.1)

There is a set E € P.?(B), since B is diffuse. Since M and N are factors, there
are unitaries v € M and v € N such that uPu* = E and vQv* = E. The
invariance of G under automorphisms implies that

GM) <IZ(uXu";E)+e and G(N)<Z(vYv*;E)+e. (16.5.2)
The finite set W = uXu* UvYv* generates M xp N and

G(Mxg N)<I(W;E) <Z(uXu";E)+ZI(vYv*;E)
<G(M)+G(N) + 2e. (16.5.3)

This proves the result. O

If the free product is not amalgamated over a diffuse algebra, then the weaker
formula G(M x N) < G(M) + n holds, where n is the minimal number of gen-
erators in N. If the strong inequality G(M x N) < G(M) + G(N) did hold,
then Q(L(IE‘Q)) = 0 and all the free group factors would be singly generated by
subsequent results.

Dykema [58] and Radulescu [157] defined and studied the interpolated free
group factors LF; for ¢ > 1, which satisfy (LFs) % (LF,;) = LFsy,; for all s,¢t > 1
and LF,, is the group von Neumann algebra L(F,,) on the free group F,, for
all n € N. After Voiculescu’s preliminary research in [199], Dykema [58] and
R&dulescu [157] proved the following scaling formula for this interpolated family
of IT; factors using free probability.
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Theorem 16.5.2. If LF; (t > 1) is the interpolated free group factor, then
(LFt)p = LF14p-—20—1)
for allt >1 and all b > 0.

Combining this scaling with the scaling of Theorem 16.4.5 leads to the fol-
lowing theorem because both involve a quadratic factor.

Theorem 16.5.3. There is an « with 0 < o < 1/2 such that

g(LFHl) =at forall t>0. (16.5.4)
Proof. Let

a(t) = G(LFyy1) forall t>0. (16.5.5)
If b > 0 and r > 1, then Theorem 16.4.5 applied to N = LF,. gives

b %a(r — 1) = b>G(LF,) = G((LF,)s)
=G(LFy1p-2(r—1)) = (b 2(r — 1)). (16.5.6)

Lettingr —1 =% >0 and b=2 = s > 0 gives sa(t) = a(st) for all 5,¢ > 0. Hence
a(t) = ta for all t > 0, where o > 0 is a constant. This is true for ¢ = 0 also,
because a(0) = G(L(Fy)) = G(L>°[0,1]) = 0 by Lemma 16.3.1.

If n € N, then L(FFy,) is generated by the 2n generators {g;} (1 < j < 2n)
of the free group Fa,. Since {g;}” is a masa in L(FFy,) it is generated by a
self-adjoint element h; so {h;}" = {g;}" for each j. Thus L(Fy,) is generated
by the n elements x; = hgj_1 + ihg; (1 < j < n). Hence equation (16.2.23)
implies that

(2n —1)a = G(L(F2,)) <n forall neN. (16.5.7)
From this it follows that 0 < o < 1/2. O

Dykema and White [64] have proved that the DT-operator T, which is a
single generator of L(F2), (studied by Dykema and Haagerup [61]), has Z(T") =
1/2. This yields another proof of the above inequality.

As a corollary of the above results we obtain the dichotomy of Radulescu
[157] by noting that if & = 0, then Theorem 16.6.2 implies that all the free
group factors are singly generated.

Theorem 16.5.4. FEither the interpolated free group factors LF; (t > 1) are all
singly generated or, if this is not the case, they are pairwise non-isomorphic for
different t.

Remark 16.5.5. Using the estimate o < 1/2 and Theorems 16.5.3, 16.6.2 yields
that

(1) if1 <t <2, then LF; is singly generated, and

(2) if2<t<3, then LF, is generated by three hermitian elements. O
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If the interpolated free group factor LF; for any 1 < ¢t < oo has a Cartan sub-
algebra or has non-trivial fundamental group, then G (LIFt) = 0so a=0. Hence
Q(LIFS) =0 for all 1 < s, and all interpolated free products factors are singly
generated by Theorem 16.6.2. This does not provide a proof of Voiculescu’s
Theorem [199] that L(F,) does not have Cartan subalgebras unless one can
prove that some L(FF,,) is not singly generated.

16.6 Single generation
The following is the basic lemma on these invariants and generation by two

hermitians or a single element. Other versions of this technique will be given
later.

Lemma 16.6.1. Let N be a finite diffuse von Neumann algebra with faithful
normal trace 7 and let B is a k X k matriz subalgebra of N with matrix units
{e;j: 1 <4,j <k} and ) ,e; =1. Letv= Zi:ll(ei,iﬂ +eit1,4), let X be a
finite subset of N with T(X;{e;;}) = C. If C < 1/2 — 3/2k, then there exists a
self-adjoint element y € (X U B)" such that

{y}uB)" ={y,en,v}" = (X UB)”

and
k—
S(yi{ei}) < Z
1

Proof. Let X = {x1,...,z,} and let
T ={(i,,0): emoe;; £0; 1 <i,j < k,1<0<n} (16.6.1)
By definition of Z(X; {e;;}),
|T| = k*C < (k* — 3k)/2. (16.6.2)

The transpose map T is defined on the (k — 1) x (k — 1) lattice {(4,7): 1 <

L=A(i,7):1>7,1<4i,j<k-—1} (16.6.3)
be the strictly upper triangular lattice in the rectangular lattice. Since
L] = (k—1)(k—2)/2 > (k* — 3k)/2 > |T|, (16.6.4)
there is an injective map
(i,5,€) = (s(i,5,0),t(3, 5,0))

from 7 into L.
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Y= Z (es(i,j,e),il”é €5, t(i,5,0) T (es(i7j,é),ix€ €;, t(i7j,é))*) (16.6.5)
(4,5,0)€T

and let f = Zlffl ei;- By definition of y, f and L,

fy=y=yf (16.6.6)

By definition of y, it follows that y € C*(XUB) C (XUB)". Let 1 <{ < n.
Choose 1 <4, j < k such that e;zsej; # 0 so that (4, ,¢) € 7. The definitions
of (s(-), t(-)) and L give

€i, 5(i,3,0)YCt(i,j,0),j = CiiTLEjj (16.6.7)

since (S(Lj, 0), t(i, g, 6)) € L implies that (s(@j,f), t(4, 4, 6)) ¢ LT and the map
is one-to-one. Summing this equation (16.6.7) over all ¢, j with (i,5,£) € T for
fixed £ shows that 2y € Alg{e;;, y}. Hence ({y}UB)"” = {y,e11,v}" = (XUB)”
as required, since {ej1, v}’ = B by Lemma 16.1.1. O

Note that we have proved that C*({y} U B)) = C*(X U B) in the above
lemma.

Theorem 16.6.2. Let N be a finitely generated 11, factor. If G(N) < 1/2, then
N s singly generated.

Proof. By Lemma 16.2.4 the infimum defining G(N) is attained in P¢? so there
is a finite generating set X of N, an integer k£ € N and {e;;} € P.*(N) such
that

G(N) <I(X; {eu}) <1/2-3/k < 1/2. (16.6.8)

Let {e;;: 1 <14,j <k} be a set of matrix units in N associated with {e;;}
and let B be the k x k matrix subalgebra of N they generate. By Lemma
16.6.1 there is a self-adjoint element y € N = X” = (B U X)” such that

N = ({y}uB)" and S(y; {ei;}) < Z]f_l e;;. Thus ey, is orthogonal to S(y; {ei; })
and so exry = yegr = 0. By scaling, assume that ||y|| = 1.

Let
x1 = 2epk +y (16.6.9)
and
k—1
T2 = Z(ei,iJrl +€iv1,i)- (16.6.10)

1

Then egk, y € {x1}”. Hence {x1, 22} = ({y} UB)”" = N by Lemma 16.6.1 as
required. O
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An easy calculation yields the estimate
T({xy, 20} {ewn}) < 1/2+2/k —5/k>. (16.6.11)
Corollary 16.6.3. Let N be a finitely generated 11y factor.

(1) If the fundamental group F(N) # {1} is not trivial, then N is singly
generated.

(2) If k € N and if G(N) < k?/2, then G(M @ N) < k~2G(N) < 1/2 and
My ® N is singly generated.

(3) If k € N and N is generated by k* — 1 hermitians, then My, ® N is singly
generated.

Proof. (1) Lett e F(N) with ¢ > 1. By Theorem 16.4.5,
G(N) =G(N;) = t*G(N) (16.6.12)

so that G(N) = 0. Hence N is singly generated by Theorem 16.6.2.
(2)  Apply Theorem 16.4.5 to deduce that G(My ® N) = k~2G(N) < 1/2 from
which the singly generated property follows by Theorem 16.6.2.
(3) If kis odd with k2 —1 = 2m even, then N is generated by the m elements
Yk = Togp_1 + iT2k, 1 <k <m, so that G(N) <m = (k? —1)/2 < k?/2.

If k is even with k2 — 1 = 2m + 1, then N is generated by the elements
Y = Tog—1 + T2k, 1 < k < m, and Ymy1 = Tam+1- Let A be a masa in N
containing zs,,4+1 and let P € P3?(A). Then Z(y;;P) < 1for1 < j <m
and Z(Ym+1; P) < 1/2 by direct calculation since y,,4+1 commutes with the
projections of P. Thus

g(N) SI({y177y’m+1}7P)
<m4+1/2=(k*-1)/2 < k*/2. (16.6.13)

Thus My ® N is singly generated in both cases. O

Corollary 16.6.4. If N is a finitely generated 111 factor with NQR = N, then
N is singly generated.

Proof. Since R@M,, = R, we see that F(N) # {1}, and the result follows from
Corollary 16.6.3. O

Recall that the ceiling function [-]: R — Z is defined by
[z] = min{n € Z: z <n}

so that [z] —1 <z < [z] for all z € R.
The next lemma and theorem handle the case when G(N) < 1 by an ele-
mentary variant of the same technique.
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Lemma 16.6.5. Let N be a finite diffuse von Neumann algebra with faithful
normal trace T and let B be a k X k matriz subalgebra of N with matrix units
{e;j:1<4,j <k} and Zle ei; =1. Letv = Z?;ll(ei,i_i'_l +eiy1,4), let X be a
finite subset of N with T(X;{e;;}) = ¢ and let f = Zfikl] eii- Ife<1—1/k,
then there exists an element y € (X U B)" such that

{yyuB)" ={y,en,v}" = (XUB)"

and
S(y;{ei}) < f.
Proof. Let X = {x1,...,2,} and let
T ={(i,5.0): ejixee;; #0; 1 <i,5 <k, 1<{¢<n} (16.6.14)

By definition of Z(X;{e;;}) and ¢,

17| = K*Z(X; {ei}) = *k* < (k- 1) (16.6.15)
Thus there is an injective map ¢ given by

(i,5,0) = (s(i,4,0), (i, 5, 0))
from 7 into
W={(s1):1<s,t<k—1} C{(s,t): 1 < s,t <k}

Let

y= Z €5(i.5.,6), i T €5,1(i,5,6) (16.6.16)
(i.5.0€T

By definition of y, f and ¢(7),
fy=y=uyf. (16.6.17)

By definition of y, it follows that y € C*(XUB) C (XUB)”. Let 1 < /¢ <mn.
Choose 1 < 4,5 < k such that e;;z¢ej; # 0 so that (¢,7,¢) € 7. Since the map
¢ is injective, its definition implies that

€i7s(i7j,€)y€t(i,j,€)7j = €43T¢Cj (16618)

for all (4, 7,¢) € 7. Summing this equation (16.6.18) over all 4, j with (¢, 5,¢) € T
for fixed ¢ shows that z, € Alg{e;;, y}. Hence ({y}UB)” = (XUB)" as required.
The equation (16.6.18) implies that

S(yi{ea}) < f (16.6.19)
from the definition of § in equation (16.2.6). O

In Lemma 16.6.5 above, 7(S(y; {e:i})) and Z({y,e11,v}; {es}) can be esti-
mated as before.
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Theorem 16.6.6. Let N be a finitely generated 11y factor. If G(N) < 1, then
N is generated by three hermitian elements.

Proof. By Lemma 16.2.4 the infimum defining G(NV) is attained in P°? so there
is a finite generating set X of N, an integer k& € N and {e;;} € P.?(N) such
that

G(N) < T(X: {e}) < (1 - 1/k)? < 1. (16.6.20)

Let {e;;: 1 <4, <k} be a set of matrix units in N associated with {e;;}
and let B be the k x k matrix subalgebra of N they generate. By Lemma
16.6.1 there is an element y € N = X" = (BU X)” such that N = ({y} U B)"
and S(y;{eii}) < f < Zi:ll ey , where f is the projection of Lemma 16.6.5
which satisfies inequality (16.6.19). Thus ey, is orthogonal to S(y; {e;; }) and so
exky = yegr = 0. By scaling assume that |ly|| = 1.

Let
k—1

21 =2ep +y and xo = Z(ei,i_l,_l +eit1,i)- (16.6.21)
i=1

Then ek, y € {1}, since x} = 2"ey, + y™ for all n € N. Hence
{z1, o2} = {y}uB)' =N (16.6.22)
by Lemma 16.6.5 as required. O

The following generalisation of this is proved in [63].
Let N be a finitely generated 11y factor. If n € N and G(N) < n/2, then N
s generated by n + 1 hermitian elements.

16.7 Main technical lemmas

To this point, all results with the conclusion that N is singly generated have
required the hypothesis that N is finitely generated. The main result of this
section, Theorem 16.7.5, avoids this hypothesis by assuming that there is a link
between suitable generating sets.

The main technical results of this chapter follow after a little elementary
lemma on projections, which is just a version of the observation that the matrix

1+ cos@ sin 6
1/2< sin 6 1 —cosf )

is the projection from R? onto the one dimensional space at angle 6/2 to the

z-axis. Below
N 0 q N 0 sin 6
p o0 ) M4 VY sinf 0 )

—_
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Lemma 16.7.1. Let B be a unital C*-algebra. If y = y* € B with ||ly|| < 1 and
p s a projection in B with

py =y(1—p), (16.7.1)
then

a=1/2(p(L+ (1= ) 2p+y+ (L =p)(1 = (L= )21 =p))  (167:2)
i a projection in B.

Proof. Equation (16.7.1), and its conjugate, yield

py* =y(1 —py = y°p. (16.7.3)
Let ¢ = (1 — y?)'/2. Equation (16.7.3) shows that p commutes with ¢?. Then

cp = pe, since ¢ € C*(c?) by the functional calculus, so that

¢=1/2(p(1+c) +y+ (1 -p)(1l—c))
=1/2(1 — ¢+ 2pc +y). (16.7.4)

Using ¢® + y? = 1 and equation (16.7.1) to collect together the y terms gives

4q% = 2 — 2c + 4pc® + 2c(py + yp) + 2y(1 — ¢) + 4pc(1 — ¢)
=2—2c+4pc+2cy+2y(l —c)
=2—2c+4pc+ 2y =4q (16.7.5)

as required. O

The following is similar to Lemma 16.6.5 on single generation but with the
element y occurring there replaced by a projection g, which plays a role in
subsequent calculations.

Lemma 16.7.2. Let N be a finite diffuse von Neumann algebra with faithful
normal trace 7 and let B be a k X k matriz subalgebra of N with matrix units
{e;j: 1 <i,j <k} and Zle eii=1. Letv = Z,’;z_ll(ei,i+1 +eiq1.4), let X be a
finite subset of N with T(X;{e;;}) = ¢ and let f = Z?fdﬂ eii- If c<1/2—1/k,

i=1
then there exists a projection ¢ € (X U B)" such that

({q} U B)// = {Q7 611,?)}” = (X U B)//’

q<S(g{eit) < f, 7(f) <2(c+1/k)
and
Z({g,e11,v};{ei}) <2 +2(c+ k™t + k72

Proof. Let X = {x1,...,z,} and let

T ={(3,4,0): eixee;; 70,1 <4,j <k, 1<{l<n} (16.7.6)
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By definition of Z(X; {e;;}),
|T| = K*Z(X; {ei}) = k> (16.7.7)

- W={(s,t): 1 <s<[ck], [ek] +1<t<2[ck]}.
Since k/2 — 1 or k/2 —1/2 is an integer and ck < k/2 —1 < k/2 —1/2 by
hypothesis, 2[ck] + 1 < k so that
W C{(s,t): 1 <s,t <k}
Because |T| = ¢?k? < [ck]? = |W)|, there is an injective map ¢: 7 — W given
b
' (i,5,€) = (s(i,5,0),t(i, 5,0)).-

Let
Y= Z (es(z’,j,e),ixé €5, t(i,5,0) T (es(i,j,e),i Ty ej,t(i,j,é))*) (16~7-8)
(,5,0)e T
[ek] 2[ck]
q1 = Z ess and gg = Z €. (16.7.9)
1 [ck]+1

By definition of y, ¢1, g2, f and ¢(7), we obtain
712 =0, (+@)y=fy=y=yf =yl + q) (16.7.10)

and

QY= D i, T a(i50) = Y2 (16.7.11)
(i, 0ET

Equation (16.7.11) and its conjugate imply that y? commutes with ¢; and go;
more holds. Since the ranges of s and ¢ are disjoint and the map ¢ is injective,
the definition of y in (16.7.8) implies that

Y= Z (es@;jxm e €jj T €, 5(ig,0) F Ci(irgi0), Tt Cii T ej,t(i,j,é))
()€ T
(16.7.12)
This equation (16.7.12) gives
y> € eiC*(X UB)ey, (16.7.13)

which will be used subsequently.
By scaling all the xp (1 < ¢ < n), if necessary, we assume that |ly|| < 1 from
now on. Let

q=1/2 (q1(1 A=) +y+g(l— (- y2)1/2)q2). (16.7.14)
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Since g1, ¢2 and y lie in fN f from (16.7.10), equation (16.7.14) can be rewritten
as

a=1/2(q(f+ (=)D +y+(F—a)(f = (F =y —q1)). (16.7.15)

If we then apply Lemma 16.7.1 in the algebra fN f, we see that ¢ is a projection.

By definition of ¢1, g2 and y, it follows that ¢ € C*(X U B) C (X U B)".
Let 1 < ¢ <n. Choose 1 <4,j < k such that e;xpe;; # 0 so that (i,5,0) € T.
Using g1 g2 = 0 eliminates the first and final terms in the definition of ¢, (16.7.14),
leaving only the y term in

€, 5(i,3,009€t(i,5,0), 5 = 1/2€3 s(i,5,0Y€1(i,5,0),§ = 1/2€iiTeej (16.7.16)

since the ranges of s and ¢ are disjoint in {1, ..., k} and the map ¢ is an injection.
Summing this equation (16.7.16) over all 4, j with (,5,¢) € T for fixed ¢ shows
that =, € Alg{e;;, q}. Hence

{gtuB)" ={q,e11,v}" = (X UB)" (16.7.17)

as required, since {e11, v}’ = B by Lemma 16.3.2.
The equation (g1 + g2)g = ¢ implies that

S(glen) <a+@<f (16.7.18)

from the definition of S in equation (16.2.6).

To estimate Z({q,e11,v};{es}) it is sufficient to estimate Z(q,{e;}) by
counting various cases, because the other two terms are provided by Lemma
16.3.2. If (s,t) does not satisfy 1 < s,t < 2[ck], then essqers = 0 by definition
of ¢1, q2 and y. Within this region, the estimate depends on which square gen-
erated by the two inequalities 1 < - < [ck]| and [ck] +1 < - < 2[ck] contains
the pair (s,1).

If 1 < s,t < [ck], then egsqess = 1/2e55e4: from the first term in the defini-
tion of ¢ so is non-zero if, and only if, s = ¢. This contributes [ck].

If [ek] +1 < s,t < 2[ck], then

€ssqCtt = 658(1 - 92)1/261% - essett(l - y2)1/2 (16719)

by equation (16.7.14), which is zero if s # t, so contributes at most [ck]. Note
that we have used egzsyerr = 0 for s and ¢ in the stated range, which follows
from the definition of y in (16.7.8).

In the final two cases

€ssqCtt = 1/2658y€tt

*
=1/2 E (esses(i,j,z),ﬂz €5, t(i,5,0) €ttt €ss€t(i 5,6), 4 Ty es,t(i,j,é)ett)
(4,5,0)€ T

£0 (16.7.20)
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if, and only if, either (s,t) or (¢,s) is in the image of the injective function
(s(+), t(+)) from 7 into W. Since W is disjoint from its transpose {(t, s): (s,t) €
W}, only one of a pair (s,t) and (¢, s) can be in W so this contributes 2|7.

Hence
{(5,t): essqess # 0} < 2|7 |+ 2([ck]) < 2(c*k? + ck + 1) (16.7.21)
so that
T(q; {ew}) <2(2 +ck ™t +k72) (16.7.22)
and
Z({q, e11, v}; {ei}) <22 +2(c+ Dkt + k72 (16.7.23)
by Lemma 16.3.2. O

Note that we have proved that C*({¢} U B)) = C*(X U B) in the above
lemma. The above Lemma 16.7.2 can be used to show that if G(N) < 1/4, then
N is generated by a hermitian of the form v = Zf;ll(ei’iﬂ + ei41,) and a
self-adjoint of the form q — exy or 2exx + q, where qegr, = 0.

The next lemma is an important step towards Theorem 16.7.5.

Lemma 16.7.3. Let N be a separable 11; factor and let € > 0. If M is a
diffuse finitely generated von Neumann subalgebra of N, then there ezists a
finitely generated irreducible subfactor M. of N with M C M. and

G(M.) <G(M) +e.

Proof. By Lemma 16.2.4 the infimum defining G(M) is attained on P¢?, since
M is diffuse. Thus there is a finite set X of generators of M, an integer m and
a set of projections {e;;: 1 < i <m} € P2(M) such that

I(X; {eii}) <c+e/2 and m > 8/e. (16.7.24)

By Theorem 13.2.3, there is an irreducible hyperfinite subfactor R of N with
{eii} € R. Let {e;;: 1 < 4,5 < m} be a set of matrix units in R with di-
agonal {e;} and let M,, = {e;;: 1 < 4,j < m}’. If Ry = M, N R, then
R = M,, ® Ri. By the remarks preceding Lemma 16.3.6, R; is generated
by two self-adjoint elements y;, y» and these commute with M,,. By Lemma
16.3.2, M,, is generated as an algebra by e;; and = = Z?;l(ei’iﬂ +€iv1,i)
with Z({e11, 2}; {esi}) < 2/m. Let M. be the von Neumann subalgebra of N
generated by M and R. This an irreducible subfactor of N, since R has this
property, and M. is generated by X U{y1,y2,e11,2}. Since y; and y2 commute
with {e;; },

Hence

G(M,) <Z(X U{y1,y2,e11,2};{eii})
<c+e/24+4/m<c+e (16.7.26)

as required. O
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The proof of the previous Lemma 16.7.3 showed that if X is a finite subset
of N and {e;: 1 < i < m} € PI(N), then there is an irreducible hyperfinite
subfactor R of N with hermitian generators yi, ya such that {e;: 1 <i <m} C
R and

G(RUX)) <Z(X U{y1, y2}; {es}) <T(X;{e;}) +4m™ . (16.7.27)

A set of matrix units {e;;: 1 < ¢, j < n} in a von Neumann algebra is
assumed to have ) ., e;; = 1. When )", e;; = p is just a projection in the algebra
rather than the identity we say that it is a subsystem of matriz units and note
that 7(e;;) = n~!r(p) for all i. The subsystems of matrix units {el(-f)} for ke N

constructed in the following lemma correspond to e%) ®...® eg;_l) ® el(.

the proof of Lemma 16.3.6.

f) in
Lemma 16.7.4. Let N be a separable 11, factor and let (Ny, ) be a sequence
of finitely generated von Neumann subalgebras of N such that

(1) Nk, n N Niy1,m is diffuse for all k,m,n € N and

(ii) lim, G(Ng,n) =0 for all k € N.

If € > 0, there is a sequence ny with ny — oo and a singly generated subfactor
M. of N with

UMk €M and G(M:) <e.

k

Proof. Let 0 < € < 1/8. By induction on k, we construct sequences of
(0) positive integers ny,
(1) positive integers my with mq > 3/e,
(2) irreducible subfactors My, of N with Ny ,,, C Mj,
(3) subsystems of matrix units {egf): 1<i,j <mg}of {My,..., M}’ and
(4) projections gy in {My,..., My}"
such that
k m k+1
(5) @g,)z =i ez(i ),
(6) gry1 < 6(2],6)2 and %Heglﬁl) = Qk+1€gf;1) =0, and

(7) {Mq,..., M} = {ql,...qk,eg): 1 <id,5 <myl<?<Ek} foral
keN.

By (ii), there is an n; such that G(Ny ,,) < €2/2. By Lemma 16.7.3 there
is an irreducible finitely generated subfactor M; of N such that Ny ,, C M;
and G(M;) < €2. By Lemma 16.2.4, there is a finite generating set X of
M;, an integer m; > 3/¢ and a set of projections {e;;} in P5d (My) such that
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Z(X1; {eii}) < 2. Choose a set of matrix units {e;j: 1 <4, j <my} in M; for
{eii: 1 <i<my}. Heree <1/8<1/2—1/my, and 2[emi]|+2<m1/2+2<
my1 — 2 so that Lemma 16.6.5 implies that there is a projection g; € M; such
that

{qr,€i: 1 <i, 5 <m}' = (X U{e;}) =X"=M (16.7.28)
and
mi—2
n< Y e (16.7.29)
i=1

By reordering the {e;;: 1 <4,j < m,}, assume that gieq; = 0. This reordering

does not affect the other parts of the construction. Let el(;) =e; for1 <i,5 <
my. This is the construction for &k = 1.

Suppose that the construction is completed to the k*" stage. By hypothesis
(ii) there is an integer ny41 such that

1 2
Niitn 12— 16.7.
g( k+1, k+1)< / (Sml---mk) ( 6730)

Hence by Lemma 16.7.3, there is an irreducible finitely generated subfactor
Mk+1 of N with Nk+1,nk+1 g Mk+1 and

1 2

Let
my = mq---my. (16.7.32)

By Lemma 16.2.4 there is a finite generating set X1 of My 1, an integer my1
and a set of orthogonal equivalent projections {p;} = {p;: 1 <i < mpmyy1} in
M4 such that

T(Xpr1;{pi}) < (1/(4my))? and  myyq > 10; (16.7.33)

the final inequality is important for the inequality (16.7.43). Thus {p;} €
Py (Mis1). Lot

mpmpeg41
My = MEpMgy1 = M1 M1

The factor M}, is an irreducible subfactor of N and hence {My,..., My}’
is an (irreducible) subfactor of N. Let {el(-;ﬁ_l): 1 <i4,j < mgg1} be a set of

matrix units in the factor eg;){Ml, . ..Mk}”eg;); so is a subsystem of matrix
units in {Ma, ..., M}’ Thus (5) is satisfied.
Then
— oD (k) (k41) () .
Tit1 = {eil,Q...e%Qest €3 g -

1<ip,je<mgpl<l<k1<st<mgy1} (16.7.34)
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is a system of matrix units for an my41 X my41 = mpMmEq X MEMmyq1 matrix
subalgebra of {Mj, ..., M;}" with diagonal
(k) (k+1) (k) @ .

— [,
Pryi =16 o€, o€ss €55 € "

1<ig<mpl<l<k1<st<mpyl; (16.7.35)
thus Pyy1 € Py, ({Mi, ..., Mg}"). By the inductive hypothesis (5),
WD <o) << el) (16.7.36)
so that
el el ekt (k) o) — o(kt1) (16.7.37)
for 1 <s <mg41. Let
Peyr ={f;: 1< j <myqa} (16.7.38)
with
fi=e5 D for 1< j<my. (16.7.39)

The algebra M,NMj ;1 is diffuse, since it contains the diffuse algebra Ny, ,,, N
Ni41,nps s » 50 there is a set of projections {fi} € P . (MpNMj41) by Theorem

mpeg41
16.5.2, since a masa in My, N My, is isomorphic to (LOQ[O, 1], [- dt). Because
{My,..., My} and My, are factors containing {f;}, there are unitaries v, €

{My,..., My} and wy, € M1 such that
opfivr = f; and  wyfiwk = p; (16.7.40)

so that
{pi} = wpvid fj}vpwy, = wivp Py 1vpwy. (16.7.41)

From this, by the unitary invariance of Z,
I(va,’;XkHwkvk;Pk_,_l) = I(Xk—i-l; {pi}) < (1/4mk)2 < 1/8. (16.7.42)

In the notation of Lemma 16.7.2, ¢ and k are respectively 1/4my, and myq
so that

2 ck] +2 = 2[mps1 /4] +2 < mps1/2+ 2 < mpgq — 3. (16.7.43)

The final inequality holds because my41 > 10, which was the reason for this
restriction.

By Lemma 16.6.5, there is a projection gx41 € {vjiwj Xp41wgvg, Th41}” such
that

{aks1, Tr1 Y = {vjwi Xpprwpv, Trgpr ) C{My, ..., M1} (16.7.44)
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and
mk+1— 3

Gor1 < S(qri1; Pop) < Y fis (16.7.45)

=1

By the choice of f; for 1 < j < my1 in (16.7.39),

mg4+1—3 mr41—3 M1
Qi1 < Z fi= > et <o) = 3 ety (16.7.46)
i=1 i=1

and hence there are at least two different projections f; = egsﬂ) and f; = egf 1)

with gr41fs = 0 and gry1fr = 0 and 1 < s <t < mgy1. By reordering the
matrix units {ez(.;ﬁ_l)

t = 2 so that

01 < 4,5 < mgqq}, if necessary, assume that s = 1 and
k 1
g (efi TV + el ™) = 0.

This reordering does not affect the construction so far. This proves (6).
By the inductive hypothesis (7) and equation (16.7.44)

{a1, - Qrsi1, 5]) 1<i,j<mg, 1 <l<k+1} C{My,...,Mp1}".

Because Ty 11 € {My,..., M1}, Xil ) = Mgy and wpvg € {My, ..., M1},
we have

{My,..., My} ={M, ..., My, Xpt1, Tit1}"

={M, ..., My, viwi Xps1wpvr, Trs1}”
={Mi,..., My, qry1, Trg1}"
={a1,- .-, qut1,€ ( 1<e<k+1} (16.7.47)

by the inductive hypothesis (7), equation (16.7.44) and the definition of Tj41
in equation (16.7.34). This proves (7) and completes the induction.
Let

=" (27l +37%qy) (16.7.48)
k=1
and
E(e®) RO
ZZQ e e ). (16.7.49)
k=1 j=2

By the inductive hypotheses (5) and (6), {egli), qr: k € N} is a set of mutually
orthogonal projections in /N and hence is contained in the abelian von Neumann
algebra {x1}" as the coefficients in (16.7.48) are all different.
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From the orthogonality in (6), eglfl) Ty = 2*’“652 from which if follows suc-

cessively that e; 2), eék?z, egkg, e®

3 "
s €my—1,m, are in {z1, z2}"”. Thus

(Mi,... MY = {aq1, ety s 1<, j <mg,1 < E< kY
g {l‘l,l‘g}” (16750)

for all k € N so that {w1,22}" = (UM,)". Let M. = (UMy)".
From the definition of Z it follows that

T (z1; {e }) m;' and I(arg;{el(»il)}) <2m;t (16.7.51)
The first of these inequalities holds because 27 and eZ(-Z-l ) commute and the second

is valid as in the matrix algebra case (see Lemma 16.3.2) by the inductive
conditions (5) and (6). Hence

T({zy, 22} {eP}) <3mit < (16.7.52)
so that G(M.) < e, proving the lemma. O

Theorem 16.7.5. Let N be a separable I1; factor and let { Ny}, be a sequence
of finitely generated von Neumann subalgebras of N such that N = (U;‘;1 Nk)l/
and N N Ni1 is diffuse for all k € N. If G(N,) = 0 for all k € N, then N is
singly generated and G(N) = 0.

Proof. Let Ny, , = Nj forallk, n € N. Let ¢ > 0. By Lemma 16.7.4, there exists
a finitely generated irreducible subfactor M, of N with |J Ny, = |J Nk, n, € M.
and G(M,) < e. Hence M, = N so that N is finitely generated with G(N) =0
since € > 0 was arbitrary. O

The following corollary of Lemma 16.7.4 is required to handle the case of II;
factors with property I'.

Corollary 16.7.6. Let N be a separable 11y factor, let A be a diffuse von
Neumann subalgebra of N and let N,, be a sequence of von Neumann subalgebras
of N all containing A with lim, G(N,,) = 0. Ife > 0, there is a sequence ny,
of integers and a finitely gemerated irreducible subfactor M. of N such that
Uk Nny. € M. and G(M.) < e.

Proof. Let Ny , = N, for all k, n € N. Then Ny, N Niy1, 5, is diffuse for all
k,m,n € N and lim,, G(Nj,,) = 0 for all £ € N. The result now follows from
Lemma 16.7.4. O

16.8 Examples of singly generated II; factors

The following theorem was proved in Lemma 16.3.4 under the additional hy-
pothesis that V7 and N are finitely generated.
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Theorem 16.8.1. Let N1 and Ny be a separable 11, factors, then Ny®@Ny is
singly generated and G(N1®N3) = 0.

Proof. Let A1 C Ny and Ay C N, be masas and let u; € A; and uy € As be Haar
unitaries that generate these masas. The unitaries exist since 4; = L*°[0,1] by
Theorem 3.5.2. Let {z;: j € N} be a set of generators of Ny and {y,: j € N}
be a set of generators of Ny. Let

Ny = {ur, 21, .., 26} ' @{u2, y1, -y}’

for all £ € N. Then Ny is a tensor product of two finitely generated diffuse von
Neumann algebras so G(Ni) = 0 by Lemma 16.3.4. The subalgebras N thus
satisfy the conditions of Theorem 16.7.5 so that N1 ® N3 is singly generated and
G(N1®N3) = 0. O

Lemma 16.8.2. Let N be 11y factor, let M be a finitely generated von Neumann
subalgebra with G(M) = ¢ and let w be a unitary in N. If there is a diffuse
abelian von Neumann subalgebra A C M such that vAu* C M, then for each
e > 0, there is an irreducible finitely generated subfactor M. of N such that
(MU{u})N C M, and G(M.) < c+e.

Proof. By Lemma 16.7.3 there is a finitely generated irreducible subfactor M
of N with M C My and G(My) < ¢+ €/2. There is a finite set X of generators
of My, an integer k > 2/e and a family of projections {p,} € P;?(Mo) such that

I(X:{p;}) <c+e/2. (16.8.1)

Since A is diffuse and abelian, (A, 7) = (L*°[0,1], [ -dt) so there is a family of
mutually orthogonal projections {e;} € P.Y(A). Let f; = u*eju(l < j < k).
Then {f;} is a set of mutually orthogonal projections in M by hypothesis, so is
in PY(M).

Because My is a factor containing {p;}, {e;} and {f;}, there are unitaries
wy and wy in My such that

e; =wip;w] and u'eju = f; = wapjws; (1 <j<k). (16.8.2)
Hence
wiuwep; = pjwiuws (1 <j < k) (16.8.3)
and thus
I(X U{wiuws };{p;}) <c+e/2+1/k <c+e. (16.8.4)

Let M. = (X U{wjuws})”. By inequality (16.8.4) M, is finitely generated and
G(M:) < ¢+ e. From wy, wy € My C M., if follows that u € M. so that
(M U {u})" C M., which is an irreducible subfactor of N. O

Recall that N (M) is the unitary normaliser group
{u e U(N): uMu* = M}

of M in N.
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Theorem 16.8.3. Let M be a diffuse von Neumann subalgebra of a 111 factor
N with N(M)" =N. If G(M) =0, then G(N) =0 and N is singly generated.

Proof. Let {uy: k € N} be a sequence of unitaries in A/ such that
(MU {ug: ke N})" =

Let M, = (MU{uk})H for all k € N. Let A be a masa in M. By Theorem 3.5.2,
A is a diffuse abelian subalgebra of M with ui Auj, C M for all k € N. By Lemma
16.7.3, for each € > 0 there is an irreducible finitely generated subfactor My, .

of N with My, C My, . and G(My, ) < . By Theorem 16.7.5 (Uk Mk)ll =Nis
finitely generated with G(IV) = 0 and so is singly generated. O

From the previous Theorem 16.8.3 one obtains an immediate corollary be-
cause G(A) = 0 for all masas in a separable II; factor.

Corollary 16.8.4. Let N be a separable 111 factor. If N has a Cartan subal-
gebra, then N is singly generated and G(N) = 0.

Theorem 16.8.5. Let N be a separable 11y factor. If N has property T, then
N is singly generated and G(N) = 0.

Proof. By Theorem 13.5.4, there is a masa A in N such that if m, n € N,
Z1,...T;m € N and § > 0, then there exist mutually orthogonal projections
D1, ---,Pn € A each of trace 1/n such that

pix; —xipillo <d forall 1<j<n,1<i<m. 16.8.5
j j

Let x € N with ||z]] <1 and let € > 0. If r € N, by inequality (16.8.5),
choose p( L. ,py) in P9(A) such that

19"z — 2p{ |l < v (16.8.6)

for 1 < j < r so that

xfng%pﬁntnzpm 7w —ap”) 3
j:
=Z||p§”<p —ap{")13
j=1
<> e — a3 <, (16.8.7)

by orthogonality of {p(T) 1<j<ry IfazC =3 pgT)xp]T) then

|z — M|y < r~1/2 (16.8.8)
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for all 7 € N. Let N, = (AU {x(r)})”. If his a hermitian generator of A, then
T(hi {p}) = T(a™; {pl) = =1, since h, 2™ € {p"}. Thus G(N,) < 2r—L.
By Lemma 16.7.3, there is a sequence r,, of integers and an irreducible finitely
generated subfactor M, of N that contains | J,, N, such that G(M.) < €. By the
inequality (16.8.8), ||z —z(") |y < rnt/? for all n € N so that = € (U, Nrn)
M...

Let {z}} be a generating set for N and let M), = (AU {a:k})” for all k € N.
By the first part of the proof, for each € > 0 and each k € N, there is a finitely
generated irreducible subfactor My, . of N with My C My, . and G(Mj, () < e.
By Theorem 16.7.5, N is singly generated and G(IN) = 0 as required. O

Corollary 16.8.6. Let M be a finitely generated 115 factor, let G be a countable
discrete group, and let «: G — Aut(M) be an action by outer automorphisms.
Then G(M %o G) < G(M). In particular, if G(M) = 0 then G(M xo G) =0
and both algebras are singly generated.

Proof. Given € > 0, choose an integer k such that k2c > 1, and then choose
orthogonal projections P = {py,...,px} of trace k~! and a finite generating set
X for M such that

I(X;P) < G(M) +e. (16.8.9)
Let {\s: g € G} be the representation of G'in M x,G such that Ayz ;! = a,(x)
for x € M. Each projection ay(p1) has trace k™ I and so is equ1valent to pp. If

we enumerate the group elements as {g,: n > 1}, then choose partial isometries
v, € M, n > 1, so that

Uy, =Pl UpUn = Qg, (1) (16.8.10)

for n > 1. Then pivpay, (p1) = vn # 0, so the element

y—z2 U\ 22 PLUsAgDL (16.8.11)

has a non-zero Ag-coefficient for all g € G. Let N = {M U {y}}” which lies
between M and M X, G. By Theorem 14.3.3, N = M %, K for a subgroup K
of G. The form of y in (16.8.11) shows that K cannot be a proper subgroup of
G, and thus N = M X, G. Let Y = X U{y}. Then Y generates M x, G and y
contributes only k=2 to Z(Y’; P) since y = p1yp1 from (16.8.10). The first part
follows from the estimate

G(M x4 G) <I(Y;P)=TI(X;P)+ k>
<GM)+e+k?<G(M)+ 2. (16.8.12)

When G(M) = 0, (16.8.12) implies that G(M X, G) = 0, and this algebra is
then singly generated by Theorem 16.6.2. O
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Recall that a unitary « in a finite von Neumann algebra with trace 7 is called
a Haar unitary (with respect to 7) if 7(u™) = 0 for all n € N\ {0}. Typical of
the theorems of Shen [171] that follow from the above results is the following,
which is designed for application to certain I.C.C. groups (see [171, Theorem
5.2]).

Theorem 16.8.7. Let N be a separable 111 factor with a von Neumann sub-
algebra M and let uy, (k € N) be a sequence of Haar unitaries in N such that
N is generated by M \J{u1,us,...} as a von Neumann algebra. If G(M) = 0,
up € M and upprupuy,, € (M U{ua, - .. ,uk})” for all k € N, then G(N) =0
and N is singly generated.

Proof. By induction on k we construct sequences of irreducible finitely generated
subfactors { N ,: n € N} for each k£ € N such that

(1) G(Npn) <ntand (MU{ur,...,ux})” € Ny , and

(2)  Ngan € Ny, forall k, n e N.

Regard Ny = M for all n € N. Suppose that Ny, (n € N) have been
constructed for some k. By Lemma 16.8.2, since upq1{ur}"uy, ; C N2, and
G(Ng2n) < (2n)71, there is an irreducible finitely generated subfactor Ny,
of N such that

(Nk,2n U {Uk+1})// C Nt and G(Npyp1n) <n™h

The double sequence Ny, (k,n € N) satisfies the hypotheses of Lemma 16.7.4
so for each € > 0 there is a sequence nj, of integers tending to infinity and an
irreducible finitely generated subfactor M. of N such that

U Nem, € M. and G(M.) <.
k

Since M (J{u1,u2,...} € Uy Nin, C M, the algebras M, and N are equal. [



Appendix A

The ultrapower and
property I’

A.1 Introduction

This appendix contains sections on: ultrafilters and characters of ¢*°(N); a
discussion of maximal ideals in finite von Neumann algebras; the construction
of the ultrapowers N® and N*“; property I' and relative commutants in N“.

In these notes wultrafilter is used for free wltrafilter in N as these are the
only ultrafilters discussed. See the article by Ge and Hadwin [78] for a detailed
discussion of ultrafilters and ultraproducts directed at operator algebras, or the
books [34, 90, 107, 204] for a discussion of filters and ultrafilters in set theory
and general topology. It is convenient to think of ultrafilters as characters w of
¢>(N) induced by points in SN \ N so this relationship is discussed briefly in
the second section.

Section A.3 on maximal ideals in a finite von Neumann algebra contains a
theorem due to Wright [211] that the quotient of a finite von Neumann algebra
by a maximal two-sided ideal is a finite factor with trace arising from the original
algebra and maximal ideal; Wright actually proved this for AW *-algebras. A
theorem for AW*-algebras that yields this was rediscovered by Feldman [68],
though he does not state this exact result or examine the norm closed ideals
as Wright does. This result for von Neumann algebras appears in Sakai’s Yale
notes [165] with no reference, and there is an account by Takesaki [187, p. 357].
The example of the Calkin algebra shows that finite is essential to obtain a von
Neumann algebra as the quotient.

The ultrapower N2 is defined in Section A.4 and the relative commutant
lemma (B;j)/ NN = (B, ﬂNn)w is proved. In Section A.5, we prove the useful
technical lemma on lifting unitaries, projections, partial isometries and matrix
units from N* to £°°(N) due to Connes [36]. Property I is defined, R is shown
to have property I' and L(F3) is shown not to have property I' in Section A.7,
and Dixmier’s equivalent version of property I' based on projections is proved

316
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in Theorem A.7.5 using a theorem of Fang, Ge and Li, Theorem A.6.5.

There are two natural sets of equivalent conditions on a II; factor that
involve the ultrapower that will be briefly mentioned. One of these is used in
these notes, a version sufficient for our use is proved in Section A.7, but we state
the corresponding versions of both.

Theorem A.1.1. Let N be a separable 111 factor. The following conditions are
equivalent:

(i) N = N®R;
(ii) N,: = N'N N¥ is non-commutative;
(iii) N, is a non-separable II; factor.

Theorem A.1.1 is due to McDuff [114] and there are other important con-
ditions that can be included due to Connes in the fundamental paper [36]; see
also [189] and [67].

Property I" was introduced by Murray and von Neumann to separate the hy-
perfinite factor R from the free group factor L(F3) so giving two non-isomorphic
separable Iy factors [118]. A II; factor N is said to have property T if for each
finite set {x1,...,2,} C N and each € > 0, there is a unitary u in N with
T(u) = 0 and |luz; — z;ull2 < e for all 1 < j < n (see Section A.7 for more on
property I').

The following theorem is due to Dixmier [50] and Connes [36]. We use the
notation K (H) for the algebra of compact operators on a Hilbert space H.

Theorem A.1.2. Let N be a separable 11y factor. The following conditions are
equivalent:

(i) N has property T';
(ii) N, # C1;
(iil) N, is a diffuse von Neumann algebra;
) the C*-algebra C*(N, N') generated by N and N' satisfies
C*(N, N')nK(L*(N)) = {0}.

(iv

The reader is referred to the original papers, to the book of Takesaki [189]
and to the introduction of [51] for more discussion and references. In Section
A.6, we shall show that if N, # C1, then N, is diffuse.

A.2 Ultrafilters and characters

Let BN denote the Stone-Cech compactification of the set N of positive integers,
identifying it with the carrier space of £>°(N) (see [204]). The points w in SN\ N
are the non-normal characters of £>°(N) and these points may be identified with
(free) ultrafilters (over N), a notion that we now define.

A (free) ultrafilter is a non-empty set F of subsets of N satisfying
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HifXeFand X CY CN, then Y € F;

2) if X,Y € F, then XNY € F;

(1)

(2)

(3) 0 ¢ F;
(4) if X CN, then X € For N\ X € F; and
(5) no finite set is in F.

A filter in N is a set F satisfying (1) to (3). An ultrafilter is a filter satisfying
condition (4). Condition (5) ensures that F corresponds to a point in SN\ N
and excludes points of N; the word free is used for this but all our ultrafilters
are free and in N so the word ultrafilter has a restricted meaning here.

The bijection from OGN\ N onto the set of ultrafilters is given by w — F,,
where

Fo = {{n EN: |z, <k '}:keN, z=(2,) € kerw}. (A.2.1)

The condition |z,| < k! can be replaced by z,, < k~* and z,, > 0, or |z,,| < 1
by removing the condition z > 0 and k € N. However, the version in equation
(A.2.1) is convenient for showing that the map is onto. A direct calculation using
the ideal property of ker w shows that if w € BN\ N, then F,, is an ultrafilter.
If wy # wy are in AN\ N, then there is an « € £>°(N) with + > 0, wy(z) = 0 and
wa(z) =1. Then {n € N: z,, < 1/2} is in F,, but not in F,,. This shows that
the map is injective.
Let F be an ultrafilter and let

7= {(xn) € 12(N): {n € N: |zn| < k') € F for all k eN}. (A.2.2)

Conditions (1) to (3) show that Z is a proper ideal of ¢*°(N), (4) that it is a
maximal ideal and (5) that this ideal does not correspond to an element of N.
The character w corresponding to this maximal ideal Z has the property that
F., = F as can be seen from the definitions in equations (A.2.1) and (A.2.2).
Alternatively, w can be constructed directly from F as follows. Let z € £°°(N).
Then the collection

{{xn: neX} : X 6.7:}
of closed subsets of {\ € C: |A| < ||z||} has the finite intersection property so

Y, = [ {zn:ne X} #0. (A.2.3)

XeF

If Y, is not a single point, then there are open subsets U and V of C such that
UNnY, #0,VNY, #0and UNV =0. Let W = {n € N: z,, € U}. From
the definition of W, U and V, it follows that W # () and N\ W # (). Moreover
XNW #Band X N(N\W) # @ for all X € F so that W and N\ W are
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in F contrary to (4). Hence Y, is a single point denoted {w(z)}. From these
definitions it follows that w is a character of ¢*°(N) with F, = F.

Throughout this appendix, w will denote a character in SN\ N thought of
as either a character or the ultrafilter F,,. The quantity w(x) is often denoted
by w(z,), lim,, x,, or lim,,_, x,. We shall frequently refer to w as an ultrafilter
as part of this identification.

The following elementary observation is useful:

If (x,,) € €°(N) with lim, o, = 0, then lim, z, = 0 for all
w € BN\ N.

This is an easy consequence of (5) of the ultrafilter conditions as follows. Let
|Zn]loo < 1,let e > 0andlet |z,| <eforalln > k. Let x; be the characteristic
function of the set {1,...,k}. Then

| 2n| < xk(n)| 2n| + (1 = x&(n)) 20| < xk(n) +€ (A.2.4)

so that lim,, | z,| < e, since lim,,_,, xx(n) = 0.

A.3 Maximal quotients of finite algebras

This section is devoted to proving a result on which the definition of the ultra-
power N¢ is based.

Theorem A.3.1. If M is a finite von Neumann algebra and T is a maximal
two-sided ideal in M, then M /T is a finite factor.

This theorem is contained in a more general result, Theorem A.3.5. Note
that the hypothesis finite is essential in deducing that the quotient is a von
Neumann algebra; K(H) is a maximal proper ideal in B(H) for a separable
Hilbert space H, but the Calkin algebra C(H) := B(H)/K(H) is not a von
Neumann algebra.

Before embarking on the proof of this theorem, we record one important fact
about finite factors, although we will not make direct use of it. Recall that a
C*-algebra is said to be simple if it has no non-trivial norm closed ideals. Factors
of types I; and II,, have non-trivial ideals: the algebra of compact operators in
the first case and the norm closure of the operators with finite range projections
in the second case [105, Section 6.8]. The situation is different for type III and
finite factors, both of which are simple. We refer to [105, Section 6.8] for the
type III case, but prove the finite case next.

Theorem A.3.2. Let M be a finite factor with a faithful normalised normal
trace 7. Then M is simple.

Proof. Consider a non-zero norm closed ideal Z C M. Then Z contains a non-
zero element x which we may assume to be positive, otherwise replace it by z*x.
The trace 7 takes the constant value 7(x) > 0 on the set {uzu*: v € U(M)}
and also on its norm closed convex hull C(z), which lies in Z. By the Dixmier
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approximation theorem, Theorem 2.2.2, C(z) contains an element of the centre
of M and this must be 7(x)1 since M is a factor. Thus Z contains a non-zero
multiple of 1 and so Z = M. This shows simplicity of M. O

The following lemma handles a technical point which will arise in the proof
of Theorem A.3.5.

Lemma A.3.3. Let A be a unital C*-algebra with a faithful normalised trace
T.

(1) If the closed unit ball of A is complete in the || - ||2-norm, then A is a von
Neumann algebra and T is normal.

(ii) If A is a von Neumann algebra and T is normal, then the closed unit ball
of A is complete in the || - ||2-norm.

Proof. (i) The GNS representation with respect to 7 allows us to assume that
A is faithfully represented on L?(A). We let £ denote the image of 1 in L2(A),
and we have a conjugate linear isometry J: L?(A) — L?(A) defined initially on
A€ by J(a&) = a*¢. Then JAJ C A’, so € is cyclic for A and for A’, hence also
separating for both algebras (see Lemma 2.3.1). It follows that £ is also cyclic
and separating for A”.

Consider a € A", ||la]] < 1. By the Kaplansky density theorem, Theo-
rem 2.2.3, there is a sequence {a,}52; in the closed unit ball of A such that
lim,, 00 ané = a€ in || - ||2-norm. Then {a,}>; is || - ||2-Cauchy, so converges
in || - [|2-norm to b¢ for some b in the closed unit ball of A, by hypothesis. Thus
(a—b)¢ =0, so a = b since ¢ is separating for A”. This shows that A = A", and
so A is a von Neumann algebra. We also have that 7 is the vector functional
(-£,€), proving normality.

(ii) Suppose now that A is a von Neumann algebra with a faithful normal
normalised trace 7. The mapping a — a& takes the closed unit ball of A into
the closed unit ball of L?(A), and the weak topology on the latter is defined by
the functionals (-, y&) for y € A, since it is a || - ||2-bounded set. If a, — a in
the w*-topology of the unit ball of A, then 7(a,y*) — 7(ay*) for each y € A,
showing that a,& — a& weakly in L?(A). Consequently the image of the closed
unit ball of A is convex and weakly compact in L?(A), thus || - ||z-complete. [

Remark A.3.4. If A is a von Neumann algebra and 7 is a non-normal faithful
trace on A, them Lemma A.3.3 (i) shows that the closed unit ball is not || -
|l2-complete, otherwise normality of 7 would follow. Thus the hypothesis of
normality is essential in Lemma A.3.3 (ii). An example of this would be A =
L*>°[0,1] with 7; the standard normal trace given by integration. Let 7y be
any Hahn-Banach state extension of point evaluation at 0 on C0,1]. Then
T = (10 + 71)/2 is a non-normal faithful trace on L*°[0,1]. For each n > 1, let
frn be the piecewise linear function whose graph joins the points (0, 1), (1/n,0)
and (1,0). It is easy to check that {f,}52, is || - ||2,--Cauchy, and that the only
candidate for a possible limit in L?(A,7) is 0. However, || full3., > 70(f2)/2 =
1/2, showing that the closed unit ball of A is not || - ||2,--complete. O
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Recall that an ideal in a von Neumann algebra is self-adjoint by the polar
decomposition (see [105, p. 444]).

Throughout this section, let M denote a finite von Neumann algebra with
centre Z and centre-valued trace T. Let 2 be the carrier space of the C*-
algebra Z, that is the space of multiplicative linear functionals on Z, and write
w(z) = z(w) for all z € Z and w € Q by identifying Z and the algebra C(Q) of
all continuous functions on €2. Let

A\ 1/2
lylo,r = (T(y*y)) ? forall ye M. (A.3.1)
This is a ZT-valued modulus, or norm function, on M, that has the properties
[z +ylo, T < |zl + |yl2,T (A.3.2)

and
|zz|2, 1 = [2]|z]2, T (A.3.3)

for all z € Z, x,y € M. Both of these follow directly from properties of T
by acting with all homomorphisms w € Q on Z. For example, (A.3.2) is an
inequality in an abelian C*-algebra, so can be verified pointwise over the carrier
space. It is then just a disguised version of the triangle inequality for the semi-
norms arising from the semi-inner products (z,y), = T(y*z)(w) for z,y € M
and w € Q.

In subsequent applications M will usually be ¢*°(N)®N for a separable II;
factor V.

In the next theorem we use the strong topology, so we assume that M is
standardly represented on the Hilbert space L?(M). The result is not dependent
on the particular representation chosen.

Theorem A.3.5. Let M be a finite von Neumann algebra with centre Z, let Q)
be the carrier space of Z and let T be a two-sided ideal in M.

(i) Then Z is a mazimal two-sided ideal in M if, and only if, there is an
w € Q such that

I={zeM:T(z"z)(w) =0} (A.3.4)

(i) If Z 4s a mazimal ideal in M with T = {x € M: T(z*z)(w) = 0}, then
M/T is a finite factor with trace 1,(xz +Z) = T(x)(w) for all z € M, and
Te 18 normal.

Proof. (i) Let T be a maximal two-sided ideal in M. Let C(x) be the norm
closed convex hull of the set {uzu*: w € U(M)} for all x € M, where U(M) is
the unitary group of M. Thus

C(z) = conv Nuzu*: v e U(M)}. (A.3.5)

The norm continuity of the centre-valued trace implies that T(y) = T(z) for all
y € C(z). By the Dixmier Approximation Theorem, Theorem 2.2.2,

Clx)NZ ={T(x)} forall ze M. (A.3.6)
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Maximal ideals in unital Banach algebras are closed, so C(z) C Z and
T(x) eINZ forall z €. (A.3.7)
Since Z N Z is an ideal in Z, there is an w € € such that Z N Z C kerw. Define
Iy, ={x € M: T(z"z)(w) = 0}, (A.3.8)

a two-sided ideal in M. If € Z, then T(z*x) € TN Z C I, by equation (A.3.7)
so that T(z*z)(w) = 0 and = € Z,,. The maximality of Z implies that Z = Z,,.

Conversely, suppose that Z has the form given in equation (A.3.4) for a fixed
w € . Then choose a maximal proper ideal J which contains Z. The earlier
part of the proof shows that J has the form

J={ze M: T(x*z)(wy) = 0}, (A.3.9)
for some wy € 2. Since
kerw=INZCJNZ=kerwy, (A.3.10)

we conclude that w = wy, otherwise we would have a strict containment ker w C
ker wy of proper maximal ideals in Z. It follows that Z = 7, showing that Z is
maximal.

(ii)  The trace 7, is defined on the C*-algebra M/Z by

Tw(y+Z) =T(y)(w) for all y € M. (A.3.11)

Tt is clearly a faithful trace on the simple C*-algebra M/Z.

To show that M/Z is a von Neumann algebra it is sufficient, by Lemma
A.3.3, to prove that the closed unit ball of M/Z is complete in the | - ||s-norm
induced by 7, and denoted by

. 172
I2]l2,0 = (ro(@2))"? (2 € M/T). (A.3.12)
Let x,, be in the unit ball of M/Z with z; = 0 and
lXn — Tn_1ll2,w < 27" forall n > 1. (A.3.13)

By a standard result in the theory of quotient C*-algebras, if © € M/Z, then
there is a y € M with z = y + Z and ||y|| = ||z| (see [187, p. 34]). Thus we
may choose ¥, in the closed unit ball of M such that z,, = y, +Z for all n, and
yo = 0.

By induction on n we shall choose a sequence w,, in M with the properties
that wg =0, w1 = y1, x, = w, +Z, and

lwy — Wy 1] o, <271 (A.3.14)

for all n € N.
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Suppose that wy,...,w,_1 have been chosen for some n > 2. Since x,_1 is
represented by w,_1 in M and z,, by y,,

e = sl 2(0) = (T = ) (= w))) )

1/2
= (T = wn-1)" (o = wa-1)) @)
= |lzp — zp_1ll2,0 <27 (A.3.15)
by the multiplicativity of w. Let
U={veQ: |y, —wp_1]r(r) <277} (A.3.16)

Then U is an open neighbourhood of w in the compact Hausdorff space 2. By
Urysohn’s lemma, there is a z € Z = C(Q) such that

i) 0<=z<1,
(ii) z(w) =1, and
(ili) z(v) =0for all v € Q\ U.
Let
Wy, = 2Yn + (1 — 2)wp_1, (A.3.17)

which is a standard type of splitting in SN used in the theory of ultrapowers.
Then
Yn — Wp = (1 — 2)(Yn — Wn—1) (A.3.18)

so that
[Yn — wnl2,T(w) = (1 = 2)(W)|yn — wn-1|2,7(w) =0, (A.3.19)

by the Z-module property of |- |2 7 and by the choice of z in (ii). Thus w,
represents z, in M. The Z-module property of |- |2, 1 and 0 < z < 1 imply that

|wn, — wp—1]2,7 = [2(Yn — Wn—1)|2,T = 2|Yn — Wn—1|2,T. (A.3.20)
If v € Q\ U, then z(v) = 0 so that
|wy, — wp—1]2,7(V) = 0. (A.3.21)

If v € U, then |y, — wp—1]2,7(v) < 27" so that
[wy, — Wy _1]2,T(v) < 27T, (A.3.22)

This completes the inductive construction of ws,.
The sequence of w,,’s is || - ||2-Cauchy in the unit ball of M, and so converges
to w in this ball by Lemma A.3.3. If m € M, then

1w — wn)méll3 = 7((w — wn)mm™ (w — wn)") < 7((w = wy) [m]]*(w — wn)")
= [[ml[*[lw — wnll3, (A.3.23)
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and so the uniform bound |Jw,|| < 1 and the density of M¢ in L?(M) show that
wy, — w strongly.
Consider z € Zt, 7(z) < 1. Then

T(T((w — wp) " (w — wn))z) =7((w — wn)*(w — wy)2)
= [l(w —wa)2""%¢]3

lim {|(w; — wy)="/%¢|3

= lim T((U}j - wn)*(wj - ’U)n)Z>

j—oo

= lim T(T((wj — wp)*(wj — w”))z>

J—00

lim || [w; — wn| 2, 72"/ %¢|[3
J—00

< limsup || |w; — wn] 2’11~||C2>O7 (A.3.24)

J—o0

where we have used several times that T is a trace preserving Z-module map,
and also that w; — w strongly in the third equality. If we take the supremum
over all such elements z € ZT in (A.3.24), then we obtain

[ 1w —wn|2,Tlloo < limsup || [wj —wn|2 1llco- (A.3.25)

J—00

Since

j—1
w; — Wplo, T < Z | w41 — w2, T
k=n
j—1
<y 2Fi<ot (A.3.26)
k=n

by (A.3.22) and the triangle inequality (A.3.2), we obtain
[w = wal2, 7o <2741 (A.3.27)
from (A.3.25) and (A.3.26). Evaluation at w in (A.3.27) gives
T((10 — wn)* (w — wy))(w) < 47, (A.3.28)
and so ||z — @y |2, < 27" where x := w+Z € M/Z. Thus the unit ball of
M/T is complete in the || - ||2, ,-norm, so M/Z is a von Neumann algebra by

Lemma A.3.3. Normality of 7, follows from Remark A.3.4. O

The method of splitting used in the construction of w,, in equation (A.3.17)
is a standard technique in ultrapower constructions (see the next section or [114]
for examples).
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A.4 The algebra N/

The most important application of Theorem A.3.5 is when N is a separable 11}
factor, M = N®¢>(N) and w is in SN\ N. Here we introduce the more general
algebras N and define N before studying it in the next section.

Definition A.4.1. Let N, (n € N) be a sequence of finite factors with traces
7, and let w € BN\N. If M = €p,, N,,, then M is a finite von Neumann algebra,
since

(xn) — 1j(z;): M - C (jeN) (A.4.1)

form a separating set of normal traces on M. A natural faithful normal represen-
tation of M is obtained by direct summing and representing it on @, L*(N,,, 7,)
in the usual way. The centre Z = @, C1 of M is isomorphic to £>°(N). From
the Z-module properties of T on M using the characteristic function of {j} in
Z, it follows that T(z)(j) = 7j(z;) for all x = (z,,) € M and all j € N. Tau-
tologically the topology of SN is the weak topology induced by Z = C(ON),
SO

z(w) = lig)nzn for all z=(z,) € Z. (A4.2)

Hence
T(z)(w) = liur)n T(z)(n) = liur)n Tn(zn) (A.4.3)

for all x = (z,) € M so that

Ty = {(zn) € M: liur)nrn(xen) =0}. (A.44)

Define 7, on M/Z,, by

To(x +Z,) = T(z)(w) = li£n Tn(Zr) (A.4.5)

for all z = (z,,) € M. Then (M/Z,, 7,,) is a finite von Neumann algebra, which
is denoted by ( ol ) If N, = N for all n € N, denote this algebra by N“.

Let 7w denote the quotient map x — z+Z,,: M — M/Z,,. This *-homomorphism
is not normal as ker N Z = ker w is not weakly closed in Z. The weakly closed
maximal ideals in ¢*°(N) are of the form {(z,) € ¢>*°(N): z; = 0} for some
jeN.

If B is a C*-subalgebra and 7 is a closed two-sided ideal of a C*-algebra
M, then it is standard theory that B + Z is a C*-algebra (see [131, Corollary
1.5.8]) and so B+Z/ZI =2 B/BN7Z is a C*-subalgebra of M/Z. If (M,, 7,) is a
von Neumann subalgebra of the II; factor (N,, 7,), for all n € N, and w is an
ultrafilter, then M is naturally identified with a von Neumann subalgebra of
N by the isomorphism 1)

EBM NZ, — (yn)+ZLo: EBM/@M mIH@M )+Z. /T
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This v is a *-isomorphism and the image is a C*-algebra. If M= @,, M,, and
N =@, N,, then

v (M(2n)) = Ty 57 (2n) (W) = liurjnTn(xn)

= Tz(ﬁ)(a:n)(w) TNw (T(2n)), (A.4.6)

for all (z,) € M, where T,p and T,

and N , respectively. This shows that i is trace preserving so that My =
(D, M,) +71.,/1, is a von Neumann subalgebra of N¥ = @, N,/Z..

The following lemma finds the relative commutant of this embedding and
shows that N is a factor by showing that the operations of taking relative
commutants and ultrapowers commute.

(N are the centre-valued traces on M

Lemma A.4.2. If N, is a finite factor with a von Neumann subalgebra B,, for
each n € N, then N¥ is a finite factor and (B¥)' N N¥ = (B,, N N,)*.

Proof. Tt is sufficient to prove that ((B,)*) N (N,)* = (B, N N,)“, since the
factor part will follow from this on taking B,, = N, for all n € N and using
C¥ =¢>*(N)/kerw = C.
From @(B,, N N,,) = (6 B},) NP N,, we have
(B, N N,)* C (BY) N NY. (A.4.7)
If v = (z,) + Zo, € (BY)' N NZ \ (B}, N N,)“, then by equation (A.4.7)
(EB;I[‘]NTL (Z’n)) +Iw S (B:})/
Let € > 0. By Lemma 3.6.5 (ii), there is a unitary u,, € By, such that

|wn Ty — xnun”%fn +e> 21/2”3% - EB;ﬂNn (@n)ll2, 7, (A.4.8)

for all n € N. Let u = (u,) + Z,; a unitary in BY. Taking lim,, in inequality
(A.4.8) and using

i [z 2,7, = (lim 7 (2520)) " = 2]l2,o (A.4.9)

give
Juz — zul2,w + & > 22|z — (Epyan(2n)) + Zo) 2,0 (A.4.10)
Since ux = zu, this implies that x = (Ep; nn (25)) + Zo. O

The next corollary follows directly from Lemma A.4.2; for an example related
to it see Remark A.5.6.

Corollary A.4.3. If N, is a finite factor containing a masa By, for eachn € N,
then By is a masa in Ny.
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Lemma A.4.4. If N, s a Il factor for all n, or a finite 1, factor with
kn € N tending to infinity, then N is non-separable and contains a masa with
non-separable predual.

Proof. The proof for N,, a I, factor for each n needs minor modification from
the proof here.

The proof is given for the case where each N,, contains a finite dimensional
abelian *-subalgebra A,, with dim(A4,,) = 2" and each minimal projection in 4,
has trace 27". Clearly this is possible if N,, is a II; factor. For each n, the finite
tracial algebra (A, 7) is isomorphic to

n

(B, 7) = (@ (Ceo @ Cey), T), (A4.11)

1

where the e;’s are projections with 7(e;) = 1/2 and 7 is tensorial on the tensor
product. If & = (a1, g, ...) € {0,1}°° is an infinite binary sequence, let u(a),
be the self-adjoint unitary in A, corresponding to the unitary

@71 (e + (—1)%e1) € By,

Let (o) = (u()1, u(a)s,...) € £°(N,) and let u(a) = m(u(e)). Then u(w) is
a unitary in N for all a.

If a, 8 € {0,1}> with a; # §; for some j € N, then 7(u(a),u(B)}) = 0 for
all n > j, because this contains the factor 7(eg — ;) = 0 arising from the j*®
place. Hence

To(u(@)u(8)*) = lif)nf(u(a)nu(ﬁ);;) =0. (A.4.12)

Thus {u(a): o € {0,1}>°} is an uncountable orthonormal set in L?(N2) that
is contained in the abelian von Neumann algebra A%. Thus there is masa B in
N containing A¥, so B and N have non-separable preduals. O

Remark A.4.5. (1) Note that Popa [138] has shown that if N, is a separable
II; factor N for all n, then all masas in N have non-separable predual; this is
proved in Theorem 15.2.3.
(2) If the N, are permitted to vary, then for different w € SN\ N totally
different N¥ may result.

For example, if N is a separable II; factor, we may define

M, ifnis odd
N, =¢ 2 Dnmoedd (A.4.13)
N ifnis even.
Then
w _ M, ?f {all odd 1.ntegers} € w, (A4.14)
N« if {all even integers} € w.
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(3) Let u, be unitaries in N,, and let B,, be von Neumann subalgebras of N,,
for all n. If u = m(u,), then uB%u* = (uanu;;)w7 since

uBPu* = W(un)ﬂ(@Bn)ﬂ(un)*
= 7r( @uanu’;) = (uanu’;)w. (A.4.15)

A.5 The ultrapower N¥

Throughout this section N will denote a separable II; factor with trace 7,
will be in SN\ N and n will be the running index in N. The centre of £>°(N)
N®¢>°(C) is denoted by Z and the centre-valued trace by T. Let

R €

Z,={x €°(N): T(xz*)(w) = 0},
N¥ =(*(N)/Z.,
m:4P°(N)— N*: 2 -z +7Z,,

To(x +1,) =lim7(x,) and
|2+ Tollw = (ro(@a® + ) forall o= (z,) € >(N).

In the previous section we showed that (N“, 7,) is a non-separable II; factor,
called the ultrapower of N.

When representing an € N as ¢ = 7(z,), we shall always assume that
(x,,) € £°°(N) satisfies ||z,| < ||z|| for all n € N, by the standard result in the
theory of quotient of C*-algebras that there is an (x,,) € ¢>°(N) with z = 7(z,,)
and ||(z,)| = ||z| (see [187, p. 34]). Expressions like 7((z,)) will usually be
written m(x,) by omitting the second pair of brackets.

There is a natural trace preserving embedding of N into N“ given by

N— N“:z— (z,z,...)+I,.

Let N, = N’ N N¥, which is called the central sequence algebra of N.

Give that N depends on w if the finite von Neumann algebras V,, vary,
a natural question is: does N“ depend on w? Using a result of Keisler from
model theory [11], which assumes the continuum hypothesis, Ge and Hadwin
[78, Theorem 3.2] proved the following theorem.

Theorem A.5.1. Let N be a finite von Neumann algebra with a fixed faithful
normal trace. If w and o are in SN\ N, then there is an isomorphism from N¥
onto N that is the identity map on N and hence maps N, onto N,.

In studying N¢, it is useful to lift operators in this quotient algebra to
sequences of operators from N in such a way as to preserve structure. For ex-
ample, we would like a projection to lift to a sequence of projections, rather
than to a sequence of operators which are asymptotically projections. We show
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in Theorem A.5.3 that such liftings are always possible. To prove this for pro-
jections and partial isometries in N“, an approximation lemma is required that
is similar to results in Section 5.3. More general versions of these results can be
found in, for example, [189, p. 96].

Lemma A.5.2. Let N be a 11 factor. Let y € N satisfy 0 < y < 1, and let
0= |ly—y H1/2 If e 1is the spectral projection for y corresponding to the interval
[1=6,1] , then [ly — ell2 < 32|y — y?[|5"*.

Proof. The state 7 on {y}” induces a probability measure p on [0,1] by the
spectral theorem such that

- / F(®)du(t) (A5.1)

for all bounded Borel functions f on [0, 1], since the spectrum of y is contained
in [0,1]. Then

(1?1 - 9)?) = / £2(1 - 1) du(t) = " (A5.2)

The function t — t2(1

- ) is symmetric about ¢t = 1/2 and increases from 0 to
1/2 so that 62(1 —6)? <t

2(1—t)? for § <t <1-4. Hence
52(1—8)2u([8, 1 —4]) <& (A.5.3)
and
(1—=6)2u([6, 1—¢]) <4 (A.5.4)
Since the characteristic function for the interval [1 — d, 1] is associated with e,

ly —ell3 = 7(y* — 2ey +e)

= (1 )+ 7lely = 1))

/0 2 /116<t—1>2du<t>
/ t2 dpu(t) /1 5t2d,u(t)+62

62+ (1—6)%u([6, 1 —6)) + 62
362 (A.5.5)

IN

IA N

by inequality (A.5.4). O

The following representation theorem lifts various elements from N“ back to
£>°(N) and is useful as a technical tool. The second case could be easily deduced
from the fourth but is sufficiently important to warrant its own statement.

Theorem A.5.3. Let N be a separable 111 factor.
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(i) There is a natural monomorphism 6 — 0, from Aut(N) into Aut(N®)
sending Inn(N) into Inn(N%) defined by

Oo(x) =7(0(zy)) forall x=(x,)+IL, € N®. (A.5.6)

(ii) Fach unitary u in N has a representation v = 7(uy) with u, a unitary
in N and 1(u,) = 7,(u) for all n € N. In particular, if 7,(u) = 0, then
un, may be chosen to satisfy T(uy) =0 for all n € N.

(iii) Fach projection p € N“ has a representation p = 7w(p,) with p, a projec-
tion in N with 7(p,) = 7,(p) for alln € N.

(iv) If v is a partial isometry in N¥ with vv* = p and v*v = q, then there
are partial isometries vy, in N for all n € N such that w(v,) = v and
T(vpv)) = Tw(p) for alln € N.

(v) If p and q are orthogonal projections in N“ with projections p, € N such
that 7(pn) = 7u(p) for all n and w(p,) = p, then there are projections
Gn € N with ¢,p, =0 and 7(q,) = 7.,(q) for alln, and 7(q,) = q.

(vi) If e;; (1 <i,j5 < m) are matriz units in N“, then there are matriz units
enyij (1 < 4,5 <m)in N for alln € N such that w(en, ;) = €55 (1 < 4,5 <
m).

Proof. (i) The automorphism 6 of N lifts to an automorphism 6 of (V)
by 6°°((x,,)) = (6(zy)) for all (z,,) € £*°(N) and the trace preserving property
of # implies that 0> (Zw) =7, from which the other properties follow directly.
(i) Ifw € N¥ isaunitary, then choose a self-adjoint element h € N“ such that
e = u. Lift h to a self-adjoint sequence (h,,) € N®¢>°(N), and then let u,, =
e’ The continuous functional calculus commutes with *~homomorphisms in
the sense that p(f(z)) = f(p(x)) for z self-adjoint, p a *-homomorphism, and
f € Cp(R). Thus 7(uy) = u.

If 7(u) = 0, then for the second part apply Corollary 13.4.3 using 7, (u) =
lim,, 7(u5) = 0 to modify each initial unitary u, to a unitary ,, with 7(u,) =0
and ||un, — Unll2 < 26|7(uy,)| for all n. In general, apply Remark 13.4.9 to
conclude that the unitaries u, can be chosen to satisfy 7(u,) = 7,(u). The
constant 26 must be replaced by a constant K dependent on |7, (u)].

(iii) Let n(zy) = p with ||a,|| < 1 for all n. Let y,, = 2}z, so that 0 <y, <1
for all n and 7(y,) = 7(x,)*7(x,) = p. Let 6, = ||yn — yfl||é/2 and let e, be
the spectral projection for y,, corresponding to the interval [1 — §,,1] for all n.
By Lemma A.5.2 (i),

Yn — enlla < V35,. (A.5.7)

Since 7(y2) = p*> = p = 7(yn), we have lim,, ||y, — y2||2 = lim,, 62 = 0 so that
lim,, §,, = 0 by the homomorphism property of lim,. Thus n(e,) = 7(y,) = p
by inequality (A.5.7). Let €, = 7,(p) — 7(ey) for all n. Then lim, €, = 0, since
p=m(e,). If 7(en) < 7, (p), choose a projection g, € N orthogonal to e, with
T(qn) = Tw(p) - T(en) and let p, = e, +¢q,. If T(en) = Tw(p)> choose p, = e,.
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If 7(en) > 7w (p), choose a projection g, < e, with 7(¢,) = 7(en) — 7w (p) and
let p, = e, — ¢n. From 7(g,,) < |ey,| for all n, it follows that lim,, 7(g,) = 0 so
that (gn) € Z,,. Hence w(p,,) = w(e,) = p as required.

(iv) By (iii), represent p = m(p,) and ¢ = 7(gy,) with p, and ¢, projections
in N and 7(p,) = 7,(p) = 7,(q) = 7(gyn) for all n. Represent v = 7(z,) with
|zn| <1 for all n and let y,, = prangy, for all n. Then

T(Yn) = 7(pn)7(2n)7(qn) = pvg = v. (A.5.8)

Let y,, = rphy be the polar decomposition of y,, with r, a partial isometry and
B = (yEyn)Y/? with 0 < h,, <1 for all n. Then h2 = y*y, for all n so that

m(h2) = m(yn) T (yn) = v*v = q = ¢* = w(h}) (A.5.9)

and limy, [|h2 — hi|ly = 0. Let 6, = |[h2 — h4|+/? so that 0 < 6, < 1 for all n
and lim,, 62 = 0. Hence lim,, 6,, = 0.

Let e, be the spectral projection for h2 corresponding to the interval [1 —
dn, 1] so that e, < p, for all n, since p, is the support projection for h2. By
Lemma A.5.2, [|h2 — e,|l2 < 3126, so that 7(e,) = m(h2) = p. Let w, = vye,
for all n. Then

m(wy) = 7(vp)7(en) = vp = 0. (A.5.10)

By their definitions,
WrWy =€n, <p, and wpwy = vpenty < ¢p. (A.5.11)

Since 7(pn — en) = 7(gn — wywi), the projections p, — e, and ¢, — w,w, are
equivalent in N and there is a partial isometry w® in N such that

0
n

o

W =p, —e, and wwl* =g, —waw. (A.5.12)

w n

Let v, = w, +w?. Then v}v, = p, and v,v} = g, by equations (A.5.12). From
equation (A.5.12) and w(e,) = p = 7(py) it follows that
lim w2 = lim 7(p, — €,) = lim ||p, — e,]|3 = 0. (A.5.13)
Hence 7(w?) = 0 and 7(v,,) = 7(wy,) + 7(w?) = v as required.
(v)  The proof is a modified version of (iii). Let n(z,) = g with ||z,|| < 1 for
all n. Let y,, = (1—pp)ziz,(1—py) for all n. Then 7(y,) = (1—p)g*q(1—p) =¢q
so that 7(y2) = ¢q. Let
211/2
On = llyn = vl (A.5.14)

and let e, be the spectral projection for y, corresponding to the interval [1 —
n, 1] for all n. Then |y, — enllz < 3'/26, for all n by Lemma A.5.2 and
lim,, §2 = lim,, §,, = 0 by the equation 7 (y, —y2) = 0. Thus 7(e,) = 7(yn) = q.
Let €, = 7,(q¢) — 7(ey) for all n. Then lim,, €, = 0 = lim,, | €|, since 7(e,) = q.
The projection e,, < (1—py,) and 7(1—p,,) = 1 =7, (p) > 70(q). If 7(en) < Tw(q),
choose a projection ¢ < 1 — p, — e, with 7(¢¥) = 7.(¢) — 7(e,) and let
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qn = en+q°. I 7(en) = 7.(q), let g, = e,. If 7(en) > 7,(q), choose a projection
¢ < e, with 7(¢%) = 7(es) — 7.(q) and let g, = e, — ¢°. Then 7(g,) = 7.(q)
and 7(¢%) = | 7w(q) — T(en)| = | en] for all n. Hence lim, 7(¢%) = 0 and

7(qn) = m(en £ ¢0) = m(en) = q. (A.5.15)

(vi) Induction on i using (iii) and (v) shows that there are projections ey, ;; (1 <
i <m, n € N)in N such that m(e,. ;) = e;; and 7(en; 1) = Tw(ei;) for 1 <i <m.
Using (iv), the elements ey, ;1 (or ey, 1;) are constructed for 1 < i < mandn € N,
from which all e, ;; are obtained by ey, ;; = €n;i1€p; j1 (1<i,7<m). O

One observation that comes from Theorem A.5.3 is that cutdowns and ul-
trapowers commute. If p = w(p,) € N¥ is a projection with p,, projections in
N and 7(p,,) = 7w (p) for all n, then pN“p = (p, Np,,)* in natural way.

The method of Theorem A.5.3 (iii) yields the following: If B is a diffuse von
Neumann subalgebra of N and p is a projection in B“, then there are projections
Pn € B with 7(py) = 7, (p) for all n such that w(p,) = p.

Conditional expectations are the basic tool for understanding subalgebras.
The case of varying B,, in the lemma below is required subsequently in the study
of normalisers. Before dealing with how they lift from N to N¥ as N¥ — BY
and N“ — B, here is a little notation.

Let ¢ be a bounded linear operator from N into N and let (z,) € £°°(N).
Then {¢(zy): n € N} is contained in the weakly compact subset

{v e N: lyll < 19l 1 (@n)lloo }

, so that lim,, t(x,,) exists as a weak limit in N with
[[Tim () [| < [J[] | (20)

by the universal convergence property of lim, with respect to compact sets.
The map lim,, ¢: (x,) — lim,, 1 (z,,) is thus a continuous linear operator from
£°(N) into N with || lim,, || = [|9|].

If x € N, regard x as the element 7(z), where (z) € *°(N) is the constant
sequence .

Lemma A.5.4. Let N be a I1; factor and let B, By, B, ... be von Neumann
subalgebras of N. If x = n(z,) € N¥ with (x,) € {*°(N), then
Epe(z) = n(Ep, (zn)) (A.5.16)

and
Ep(x) = liinEB(l‘n) = W(licIUnIEB(a:n)). (A.5.17)

Proof. Both parts will follow from Lemma 3.6.2.
(i) Ifz=mn(x,) with (z,) € £*°(N), let ¢(z) = 7(Ep, (x5)). The module and
trace preserving properties of Eg on N imply that
¢(b1Ibz) = 7T(IEB" (b1,n$nbz,n))
= W(bl,nEBn (.’L’n)bz,n) = bl(b(l')bg (A518)
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and
Tu(o(x)) = ling(EBn (zn)) = Hin T(Tn) = Tw(T) (A.5.19)

for all x = 7(xy,) € N* and by = 7(b1, ), bo = 7(b2,n) € By). Thus ¢ = Ep. by
Lemma 3.6.2, proving (A.5.16).

(ii) If z = 7(xn), let ¢(x) = lim, Ep(x,). Since 7, = 7 on N in N“ using
the normality of 7, we obtain ¢(byzbs) = byp(x)bs and

rul$(2)) = . (mEp(2,)) = 7(lim En(z,))
= ligjn T(Eg(z,)) = li‘{}n T(2n) = 70 () (A.5.20)

for all z = w(x,) € N¥ and by, bs € B. Hence ¢ = lim,, Ep as required. O

The following lemma is a possible approach to proving Theorem 13.4.5 (see
[30]), although we chose a different route in Section 13.4. Below we identify M,
with a subalgebra of M so that My C M C M“.

Lemma A.5.5. Let M be aII; factor, let M, C M withk € N, let N = Mj,NM
with M = M, ® N. Then M¥ =M, @ N¥.

Proof. If x = n(x,) € M*“, then

Tn = € @Tn ;=3 (ej @1)(1® zp, i) (A.5.21)
ij

4

with e;; (1 < i, 5 < k) the matrix units of My and z, ;; € N for all n, i, .
Hence
z=m(n) =Y (i ® )7(1® zn,ij) € M & N. (A.5.22)

i,

This proves the lemma. O

From the lemma above and the tautological statement ((Cl)w ~ (1, it fol-

lows that (Mk)w = M, for each k € N. In general, tensor products and the
ultrapower do not behave nicely; see [67].

Remark A.5.6. Relative commutants play an important role in the study of von
Neumann subalgebras of II; factors. From Corollary A.4.3, it follows that if B
is a masa in N, then B“ is a masa in N“, or B* = (B‘”)/ N N“. The algebra
B’ N N, where B is a masa in N, is generally much larger than B“ even when
NN N¥ = C1. Moreover if B is a masa in the hyperfinite II; factor R, then
B'NRY D RN R¥, and the latter algebra is large.

Here is an example in a free group factor showing this explicitly. Let a and
b be the generators of the free group Fo and let

Ynk = _a’bfa™d forall n,keN. (A.5.23)

=1
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Since the elements a’b*a~7 are pairwise orthogonal in N for different pairs j, k,
Y, kll2 = n'/? (A.5.24)

and
Yn, k1 L Ym, ko for k; 7é ko (A525)

for all m, n € N. For each pair k, n € N the elements a’b*a=7 (1 < j < n) form
the generators of a free subgroup of Fy and hence

lyn, il = 1Y /6" a™ | = 2(n — 1)'/2 (A.5.26)
j=1

by a theorem of Akemann and Ostrand [1]. For each pair k, n € N, cancelling
the common terms in each defining sum yields

aym;ga_1 —Yn, k= a"tpkg=m=1 — gpFat (A.5.27)
so that, by orthogonality,
ayn, k6" = Yn, kll2 = layn, ka™" = Y, &ll2 = 21/2. (A.5.28)
Let 2, ) = 27 (n — 1)7*/2y,, }, for all n, k. Then

Hxn,k ‘ =1
20, kll2 =27"n'?(n = 1)""/* and
lazn, i — 2o, pall2 = 27Y2(n — 1)"Y2 for all n,k € N. 4520

Let zp = m(xn, k) for all k € N. Then ||zg|| = 1, ||zkll2,w = 27! and azg = za
for all £ € N by inequalities (A.5.29).

If A = {a}", then Eq(z,,,x) = 0 for all n,k € N so that Eqe(x) =
m(Ea(2zn,k)) = 0 for all k by Lemma A.5.4. The orthogonality in (A.5.25)
implies that zj (k € N) are mutually orthogonal elements in N“. This shows
that A’NN¥ is larger than A¥. The elements x;, are easily seen to be orthogonal
to N. |

A.6 Relative commutants in N¥

This section is devoted to the proof of a Theorem of Fang, Ge and Li [67],
Theorem A.6.5, that is a generalisation of a result of Dixmier [50]. These results
follow from some lemmas that depend on the averaging used in conditional
expectations (see Lemma 3.6.5).

Lemma A.6.1. Let N be a Il factor and let M be an irreducible subfactor. If
p is a projection in N with 7(p) = r and if € > 0, then there is a unitary u in
M such that

Ilpu — uplla > (r — )% —c. (A.6.1)
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Proof. This follows directly from the inequality
2'2|lp = Earaw (p)ll2 < llup — pulls + ¢ (A.6.2)

which has already appeared as (3.6.35) in Lemma 3.6.5 (ii). Just substitute the
relations

Eyvran(p) = Eci(p) = 7(p)1 (A.6.3)

and
Ip = Exenn @)z = 7(p) — 7(p)? =7 —1° (A.6.4)
into (A.6.2). O

Lemma A.6.2. Let N be a Il factor and let M be an irreducible subfactor. If
p is a projection in N¥ with 1,(p) = r, then there is a unitary v in M*“ such
that

lpu = upllz, > (r —12)"/2. (A.6.5)
Proof. By Theorem A.5.3 (iii), represent p = mw(p,) with p, projections in N

satisfying 7(p,) = 7., (p) = r for all n. For each n choose a unitary u,, in M, by
Lemma A.6.1, such that

[tnpn = Patinllz = (r—r?)1/2 =277 (A.6.6)

Then
Hup —PU||2.,w = lim Hunpn _pnunH2 > (7" — 7“2)1/2, (A67)
as required. O

Lemma A.6.3. Let N be a Ily factor and let M be an irreducible subfactor.
Let p be a projection in M' N N“ with projections p, in N satisfying p = m(pn)
and 7(pn) = 7u(p) for all n. Let vy,...,vy, be in M and let e > 0. If q is a
projection in N, there is a k € N such that

(1) |7(prq) — 1w(p)T(q9)| <e and

(ii) |lprvi —vipklla <e  for1 <i<m.

Proof. By Lemma 3.6.5 (i), there are unitaries u1, ..., u¢ in M and positive real
numbers aq, . .., ap such that Z§=1 a; =1 and
¢
1Y ejuiqu; — 7(g)1fl2 < £/2. (A.6.8)
j=1

From the hypotheses pu; = u;p for 1 < j < ¢, pv; = v;p for 1 <7 < m and the
definition of || - ||2,, there is an k € N such that

llujpr — prujlle <e/2 for 1<j<¢ (A.6.9)
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and
lvipk — prvilla < e/2 for 1 <i<m, (A.6.10)

since w(py) = p. Hence

¢ ¢
H > ajuprqu; — T(Q)PkHZ < H > ajuipequ; =Y asprusqu] )
j=1 j=1

¢

+ Hpk(zajujqu; - T(Q)l)H2
j=1

’

< ajllupr — prusl2llqull2 + /2
j=1

4
<Y aje/24¢e/2=¢. (A.6.11)

j=1

Since 7(u;prqu}) = 7(prq) and 7,(p) = 7(px) for all k € N, taking the trace in
inequality (A.6.11) gives

17(pkq) — 7w (P)T(@)] = |7 (Prq) — T(pr)T(@)| <€ (A.6.12)
as required. O

Lemma A.6.4. If p and q are projections in finite von Neumann algebra with
trace T, then

IpVq—aqll2 > llp(1 =)l (A.6.13)

Proof. The positivity of the functional x +— T((p Vg—q)z(pVq-— q)) applied
to p <1 gives

lpA = )5 =7(1-qp(1—q) =7((pVa—ar(Vaq—1q)
<7(pvVa—aq)llpVag—q) =7(pVa—q)
=lpVvq—ql3, (A.6.14)

completing the proof. O

Theorem A.6.5. Let N be a Iy factor and let M be an irreducible subfactor.
If M' N N¥ #£ C1, then M' N N¥ is diffuse.

Proof. Suppose that there is a minimal projection p in the finite von Neumann
algebra M’ N N“ with p # 0, 1. Let ¢ be the central support of p in M’ N N¥.
Then ¢(M’ N N%¥)gq is a finite type I factor with minimal projection p, so there
is an integer k such that q(M’' N N¥)q = Myp = M. Let 7,(p) = r > 0.
Then 7,(q) = k7(p) = kr. Let P be the manifold of all minimal projections
in ¢(M’ N N¥)q in the metric given by the || - ||2,,-norm. Since P is separable,

there is a countable dense sequence eV e(®) ... in P. By the representation



A.7. PROPERTY T REVISITED 337

Theorem A.5.3 (iii) for projections in N, choose sequences of projections (py,),
(¢n) and (eg )) for each j such that

(1) p=m(pn), g =7(gn) and eV) = W(eg)) for all j with

(2)  7(pn) = 7w(p), 7(¢n) = 7w(q) and T(eg)) = 7,(e9)) for all j and n.

Note that 7,(q) = kr and 7,(e\)) = 7,(p) = r for all j. By Lemma A.6.2, there
is a unitary u) € M“ such that

[uPel) — eDy@||y , > (r —r2)1/2, (A.6.15)
Represent u) = W(uﬁf )) with u,(f ) unitaries in M for all j and n. For each

n € N, apply Lemma A.6.3 to ¢, € N and u,(cj) € M for 1 < j, k < n to obtain
an integer m,, (denoted k in that lemma) such that

IT(Pmn@n) = T(Pm, ) T(qn)| < 1/n (A.6.16)
and _ _
1P, ul? — P p |y < 1/n for 1< 4, k <n. (A.6.17)

It follows from these relations that

T(Pm,, n) > 7(pm, )7(qn) — 1/n = kr* —1/n. (A.6.18)

Now define f = w(py,,) in N¥. Clearly f € M’ N NY, since p,,, € M' NN, and
7o (f) = limy, 7(ps,,, ) = r. From equation (A.6.18),

7o(fq) = im 7 (pm, qn) > kr”. (A.6.19)

Hence fq # 0. Since ¢ is a central projection in M’ N N¥, fq is a non-zero
projection in ¢(M’ N N*)q = M, with

7w(fq) < 7(f) =7 = Tu(p) (A.6.20)

so that fq is a minimal projection in g(M’ N N*)q with 7,(fq) = r = 7 (f) =
7.(p), and hence fq = f. Thus f € P. From equation (A.6.17) ful) —uW) f = 0.
By the choice of u(),

(r— )2 < [|eDy@) — yDe@|, ,

< 1(e? = fu? —ulD (D — f)ll2,0 < 20l — fllz,  (A.6.21)

for all j. This contradicts the || - ||2.,-norm density of {e(): j € N}. Hence
there is no minimal projection in M’ N N¥. O

A.7 Property I revisited

Let us first recall from Section 13.4 that a II; factor IV has property I if, for
each finite subset {x1,...,2,} C N and each € > 0, there is a unitary u in N
with 7(u) = 0 and

lur; —xjulls <eforall 1 <j<mn. (A.7.1)
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We showed in Remark 13.4.7 that the hyperfinite factor R has property
I' using the construction by an increasing sequence of matrix subalgebras. A
different way is to take a countable I.C.C. group G which is the union of an
increasing sequence G; C G5 C ... of finite subgroups. An example would be
the group S of finite permutations of N with S, the subgroup of permutations
which fix each k > n + 1. Any finite subset {z1,...2,,} of CG will lie in CG,,
for a sufficiently large choice of n. Any unitary h, € G\ G, will have the
property that 7(h,) = 0 and ||z;h, — hpzill2 = 0 for 1 <4 < m, and a simple
approximation argument using the || - ||o-density of CG in £%(G) then shows that
L(G) has property T'. Of course, L(G) is the hyperfinite II; factor since the
algebras L(G),) are finite dimensional.

In their initial papers on the subject [116, 117, 118, 202], Murray and von
Neumann showed the existence of II; factors through various constructions,
including the hyperfinite or ‘approximately finite’ factor R as the weak closure
of an increasing sequence of matrix algebras. They knew that all separable
hyperfinite factors were isomorphic, but they were faced with the problem of
deciding whether there was more than one isomorphism class of general II;
factors. In a letter to Halperin dated 22" February 1940, von Neumann reports
that he and Murray had

... finally succeeded in showing that a certain operator (ring) of class
(I1y) 4s not “approximately finite” ...

(see [158, p. 134]). The example given in the letter was L(ZsxZs3), and property
I' was introduced to distinguish this factor from R. We will show that L(Fj)
does not have property I" for 2 < k < oo by using the following lemma, which
is motivated by the original approach of Murray and von Neumann [118].

Lemma A.7.1. Let G be a countable I.C.C. group. If S is a subset of G and
g1, g2, g3 in G satisfy

(1) SUmSe" =G\ {1}
and
(2) S, g2Sg5 ", g3Sgs ' are pairwise disjoint,
then, for all x € L(QG),
|z — 7(x)1]|2 < 14max {||gjz — zg;l2: j =1, 2, 3}. (A.7.2)

Proof. Let x =37 x49 € L(G) and let

v(W) = Z |zy|?> forall W CG. (A.7.3)
geWw

Let

k=v(G\{1}) = [lz — 7(2)1]I3 (A.7.4)
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and
d; = llgjx —zgjll2 for j=1,2,3. (A.7.5)
Then

= IIZ 24959 — %499;)|I5 = IIZ 19593
_Zp:g Ty, g9-1 1% (A.7.6)

for each j. From nggj_1 C G\ {1} and (A.7.6), it follows that
|v(S) = v(g;Sg; ) = v(S)? + v(g;Sg; )2 - [w(S)V? — V(g-Sg-’l)Wl
/2 1 2
W(E\ N2 |(D ) (Xl 0 )]

ges geSs

<Y Jag — 0, )T <2 (ATT)
geSs

From (1), (2) and inequality (A.7.7),
k=v(G\{1}) <v(S)+v(q1Sg; ) < 2v(S) + 2k1/25, (A.7.8)
and
k> v(S) + (92595 ") + v(gaSgz ) > 3u(S) — 2k/%6, — 2k/255. (A.7.9)
From these inequalities (A.7.8) and (A.7.9),
3(k — 2kY/26)) < 60(S) < 2k + 4k'/2(5, 4 03) (A.7.10)

and this simplifies to
kY% < 66, + 4(65 + 03). (A.7.11)

Thus
| — 7(2)1]|y = kY2 < 65, + 4(6y + 03) < 14max{d,;: j=1,2,3} (A.7.12)
as required. O

Theorem A.7.2. The free group von Neumann algebra L(Fy) does not have
property I’ for all 2 < k < oo.

Proof. Let Fj, have generators gq, g,... and if k = 2 let g3 be 92_1. Let u be a
unitary in L(Fy) with

lug; — gjull2 < (28)"1 for j=1,2,3. (A.7.13)

In Lemma A.7.1, let G = Fj and let S be the set of all words ending in a
non-zero power of g;. Then g;5¢; ! contains all words in F}, that do not end
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exactly in g7 ! so that SU g1 Sg;t = Fy \ {e}. Clearly S, g2Sg, ' and ggsggl
are pairwise disjoint. By Lemma A.7.1,

1—|r(u)] < flu—7(u)lls <1/2 (A.7.14)

so that |7(u)| > 1/2. The condition 7(u) = 0 required in property I is impossible
so L(F%) does not have property T O

Lemma A.7.3. A separable 11 factor N has property T if, and only if, N, =
N'NN¥ #£C1.

Proof. Let N have property I' and let {z;: j € N} be a countable subset of the
unit ball B of N that is dense in B in the || - |[;norm. By property I', choose a
sequence of unitaries u, in N such that |u,z; — zju,lls <277 for 1 <j<n
and 7(u,) = 0 for all n. From this inequality and the || - ||s-norm density of
{z;: j € N} in B, it follows that ||u,2 — zu,|2 — 0 as n — oo, and hence that
lim,, ||unx — zuyll2 = 0 for all x € B. Let u = 7(uy,) € N¥. Then u is a unitary
in N* and 7,(u) = lim, 7(u,) = 0. From above, ||ux — zulj2,, = 0 so that
ue N' NN«\CI.

Conversely, suppose that N'NN“ # C1. This algebra is diffuse, by Theorem
A.6.5, so there is a unitary v in N’ N N“ with 7,(u) = 0. By Theorem A.5.3
(ii), represent u = 7(u,) with w, unitary in N and 7(u,) = 0 for all n. Let
e>0andlet xy,...,zp € N. If

k
Z lunz; — zjunl2 > e forall neN, (A.7.15)
j=1
then
k
e < limz lunz; — zjunll2
w =
k
= Z |lux; — zjull2,, = 0. (A.7.16)
j=1

This is a contradiction, so there exists an n such that ||u,2; — x;u,|2 < € for
all 1 < j < k. Hence N has property T'. O

Before proving a useful equivalent version of property I' in Theorem A.7.5,
a standard little technical result is required.

Lemma A.7.4. Let M be a finite von Neumann algebra with faithful normal
trace 7 and let B be a diffuse von Neumann subalgebra of M. If A is a masa in
B and k € N, then there are mutually orthogonal projections p; (1 < j < k) in
A with ijj =1 and 7(p;) = E7l for1<j<k.
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Proof. If p were a minimal non-zero projection in A, then Ap = Cp. Since B is
diffuse, pBp # Cp, so we may choose a self-adjoint non-scalar element h € pBp,
whereupon (A U {h})"” is an abelian subalgebra of B which strictly contains
the masa A. This contradiction implies that A is diffuse. As in the proof of
Corollary 15.3.3, A contains a diffuse separable subalgebra Ag, and the result
follows from the isomorphism Ay = L>°[0,1] of Theorem 3.5.2. O

We conclude this appendix with the following equivalent version of property
T" due to Dixmier [50]. This has proved to be very useful in the study of T’
factors (see, for example, [30]).

Theorem A.7.5. A separable 11y factor N has property T if, and only if, for

each m, k € N, x1,...,2;m € N and € > 0, there exist mutually orthogonal
projections p,...,pr in N, each with trace k=, such that
|piz; — xjpilla <e for 1<j<m,1<i<k. (A.7.17)

Proof. Suppose that N has property I'. Then N, = N' N N“ # C1 by Lemma

A.7.3, so that N’ N N¥ is diffuse by Theorem A.6.5 with M = N. Since B =

N’ N N¥ is a diffuse von Neumann subalgebra of N“, there are projections

qi,---,qs in N'NN“ with 3, ¢; = 1 and 7,(¢;) = k~* for 1 <7 < k by Lemma

A.7.4. By Theorem A.5.3 (v), there are projections ¢; , € N with Y7, ¢; ., = 1

and 7(q; ) = k™! for all i and n satisfying ¢; = 7(q; ) for 1 <i < k.
Regarding N C N¥,

7 (qi,nj — 235, n) 2,7, = llaiz; — z5qill2,7, =0 (A.7.18)

for 1 <i<kand1l<j<m,since ¢ € N N N“. By the properties of lim,,,
there is an n such that ||¢; nz; —2;qi nll2 <efor1 <i<kand1l<j<m. Let
Pi = qi,n-

Conversely choose a sequence {z;: j € N} in the unit ball of N that is dense
in this unit ball in the || - || norm. By the hypothesis for k¥ = 2, for each
n choose two orthogonal projections p, and ¢, in N with p, + ¢, = 1 and
T(pn) = 7(¢n) = 1/2 such that

lpnz; — xjpnlla <27 for 1 <j<mn, (A.7.19)

and similarly for g,. Let p = n(p,) and ¢ = 7(g,) be projections in N¥. Then
Tw(p) = 7w(q) = 1/2 and p,q € N' N N¥, since ||pz; — z;p|l2, = limy, [|ppz; —
xjpnll2 = 0 for all j. Thus N’ N N“ # C1, and property I' for N now follows
from Lemma A.7.3. [



Appendix B

Unbounded operators

B.1 Introduction

For the most part, these notes are concerned with the bounded operators which
constitute the von Neumann algebras under consideration. However, results
from the theory of unbounded operators have played a role in Chapter 9, and
knowledge of this topic is essential for reading the literature in this area. Since
we feel that this theory is less well known than its counterpart for bounded
operators, we include here a brief exposition of the main theorems required
in these notes. Most of what is needed may be found in [104, Section 5.6],
and we follow their development to a considerable extent. However, we have
specific goals for the theory and we do not offer a comprehensive treatment.
The main objective is to understand the operators that arise as unbounded left
multiplication operators on II; factors.

Section B.2 contains the basic theory of closed and closable operators. In
Section B.3, we develop as much of the functional calculus as we will need.
We carry this out for positive operators, relating matters to the well known
functional calculus for bounded positive operators. Along the way we establish
the polar decomposition of a closed operator which appeared in Lemma 9.4.2.
The important unbounded operators of II; factor theory are those that arise
from vectors in L?(N) and L'(N), and we lay out their theory in Sections B.4
and B.5 respectively. We have developed this theory for factors, but we note
that the results of these sections remain valid for a general finite von Neumann
algebra N. The results in this more general situation can be easily deduced from
the factor case by viewing N as a subalgebra of any containing finite factor, for
example the free product factor N x N.

B.2 Basic results

The setting is a Hilbert space H, a dense subspace D(T), and a linear operator
T: D(T) — H. The space D(T)is called the domain of T. A fundamental
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object is the graph G(T') of such an operator. This is the subspace of H x H
defined by

G(T) ={(,T¢): £D(T)}.

If G(T) is a closed subspace then T is called closed. The class of closed operators
is the one most amenable to study along the lines of the bounded theory, and
is the one that will concern us here. Even if G(T') is not closed, its closure may
be the graph of a linear operator, denoted T, in which case T is called closable
and T is its closure. Then the domain D(T) of T contains that of T, and T
extends the definition of T to D(T). In general, when two operators S and
T satisfy D(S) C D(T) and S is the restriction of T' to D(S), we describe this
relationship by S C T'. The equation S = T carries the implicit requirement that
the domains of the operators be equal, and it is certainly possible to have S C T
without equality. Another important object associated to a closed operator is
a core. This is a subspace K of D(T) such that {({,T€): £ € K} is dense in
G(T). Of course D(T') is a core for T, but in specific examples it can be very
useful to work with some naturally arising core rather than D(T).

In parallel to the bounded theory, the adjoint T* is defined by the equation
(T¢,n) = (€, T*n), although some care is required to make sense of this. If D(T)
is dense in H then the domain D(T*) of T* is defined to be those vectors 7 for
which & — (T¢,n) defines a bounded linear functional on D(T'), which then
extends to H. There is then a unique vector, denoted T™n, such that

(T¢,n) = (& T,  £eD(T), neDT), (B.2.1)

and it is clear that T*: D(T*) — H is a linear operator. In general, we can
say no more than 0 € D(T*), but when T is densely defined and closed, we
will establish below that T is densely defined. We note one relationship that
is immediate from (B.2.1): if S and T are densely defined operators and S C T,
then T* C S*.

Before embarking on the general theory we should indicate how these op-
erators appear in relation to type II; factors. If N is such a factor with a
faithful normal tracial state 7, then we assume that N is faithfully represented
on L?(N,7) by left multiplication. If ¢ denotes the vector 1 in L?(N, ), then N
embeds as a dense subspace N¢ = {z{: x € N}. Recall the isometric conjugate
linear isometry J defined on N¢ by x€ +— x*¢. Then each vector n € L?(N)
induces a linear operator ¢, with domain N¢ defined by

Cy(x€) = Jx* Jn, x € N. (B.2.2)

If n happens to be y¢ for some y € IV, then ¢, is left multiplication by y, but in
general £, is unbounded. However, each ¢, will be closable, and so the theory
of closed operators will be useful in analysing such operators.

The following example gives a good illustration of what can be expected
from the theory of unbounded operators.
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Example B.2.1. Each function f € L*°(R) defines a bounded multiplica-
tion operator My on L?(R) by M¢(g) = fg for g € L?*(R). The same for-
mula defines a linear operator M; when f lies in the space L2 (R) of mea-
surable functions bounded on compact sets, where the domain D(My) is {g €
L*(R): fg € L*(R)}. This is a densely defined operator because D(M) con-
tains X(—n,n L?(R) for all n > 1, and the union of these subspaces is dense in
L*(R). If h € D(Mj}) then g — [ f(x)g(z)h(z) dx defines a bounded linear
functional on D(My), and so it follows that My (h) = fh = Mg(h). On the
other hand, if h € D(M5) then fh € L*(R), and g — [ f(x)g(x)h(x) dr defines
a bounded linear functional on D(My), placing h in D(M7). It follows that
M} = My, and M7 has dense domain.

Now suppose that (h,k) € G(M¢)* for some pair h,k € L?(R). Then, for
g € D(My), we have

[o@ht@) do+ [ g dz =0, (B.2.3)

and it follows that fk defines a bounded linear functional on D(M;), so that
k € D(M}) = D(My). From (B.2.3) we also obtain that h = —fk, and (h, k)
has the form (—Mjk, k). It is clear from (B.2.3) that any element of the form
(=Mjk, k) for k € D(Mjy) lies in G(My)*, and so G(My)*+ = VG(Mj5), where
V: L2( ) x L?(R) — L?*(R) x L(R) is the unitary operator (h k) — (=k,h). T
we interchange f and f then we see that G(My) = V*G(M5)* and is thus closed
so that each My, f € LS (R), is a closed operator. The relation M7 = My
reduces to M? ;= My when f is real valued, so that My is self—adjoint in this
case.

Now let K be the union of the subspaces X[y, L?(R), n > 1. We show that
K is a core for each My, f € LiS (R). If this is not so, then there is a non-zero
element (g, fg) € G(Mjy) orthogonal to each element (X[—y,n)hs X[—n,n)[h) Where
h € L*(R) and n > 1. Thus

[ @@+ @PR@ de =0, he @), 0zl (B24)

from which the contradiction g(x) = 0 a.e. follows easily. Thus K is indeed a
core for Mj.

If f e Lo (R)*T, then My is self-adjoint and (Myg, g) > 0 for all g € D(Mjy),
so that My > 0. Consequently ((I + My)g,g) > |gl|3 for g € D(My), and
ker(I + My) = 0. Moreover, for each h € L?(R), (1 + f) 'h € D(I + My), and
I+ My maps this vector to h. For each g € D(I + My), the Cauchy-Schwarz

inequality gives
(2 + Mp)gllzllgllz = [((1 + My)g, g)| = llgll3, (B.2.5)

showing that there is a bounded inverse for I + My, easily seen to be M1 f)-1.
Since the study of the function f is equivalent to that of (1 + f)~!, we expect
to understand My by working with the bounded operator (I + My)~!
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If f e L. (R) is real valued, then My is self-adjoint, and the functions
(f£i)~! are bounded. Then, for each h € L*(R), (f £4)~'h are in the domains
of My +il, and are mapped to h, showing that the ranges of My +il are L*(R).

Since
(M D), B = [(Myh,h) +illBI3 = [RIE, heDAM),  (B26)

we see that the operators My £ i] have trivial kernel.

The equation M7My = M|y holds for each f € L5 (R), as we now show.
The domain of the left-hand side is {g € L*(R): fg € L*(R) and |f|?g €
L?*(R)}. By examining separately the sets where |f(z)| < 1 and |f(x)| > 1,
this coincides with D(M|s2) = {g € L*(R): |f]*¢9 € L*(R)}, showing that
MiMyp = My-. Thus M7 My is a positive self-adjoint operator.

Now consider the functions f(z) = e® and g(z) = e~ in L2 (R). We should
expect that MyM, = My M; = I, and this is certainly true on their common
domains. However, these three operators have the three distinct domains {h €
L*R): e *h e L3(R)}, {h € L*(R): e*h € L*(R)} and L?(R), so that no pair
is equal. Thus care must be taken in making algebraic manipulations that are
routine for bounded operators. These particular functions also point out the
fact that MyM, may not be closed, even though M; and M, are themselves
closed.

Finally, we note that there is a polar decomposition for these multiplication
operators. If f € L{° (R), then define a bounded measurable function ¢ by

loc

_ Jf@)If(@)]7!, when f(z) #0,
¢(z) = {O, when f(z) =0.

Then f = ¢|f], My is a partial isometry, and My = MM,y since both sides
have domain D(Mj). O

Several of the properties that we have highlighted in this example carry over
to general closed operators, and we now investigate this. The unitary V on
L?(R) x L?(R) may be defined for a general Hilbert space by

V(&) =(-n¢&), (§&n) € HxH, (B.2.7)

and this is helpful below.

Lemma B.2.2. Let T be a densely defined operator on a Hilbert space H. Then
(i) T* is a closed operator;
(ii) T is closable if and only if T* is densely defined, in which case T = T**.

Proof. (i) Since T is densely defined, the operator T exists. If £ € D(T') and
1 € D(T*) then

(T&m) —(&T™n) =0, (B.2.8)
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which can be rewritten as

((=T¢,€), (n, T"n)) = 0. (B.2.9)

Thus (n,T*n) L VG(T),and so G(T*) C (VG(T))*. On the other hand, suppose
that (1,m2) € (VG(T))*. Then

(=T&,m)+(&m) =0, £eD(), (B.2.10)

from which it follows that £ — (T, 1) is a bounded linear functional on D(T).
Thus 17, € D(T*), and the equation T*n; = 1y follows from (B.2.10). This
shows that (11,72) € G(T*) and so G(T*) = (VG(T))*, which is always closed.
(ii) Suppose now that T is densely defined. From (i), T** is closed and

G(T)* = (V(V(G(Mm))H)*

g(r—) = (v
G(T)*+ =g6(1), (B.2.11)

using V2 = —1I, and (V(G(T)))* = V(G(T)*). Thus T** is the closure T of T.
Conversely suppose that T is closable with closure 7. Since T C T*, it

suffices to show that 7" has dense domain, and thus we may assume that T is
closed. Let P: G(T) — H be the bounded operator

P(((,T¢)=¢  £€D(T). (B.2.12)

Since G(T) is a Hilbert space, there is a bounded adjoint P*: H — G(T).
Only one element in G(T') has first coordinate 0, and so P is injective, showing
that P* has dense range. Let K be the subspace of H consisting of the second
coordinates of elements in the range of P*. Then K is dense in Ran(T). If
12 € K, then there exist ng,m € H such that P*ng = (n1,12). If £ € D(T) then

(T& m2) = (& TE), (m,m2)) — (€ m)

=((§,TE), P*no) — (&, m)

=(P(&§,T&),m0) — (&, m)

= (& m0) — (& m), (B.2.13)

showing that & — (T€,n2) is a bounded linear functional on D(T"). Thus 7, €
D(T*) and K C D(T*). Each n € (Ran T)* lies in D(T*) since (T¢,n) = 0 for
¢ € D(T), so D(T*) contains the algebraic sum K + (Ran 7)1, and T* is thus
densely defined, completing the proof. O

Lemma B.2.3. Let S € B(H) be positive and assume that S has trivial kernel.
Then there is a densely defined positive operator T: D(T) — H such that
ST=1onD(T) andTS =1 on H.

Proof. We have already defined the unitary V: H x H — H x H by (£,n) —
(—n, &), and we now introduce a second unitary W: H x H — H x H given by
(&,m) — (n,€). Note that V2 = —I, W? = 1.
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Since (Ran S)* = ker S = {0}, we may let D(T') be Ran S and define the
linear operator T: Ran S — H to be the set-theoretic inverse of S. Then

G(T) ={(&,T€): £ €Ran S} ={(Sn,n): ne H}
— W(G(S)), (B.2.14)

showing that T is closed since G(S) is closed. From Lemma B.2.2, T* is closed
so (B.2.11) and (B.2.14) give

V(G(T*) =6(T)*" =
=W(G(9)*
= WVW(G(T)). (B.2.15)

Thus G(T*) = VWVW(G(T)). An easy computation shows that (VW)? = I,
and we conclude that T'=T*. If £ € D(T) then £ = Sn for some 1 € H. Thus

(T€,&) = (T'Sn, Sn) = (n,Sn) >0, (B.2.16)
showing that T' > 0. O

Lemma B.2.4. Let T be a closed densely defined operator on a Hilbert space
H. Then T*T is a densely defined positive operator and Ran(I +T*T) = H.

Proof. From the proof of Lemma B.2.2 there is a bounded operator P*: H —
G(T) with dense range such that the second coordinates of {P*¢: £ € H} lie
in D(T*). Thus the space consisting of first coordinates of elements in Ran P*
is dense in D(T'), hence in H, and also lies in D(T*T), showing that T*T is
densely defined. If £ € H then P*¢ has the form (&1,7¢;) for some & € D(T).
For n € D(T), we have

(&m) = (&, P(n,Tn)) = (P& (n,Tn))
= (&1,m) +(T¢1,Tn)
= (I +T7T)&,m). (B.2.17)

Since n € D(T) was arbitrary, we conclude that (I +T*T)&; = &, showing that
the range of I + T*T is H. If £ € D(T*T) then £ € D(T) and T¢ € D(T™).
Thus

0 <(T¢ T¢€) = (& T"TE), (B.2.18)

showing that ||(I +T*T)&|| > ||€]|. Thus there is a bounded operator S: H —
D(T*T) which is the inverse of I+T*T. Moreover, if n € H thenn = (I+T*T)&
for some & € D(T*T), so that

(Sn,m) = (&, (I +T*T)¢) = ||€]1* + ||T€]? > 0, (B.2.19)

showing that S is positive. Since S has trivial kernel, Lemma B.2.3 applies to
this operator, and we conclude that I + T*T is both positive and self-adjoint.
Then T*T is self-adjoint (and, in particular, closed) and (B.2.18) shows that
T > 0. O
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B.3 The functional calculus

We now develop a functional calculus for densely defined positive operators T’
and we begin with the following observations. If 7' > 0 then so is I +T. Any
€€ (Ran(I + 1))+ liesin D((I +T)*) = D(I +T), and

0= (I +T)E &) = (&8 + (T8 > €)%, (B.3.1)

where the first equality reflects the fact that (I+7)€ € Ran(I+T). Thus £ =0
and Ran(I + T') is dense in H. The inequality

(I +T)E€) > el (B.3.2)

from (B.3.1) is valid for any £ € D(T'), and shows that ker(I+7") = 0. It follows
from (B.3.2) that 147 has a bounded inverse mapping Ran(7+T') to D(T), and
this extends by continuity to an operator S € B(H). If ¢ = (14+T)n € Ran(1+7)
then

(56,6 =, (I +T)n) =20, (B.3.3)

and so S > 0. Then the range of S contains D(T') so is dense in H, and thus
ker S = 0. By Lemma B.2.3, S~! is a densely defined positive operator and
clearly I + T C S~!. Taking the adjoint proves equality, and this shows that
Ran(1 + T) is not only dense in H but equals H. In principle, all information
about T is encoded in the bounded positive injective operator S, and we will
use the customary functional calculus for S to obtain one for T. We will assume
below that S is a bounded injective positive operator with [|S|| < 1, so that
its spectrum o(S) lies in [0,1]. Recall that for each pair of vectors £,n € H,
there is a bounded linear functional on C[0, 1], a measure yg ,,, defined initially
on polynomials p by p — (p(S)§,n), and extended to C]0,1] by continuity.
If B[0,1] denotes the algebra of bounded Borel measurable functions on [0,1],
then these measures induce a contractive *-homomorphism of B[0, 1] into B(H),
where an operator f(S) is associated to each f € B[0, 1] by the defining equation

4S8 = [ Fduca  Ene (B.3.4)

For each Borel set E C [0, 1], the spectral projection of S for this set is the
operator corresponding to the function . The positivity of S and the definition
of these measures easily imply the following relations, where A\ € C:

peg > 0, (B.3.5)
Hen = Pnes (B.3.6)
Hixem = Mg, (B.3.7)
Hey+ea,m = Mern T Hea s (B.3.8)

for all £,&1,&,n € H. Since S is injective, and xyoy gives the projection onto
ker S, we see that f(S) = ¢g(S) when f and g agree on (0,1]. Then the value
of f € B[0,1] at O is irrelevant to the functional calculus, and so we could
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work equally well with the algebra B(0, 1] of bounded Borel functions on (0, 1].
We now introduce the algebra B, (0, 1] of Borel measurable functions on (0,1]
which are bounded on compact subsets of (0,1]. Any continuous function on (0,1]
(such as t~1) lies in this space and we will use (B.3.4) to extend the functional
calculus to By (0, 1], expecting unbounded operators to result from this. It will
be convenient to have to hand some of the spectral projections of S so, for each
integer n > 1, let P, be the projection corresponding to the interval [n=1!, 1].
Since the sequence {x[,-1,1)}ne; increases pointwise to x (o1, (B.3.4) gives that
{P,}52, is increasing with strong limit I. The equation (B.3.4) implies that
each operator f(S5), for f € B(0,1], lies in the abelian von Neumann algebra
A generated by S, which is equivalent to U*f(S)U = f(S) for all unitaries
U e A'. A closed operator R is affiliated to A if U*RU = R (with agreement
of domains) for all unitaries U € A’, and for bounded operators this is precisely
the requirement of being in A. The operators f(S), f € Bioc(0, 1], which we
now define, will all be affiliated to A.
Consider a fixed f € Bioc(0,1]. We define the domain D(f(S)) by

D(f(S)={(£€H: forallne H, f¢€ Ll(\,ug,nD, and

there exists k& > 0 such that / |f] dlpenl < klnll}. (B.3.9)

The relation
|Her+eaml = |Hern + Bea | < ter ] + |Hes ] (B.3.10)

implies that D(f(S)) is a subspace of H, and we define a linear operator f(.5)
on D(f(5)) by

S = [ Fduen  €EDUES)., el (B3.11)
The integral inequality in (B.3.9) guarantees that n — [ f due,, is a bounded
conjugate linear functional on H, and defines uniquely the vector f(S)E.

Lemma B.3.1. Let g € B(0,1], f € Bioc(0, 1] and let U be a unitary commuting
with A, the von Neumann algebra generated by S.

(i) For&,ne H,
Lg(S)em = He,g(S)n = GHe,n- (B.3.12)

(i) If & € D(f(S)) then g(S)¢ € D(f(5)).

(iil) For each € € H, U¢ € D(f(S)) if and only if £ € D(f(S)), and for such
vectors U* f(SYUE = f(S)E.

Proof. (i) If h € B(0,1] and &, € H, then
[ b de = (h)(S)Em) = ((S)g(S)6. )

= /h dprg(s)en> (B.3.13)
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showing that gue ., = pg(s)¢,,- Since

((S)g(S)6.1) = (1) (S) = [ b ducisi: (B.3.14)

the last two equations prove (i).

(ii) If & € D(f(S)) then f € L'(|pue,|) for all n € H, and there exists a constant
k > 0 such that [|f| d|pey| < El|lnll. From (i), pg(s)en = e g(syy, and so if
£ € D(f(S)) then f € L' (|g(syen|) = L' (e g(synl), and

[t diacsical = [ 161 dlicasn
< Ellg(S)mll < Ellgllsollnll, (B.3.15)
proving that g(S)§ € D(f(S)).
(iii) If U € A, then for each h € B(0,1],
[ dwven = (s)0E.) = WhS)ED
= (h(9)E,U"n) = /h due ey,  €m € H, (B.3.16)

and thus pye ., = pe,uy. If £ € D(f(S)) then

/ ] dlpwenl = / ] dlpe.en] < KIU ]| = Klinll (B.3.17)

and so U¢ € D(f(S)). This applies equally to U*, so if U¢ € D(f(S)) then so
also is U*(UE) = ¢. If £ € D(f(S)) and n € H then

(U F(S)UEm) = (F(S)UE, Un)
— [ £ dwewn = [ £ dne-v,
= (f(5)¢;m), (B.3.18)
and so U* f(S)U€ = f(S)E. O
Lemma B.3.2. If f € Bioe(0,1], then
(i) £(S) is a closed densely defined operator;
(i) f(S)* = F(S) and f(S) is self-adjoint if f is real valued;
(i) £(S) > 0 when f > 0;

(iv) F(S)F(S)=If]*(S).
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Proof. For a fixed but arbitrary integer n > 1, consider a vector £ in the range
of P,. For each n € H and g € B(0, 1],

(9(8)&:m) = (9(S)Xn-1,1(5)&,m) (B.3.19)

and S0 figy = Xn-1,1]M¢,n- For each n € H, there is a bounded measurable
function h, ||h|jco < 1, such that |pe | = hpe . and so

/ 1] dlpe.o| = / 1At dpte
— (IRt 1) (S)Es )]
< 11/ 1xpn

since fx[n,-1,1) is bounded. This shows that D(f(S)) contains P,,H for every
n > 1, and so D(f(S)) is dense in H.

It is clear from (B.3.9) that D(f(S)) = D(f(S)). Consider a fixed vector
n € D(f(S)). From (B.3.9), we obtain a constant k such that

S>an>|=\/f ol < [ 15

= [ 171 dnel <

). Thus n € D(f(S)*) and f(S)* is densely defined, with
D(f(S)*). Moreover, if ¢ € D(f(S)) and n € D(f(S)), then

S)E,m) = /fdusn /fdung
= (F(S)n.€) = (& F(S)n), (B.3.22)

showing that f(S) C f(S)*. We now show equality.
Consider n € D(f(S)*). By definition of the adjoint, there exists k£ > 0 such
that

(B.3.20)

(B.3.21)

[(f(S)E,m = ’/f dpen| < KN, €€ D(F(5)). (B.3.23)

There are measurable functions g, h of modulus 1 such that | f| = fg and hpe , =
| ke ,n|- Then

< Kl€ll (B.3.24)
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from (B.3.23), since (gh)(S)¢ € D(f(S)), by Lemma B.3.1, and ||(gh)(5)] < 1.
Now if £ is a unit vector in H and is the limit of a sequence of unit vectors
&n € D(f(S)), then lim gy, | = |pin,¢| in norm and so, for each r > 1,

J1sinrt diyel = fim [ 17171 dlue|
<k (B.3.25)

applying (B.3.24) to the vectors &,. Letting r — oo in (B.3.25) gives, by the
monotone convergence theorem,

171 el < (B.3.26)

for all unit vectors ¢ € H. This shows that n € D(f(S)) = D(f(S)), and we
conclude that f(S)* = f(S). Replacing f by f gives f(S) = f(S)* and thus
f(S), being the adjoint of a densely defined operator, is closed by Lemma B.2.2
(i). This proves (i), and the relation f(S)* = f(S5) when f is real valued is now
clear, proving (ii).

If f >0 then f(S) is self-adjoint, and for £ € D(f(S)),

(f(9)€,€) = /f dpec > 0, (B.3.27)

proving (iii), since pe ¢ > 0 from (B.3.5).

We now turn to the last statement of the lemma. If £ € D(|f]*(S)) then, for
allm € H, |f|? € L'(|ug,y|) for all n € H. Let k be the constant associated to
|f|? from (B.3.9). Since | ;| is a finite measure, it follows that | f| € L*(|ue,p|)
by considering separately E = {t: |f(t)] < 1} and its complement. Moreover,
since |pe | = hpte , for some measurable h of modulus 1,

/ 1] dlpe.n] < / Xo dlieq] + / Xoe|£12 dltic.|

< [A(9)x 5 (9)E, m + Il
< (k+ DIl neH. (B.3.28)

The shows that £ € D(f(S5)).
For each g € B(0,1], ne€ H,

[ 9 dusisicn = @S = ()9S

:/fd/‘&é(s)n :/fg dpe (B.3.29)

by Lemma B.3.1, showing that ps gy, = fpen by letting g vary. Then, for
some measurable h of modulus 1,

[ 191 dirsreal = [ 1910 dugsicn = [ 19101 duc,

< 1P diucs <Hll,  meH. (B30
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showing that f(S)¢ € D(f(S)). Moreover, if € D(f(S)), then
() £S)m) = ()6 HS) = [ 1 du sy

= [Finpsme= 157 due @331

showing that f(S)*f(S) and |f|?(S) agree on D(|f|>(S)). Thus |f|*(S) C
f(S)*f(S), and taking the adjoint proves equality, establishing (iv). O

Lemma B.3.3. The operators f(S), f € Bioe(0,1], have a common core C =
U P.H.

n>1

Proof. Fix f € Bioc(0,1], £ € D(f(S)), and let n € H be arbitrary. From
Lemma B.3.1 (ii), we have that P,§ € D(f(S)) for all n > 1. Since f €
L*(Jug ), the dominated convergence theorem gives

lim (f(S)Pn&,m) = lim [ fxp-11) duey

n—oo n—0oo

Z/own

(S)¢,n), (B.3.32)

showing that f(S)P,§ — f(9)¢ weakly. It follows that (P&, f(S)P,§) —
(&, f(S)E) weakly in H x H, showing that G(f(S)|c) is weakly dense in G(f(.9)).
Moreover, (G(f(S)|c) is convex and so it is also norm dense in G(f(S5)). O

Remark B.3.4. Examining the proof of this lemma, it is clear that we could
replace the P,’s by any sequence of operators g, (S) where each g, € B(0,1]* is
compactly supported and the sequence {g, }n2; increases pointwise to xo,1}. 0]

Lemma B.3.5. For each f € Bioc(0,1], f(S) is affiliated to A, the von Neu-
mann algebra generated by S.

Proof. By Lemma B.3.2 (i), f(S) is closed, and Lemma B.3.1 (iii) then proves
the result. O

The next result considers two operators S and g(S) where ¢ is a bounded
function, and links the functional calculus for S to that for g(.5).

Lemma B.3.6. Let g: [0,1] — [0, 1] be a continuous function such that g=*({0}) =
{0} and let S be an injective positive contraction. Then g(S) is an injective pos-
itive contraction and, for each f € Bioc(0,1], f(g(S)) = (f o g)(S).

Proof. Following previous notation, there exist measures p¢ o, vep for {,n € H
such that

U@Ew%=/fmwm q@@»am=/}d%m (B.3.33)
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for all f € B(0,1], since the hypotheses on g imply that g(S) is an injective
positive contraction. The equations (B.3.33) give the following relation between
the measures, since f(g(S)) = f o g(S) for bounded Borel functions by the
bounded functional calculus:

Ven(E) = pey(g ' (E),  &neH, (B.3.34)

for all Borel sets E C (0,1]. Simple measure theory then implies that f €
L'(Jve ) if and only if fog € L'(Jue ), and

/ o gl dipen] = / 11 dlve.] (B.3.35)

is established by first considering linear combinations of characteristic functions
and applying the dominated convergence theorem. Any bound of k||n|| for one
side of (B.3.35) will also hold for the other, so that D((fog)(S)) = D(f(9(5))),
and it follows from (B.3.33) and (B.3.35) that (f o g)(S) = f(g(9)). O

We now apply these results to general closed operators. The following the-
orem contains the polar decomposition for closed operators.

Theorem B.3.7. (i) If T is a positive operator then T has a unique positive
square root.

(ii) If T is a closed operator and |T| denotes the positive square root of T*T
then there is a partial isometry v satisfying T = v|T|, and v has initial space
Ran|T| and final space Ran T. If T = viTy with Ty > 0 and vy a partial
isometry, then vy =v and Ty = |T).

(iii) Under the hypothesis of (ii), T* = |T'|v*.

(iv) If T is a closed operator with polar decomposition T = v|T|, and T is
affiliated to a von Neumann algebra B, then v € B and |T| is affiliated to B.

Proof. (i) From the discussion following Lemma B.2.4, the range of I + T
is H and there is a bounded positive contraction S with trivial kernel such
that S = (I +T)7'. Let f(t) = t71 —1 € Bjc(0,1]. Since f > 0, we have
f(S) >0, and it follows from Lemma B.3.2 (iii), (iv) that f1/2(S) > 0 and that
(f12(S))% = £(9), so that f(S) has a positive square root. If ¢ € D(f(S)) then,
for each n € H,

(SF(S)E.m) = (F(S)E. 51) = /f dyie.sn
/f dpse,n = /tf(t) dpig n
(I =9)¢&m), (B.3.36)

so that (Sf(S)+ S)¢ = £ The operator S maps into the domain of T so
¢ € D(T) and we may apply I + T on the left to obtain

fO)+E=E6+T¢  £eD(f(9)). (B.3.37)
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This shows that f(S) C T, and we obtain equality by taking adjoints. Thus T'
has a positive square root.

We now show uniqueness. Suppose that R is another positive operator such
that R2 = T. Let S; = (1 + R)~!, an injective positive contraction. We
will apply the functional calculus already developed to S; and S. Then R =
(t71 = 1)(S1) so T = R* = (t~1 — 1)%(S;). Thus

S=I+T) =@t =1D2+1)71S5)
= (t2/(2t% — 2t +1))(Sy). (B.3.38)

Since the square root of T obtained above is f1/2(S), we have

FYR(8) = [2(8 (26 — 2t +1)(S1))

2%2 2t +1 1/2
RESHER

= ("' = 1)(S1) =R, (B.3.39)

where the second equality is Lemma B.3.6 applied to S; and the continuous
function g(t) = t2/(2t? — 2t + 1). Uniqueness of the square root follows.

(ii) Recall, from Lemma B.2.2, the bounded operator P: G(T) — H defined
by P(§,T¢) =& for £ € D(T). Let M C H be the linear subspace consisting of
the first coordinates of the elements in the range of P*. Since the range of P* is
dense in G(T), it follows that M is a core for T. If £ € M then (§,T¢) = P*(¢)
for some ¢ € H. For n € D(T),

(n,€) + (T, TE) = {(n, Tn), P*(C))
= (P(n,Tn),¢) = (n,¢), (B.3.40)

and this equation shows that T¢ € D(T*). Thus & € D(T*T), and D(T*T)
is a core for both T*T and T, since we just proved that M C D(T*T). By
Lemma B.2.4, T*T is a closed positive operator, and has a positive square root,
which we denote |T'|, by part (i). The relation |T'|*> = T*T contains implicitly
the relation D(T*T) C D(|T|). Since both T*T and |T| were obtained from the
functional calculus for the bounded operator S = (1 + T*T)~!, both |T'| and
T*T have a comma core, by Lemma B.3.3. We conclude from this discussion
that D(T*T) is a core for T, |T| and T*T.
For £ € D(T*T), T¢ lies in D(T*) so

(T€,T€) = (6, T*T¢) = (&,|T¢)
— (T, T¢). (B.3.41)

Thus ||T¢|| = |||T)¢]| for all & € D(T*T). Since {T¢: & € D(T*T)} and
{IT|¢: € € D(T*T)} are respectively dense in Ran T' and Ran|T|, it follows
that there is a partial isometry v, with initial and final spaces respectively the
closures of Ran|T'| and of Ran 7', such that T¢ = v|T|¢ for £ € D(T*T). We
now show that 7' = v|T|.
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If £ € D(|T]) then, using the fact that D(T*T) is a core for |T|, there is
a sequence {£,}152, € D(T*T) such that &, — £ and |T|&, — |T|¢€. Then
(&n, TE,) € G(T) and has limit (£,v|T'|€). Since G(T) is closed, £ € D(T) and
T¢ = v|T)€. This shows that v|T| C T. Conversely suppose that £ € D(T). As
before, we can find a sequence {&,}22 ; € D(T*T) such that &, — £, T, — TE.
Then v*TE, — v*T¢. Since v*v is a projection whose range contains Ran|T|,
and v*T¢, = |T|&, for n > 1, we conclude that (&,,v*T¢,) must converge to
the point (§,|T)¢) € G(|T|) which is closed. Then & € D(|T]) and T¢ = v|T|¢,
proving that 7' C v|T|, and establishing equality.

Now suppose that T' = v1T7, where 77 > 0 and v; is a partial isometry with
initial space Ran 77 and final space Ran T'. Then viT = T;. Consider £ € D(T))
and n € D(T*T). Then Ty € D(T*), so

(T viTn) = (T€,Tn) = (§, T*Tn). (B.3.42)

This shows that v;Tn € D((viT)*), and that T1n € D(T}), so that n € D(T?).
Moreover, from (B.3.42), T?n = T*Twn, by letting ¢ vary over D(T). Thus
T? = T*T on D(T*T), so T*T C TZ. Both are self-adjoint, so taking the
adjoint gives equality. Thus |T'| and T are positive square roots of T*T, and it
follows from (i) that || = T1. It is then easy to see that v = vy, and the polar
decomposition is thus unique.

(iil) If € € D(T) and n € D(T™*), then

(€. T™n) = (T&n) = (WIT|g,n)
— (ITlE, v, (B.3.43)
Since D(T) = D(|T), it follows that v*n € D(|T|*) = D(|T|), and that
(€T n) = (& [Tv"n). (B.3.44)

Varying £ over D(T) gives T*n = |T|v*n for n € D(T*), and so T* C |T|v*.
Conversely, suppose that n € D(|T'|v*). Then v*n € D(|T|). If € € D(T) then

(T&,m) = (v[TI€,n) = (IT|E v™n)
= (& [Tv"n). (B.3.45)

From this, we conclude that n € D(T*) and that T*n = |T|v*n, proving the
reverse containment |T'|v* C T*. Thus, T* = |T|v*.

(iv) Now suppose that T is closed and affiliated to a von Neumann algebra B.
If U € B’ is a unitary, and T = v|T| is the polar decomposition of T, then

T = UTU* = (UoU*)(U|T|U*) (B.3.46)

is also a polar decomposition for T'. The uniqueness of (ii) then gives UvU* = v
and U|T|U* = |T|, proving the result. O

We now describe the functional calculus for a positive densely defined op-
erator T. We will use the functional calculus already developed for an injec-
tive positive operator S, which will be the inverse of I + 7. In analogy to
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B(0,1] and Bioc(0,1], we let B[0,00) denote the bounded Borel measurable
functions on [0,00), and Bjc[0,00) the Borel measurable functions which are
bounded on compact sets. To relate these quantities we will use the homeo-
morphism ¢: (0,1] — [0,00) defined by ¢(t) = t~! — 1, t € (0,1], with inverse
Y(t) = (1+t)~*, t € [0,00). Then there if a *-isomorphism f — [+ Bioe|0,00) —
Bioc(0,1] defined by f = f o ¢ for f € Bjoc[0, 00).

Theorem B.3.8. Let T be a densely defined positive operator. Then, to each
f € Bioc[0,00), there is assigned a closed densely defined operator f(T) with the
following properties:

() if f(t) =1 then f(T) = I;
(ii) if f(t) =t then f(T) =T;

(iii) if f € B[0,00) then f(T) € B(H) and f — f(T) is a *-homomorphism
from B[0,0) into B(H);

(iv) if En = xpon(T), n > 1, then each E, is a projection, the sequence
{E,}22, converges monotonically and strongly to I, and C = J;—, E,H
is a core for each f(T), f € Bloc[0,00);

(v) if £, g € Bioc[0,0) then (f+g)(T) and (fg)(T) are respectively the closures
of f(T) +g(T) and f(T)g(T);

(vi) if f € Bioc[0,00), then f(T)* = [(T), and f(T)* f(T) = |f]*(T);

(vil) if T is affiliated to a von Neumann algebra B, then so is each f(T) for
f € Bioc[0,0).

Proof. Let S = (I + T)~!, an injective positive contraction. Since we have
already developed the functional calculus for S, we define f(T') to be f (S) for
f € Bioc[0,00). Parts (i), (ii), (iii) and (vi) are then immediate from Lemma
B.3.2 and the bounded functional calculus for S. Lemma B.3.3 shows that each
f(T) (= f(S)), f € Bioc|0,00), has a core C = Uy, P,H where P, is the
spectral projection of S for the interval [n™! 1]. Since ¢ maps this interval to
[0,n — 1], we have P, = E,_; for n > 2, and C =, ,E,H. Then {E,}22,
converges monotonically and strongly to I, since {P,}2; has this property.
This proves (iv).

Now suppose that f,g € Bioc[0,00). Since C C D(f(T)) N D(g(T)) =
D(f(T)+g(T)), we see that the sum is densely defined. If £ € D(f(T) + g(T)),
then, from the proof of Lemma B.3.3, E,§ € D(f(T)) N D(g(T)) and

Tim (P&, (F(7) + 9(T)PE) = (&, (F(T) + 9(1))%) (B3.47)
weakly in H x H. From the definition of these operators, (B.3.9) and (B.3.11),
it is clear that f(7T') + ¢g(T) and (f + ¢)(T) agree on each E, H and thus on
C. Then (B.3.47) shows that {(§, f(T)§ + g(T)§): & € C} is dense in both
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G(f(T)+g(T)) and G((f + ¢g)(T)), proving that (f + g)(T) is the closure of
F(T) + 9(T).

We now consider the product f(T)g(7"). By Lemma B.3.1 (i), with g replaced
by X[(nt1)-1,1) and then by 1 — x[(41)-1,1), We see that ug, ¢ (-g,), = 0 for
all &,n € H. It then follows from (B.3.11) then E,H is an invariant subspace
for each f(T), f € Bloc|0,00), and each n > 1. Thus the product f(T)g(T)
is defined on C, and (B.3.11) shows that f(7)g(T) and (fg)(T) agree on C.
Since G((F9)(T)|c) = G((f9)(T)), it follows that G(F(T)g(T)) 2 G((f9)(T)):
Suppose that & € D(f(T)g(T)). Then & € D(g(T)) and ¢g(T)¢ € D(f(T)). By
(B.3.32), f(T)E,g(T)¢ — f(T)g(T)¢ weakly. For each n € H,

(Eng(T)E 1) = (3(S)€, Bon) = / § dpe 5o
=/§w&m=@GW@m, (B.3.48)

using Lemma B.3.1 (i) for the function x[(,41)-1,1]. Thus

f(MEwg(T)E = f(T)g(T)Ené = (fo)(T)EnE,  n =1, (B.3.49)
since f(T)g(T) and (fg)(T) agree on C. Thus
Jim (B, (f9)(T)Eng) = (€ F(T)g(T)€) (B.3.50)

weakly in H x H, showing that G(f(T)g(T)) C G((f¢)(T)), and proving equality
of the closures.

Now suppose that T is affiliated to a von Neumann algebra B and let U € B’
be an arbitrary unitary. Since (I +7)S = I, it follows that

I=U(I+T)U*USU* = (I + T)USU". (B.3.51)

Multiply on the left by S in (B.3.51) to obtain S = USU*, showing that S € B.
Since f(T) = f(95) for each f € Biy[0,00), it follows from Lemma B.3.5 that
f(T) is affiliated to the von Neumann algebra generated by S, and hence to
B. O

A densely defined operator T is symmetric if T C T*. Any self-adjoint
operator is symmetric, but symmetric operators need not be self-adjoint. The
following two results establish necessary and sufficient conditions for a symmet-
ric operator to be self-adjoint.

Lemma B.3.9. Let T be closed and symmetric. Then the ranges of T £ i1 are
closed.

Proof. We consider T + iI, the other case being similar. If ¢ € D(T), then
€€ D(T*) and so (T, &) = (£, TE), and (T¢,£) € R. Then

€I < KT€,€) +i(€, &) = [(T +iDE, &) < (T +DEllell,  (B.3.52)
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showing that [[£|| < |[(T + «I)¢|| for & € D(T). The isomorphism (£,7) —
(&,n+1i&) of H x H to itself has bounded inverse (§,7) — (&,n — i), and maps
G(T) onto G(T + ¢I). The latter space is then closed in H x H. If 7 is the
limit of a sequence {(T" + iI)&,}52; with &, € D(T), then the last inequality
shows that {£,}22, is also a convergent sequence. Then {(&,, (T +il)&,)}02,
converges to a point in G(T'+¢I) whose second coordinate is 7. This shows that
the range of T+ il is closed. O

Proposition B.3.10. Let T be a closed symmetric operator. Then this operator
18 self-adjoint if and only if the ranges of T + il are both equal to H.

Proof. Suppose first that T is self-adjoint. We will show that 7"+ ¢I has dense
range, which is sufficient by Lemma B.3.9. The case of T — il is similar. Let
1 € H be a vector orthogonal to the range of 7'+ iI. Then

0=(T¢+i&,n) =(T¢,n) +i(&n), € D). (B.3.53)

Thus & — (T€,n) is bounded on D(T), placing n € D(T*) = D(T). Then
(B.3.53) gives Tn = —in, since D(T) is dense in H. Now (Tn,n) € R since
(Tn,n) = (n,Tn), but it also lies in iR since (T'n,n) = —(in,n). This yields
(—in,n) = 0, and n = 0. It follows that Ran(T + 4I) is dense in H, and hence
equal to H.

Now suppose that the ranges of T'+ il both equal H. In order to show that
G(T) = G(T™), we consider an element (1, 7*n) € G(T*) which is orthogonal to
G(T), and we prove that 7 = 0. Then

(&m +(T&T) =0,  £€D(T). (B.3.54)
The hypothesis on the ranges of T'+ ¢I implies that there is a vector £ € D(T)

such that (T —iI)¢ € D(T) and (T + ¢I)(T —il)§ = n. For this &, (B.3.54)
yields

(n,m) = (T* + 1)&,m) = (T?¢,m) + (£, n)
= (T& T ) + (£,m) =0, (B.3.55)

and n = 0 as required. Thus T' = T™*. O

This result concludes the general theory of unbounded operators that we
will need subsequently. More comprehensive treatments are to be found in the
standard texts on operator algebras, see for example [104, Chapter 5] or [184,
Chapter 9].

B.4 Operators from L*(N)

We are now ready to discuss the operators ¢, defined in (B.2.2) by

by (2€) = Jx*JIn, re N, nelL*N), (B.4.1)
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where N is a type II; factor with trace 7 and ¢ is the vector 1 € L?(N). If
y € N then

[y (28), yE)| = [(y™ o™ In, )]

= |
=y n, 2”1 < llylllinll2{lz[l2, (B.4.2)

and so y& € D(Efl). Thus £} is densely defined, so ¢, is closable, by Lemma
B.2.2, and has closure £;* which we denote by L,. Each unitary in N " has the
form JuJ for some unitary u € N. Then

Ju* Jly JuJxé = Ju" Tl (xu”§)
= Ju*JJux*Jn
= Ja*Jn = £, (xf), x €N, (B.4.3)
proving that Ju*J¢,JuJ = £,. The two sides of this equation have closures
respectively Ju*JL,JuJ and L,, showing that each L,, n € L*(N), is affiliated
to N.

There is a natural positive cone L?(N)T in L2(N), defined as the || -||o-norm
closure of NT¢. If o,y € NT then

lz + 13 = ll2l3 + lly]13 + 27 (zy)
= (|23 + Ilyll3 + 27 (y*2y"/?)

> 3 + llyll3- (B.4.4)
If n,—n € L2(N)* then choose sequences {z,}5%, {y,}52; € NT such that
lim z,£ =n, lim y,& = —7n. Then (B.4.4) shows that lim ||z,|2 = lm ||y,|=2 =
0, and n = 0. Thus L?(N)* is a proper cone. If z € N is self-adjoint then
r =t — 2~ with 2 € N* and 272~ = 0, by spectral theory. Then |z|3 =

llz*]13 + ||z 7|13, so that {x££}22, are Cauchy sequences in L?(N)* whenever
{xn€}22, is Cauchy for x, € Ng,. It follows that any Cauchy sequence
{xn€}22, can be written as the sum of four Cauchy sequences given by first
expressing T, as Yn +izn, Yn, 2n € Nsa., and then as x,, =y —y, +iz; —iz, .
It is then clear, by taking limits, that L?(NV) is the algebraic span of L%(N)*.
Since Jx& = z¢ for any self-adjoint z € N, any vector n € L?(N)* satisfies
Jn=mn.

The following theorem gives some of the main properties of the L, operators.
Clearly (vi) is a stronger statement than (i), but (vi) can only be proved once
(i) has been established.

Theorem B.4.1. The following statements hold for the operators L, associated
to vectors 1):

(i) for eachn € L3*(N), Ly, C Ly;
(ii) if n € L3(N), then n = Jn if and only if L, is self-adjoint;
(iii) »n € L*(N)* if and only if L, > 0;
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(iv) if a self-adjoint T is affiliated to N and § € D(T), then T = L, for some
n € L3(N) satisfying n = Jn. Moreover, if T >0, then n € L*(N)*;

(v) |zf 77| S LQ(J}T) and LZZ 0\2[(/77| )zi the polar decomposition, then v € N and
Ly| = L¢ for some ¢ € L*(N)™;

(vi) if n € L*(N) then L} = Ly.
Proof. (i) If z,y € N, then from (B.4.2), y§ € D(¢;) and

(@&, 03 (y€)) = (L (x8), y€) = (Jx* In, y§)

= (
= (n, JaJyé) = (n,yz*E)
= (zy*§, Jn) = (JyJa€, Jn)

Letting = vary, we conclude that £; (y€) = £, (y€) for y € N. Thus £, C £; so,
taking adjoints, L, = £;* C £, . Take adjoints again to obtain L, C Lj.

(i) If L, is self-adjoint, then from (i), Lj, = L,. Then Jn = n by applying
these operators to €.

Now suppose that Jn = 7. From (i), L, C Ly, and so Ly is symmetric. From
Lemma B.3.9 and Proposition B.3.10, it suffices to show that L, i have dense
ranges. Fix a sequence {z,}52; € N such that nhjgo lzn€ —n|| = 0. Applying J,
we obtain nh—{%o z:&€ = 1 so we may replace z, by (z, + z)/2 and thus we may

assume that z,, € Ng... By spectral theory, each z, 4+ i1 has an inverse in IV
bounded in norm by 1. Let w, denote (2, +il)~!. If x € N is arbitrary, then

(Ly +iI)(wnx) = Ja* JJw;, Jn + iw,z€
= Ja* JJw} Jz,& + iwpal + Jo* T Jw) J(n — 2,€).  (B.4.6)

Since ||wy, || < 1, the last term in (B.4.6) tends to 0 as n — oo, while

Ja* JJw; Jzp€ + twnx€ = zpwnxé + iw, €
= (zp + 1) wpz€ = x€. (B.4.7)

Thus lim (L, +il)(w,x§) = x€, showing that L,+:I has dense range. A similar

calculation shows that the same is true for L, —il, and thus L, is self-adjoint.
(iii) If L, > 0 then L, = Ly, so L, C L, by (i). Apply these operators to & to
obtain Jn = 7. As in (ii), we may choose a sequence {z,}52; € Ny, such that

lim ||n—z,&| = 0. If we write 2, = 2,5 — 2, with z;' 2, =0, as in (ii), then the
n—oo

sequences {zF¢1%° , are Cauchy and converge to vectors n* € L?(N)*; clearly
n=mnt —n~. Moreover, if z € N, then

(@n®,n7) = lim (v2]€, 2, ) = lim 7(z, 22,))
n—oo n—oo
= lim 7(2z}2,) =0, (B.4.8)

n
n—oo
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so n~ L Nnt. This space is invariant for N, so is the range of a projection
JpJ € N’ where p € N is a projection. We note that J(1 — p)Jn~ =n~ while
Nn* is the kernel of J(1 — p)J. Then, for x € N,

0 < (Ly(1 = p)zg), (1 —p)a§) = (Jz*JJ(1 — p)Jn, (1 — p)z§)
= —(Je" Iy, (1 = p)x§) = — lim (Jo"Jz, € (1 - p)zg)

=-— le T(z*(1 = p)z,x) = — lim T(z*2z, (1 — p)x)
= — lim (J(L=p)Jz, & xa™e) = —(n~, zx™€)
=—(n",JaJz§) = —(L,- (x§), x§). (B.4.9)

Since n~ € L*(N)*,L,~- > 0, and so (B.4.9) shows that =~ L zz*¢ for all
x € N, and hence n~ L N¢, giving n~ = 0. Then n=n" € L?(N)™.

(iv) Suppose that T is self-adjoint and is affiliated to N with & € D(T'). For
all u € N, u§ € D(T') and so D(T') contains N'§ = NE. Let n = T¢. Then for
each unitary v € N,

Tu¢ = TJu*JE = Ju* JTE
= Ju*JLy€ = Ly (uf), (B.4.10)

and by linearity, this holds with u replaced by « € N. Thus T" and L,, agree on
a core for L, and so L,, CT. Thus T' C L} and so n = T = L3§ = Jn, since
Ly C Ly by (i). Thus L, is self-adjoint by (ii). Taking the adjoint in L, C 7,
we obtain T C L,, proving equality. Now if 7" > 0 then L,, > 0 and n € L*(N)™
by (iii).

(v) Let L, = v|L,| be the polar decomposition. Since L, is affiliated to IV, so
too is |Ly|, by Theorem B.3.7 (iv), and v € N. By (iv), |L,| = L¢ for some
¢eL?N)t.

(vi) Consider n € L?(N). By (v) there exist ( € L?(N)T and v € N such
that L, = vL¢. Since N is a type II; factor 1 —vv* and 1 — v*v are equiva-
lent projections in N and there exists a partial isometry w € N so that these
projections are respectively ww* and w*w. Then v = v + w is a unitary such
that L, = uL¢. Now 12 € D((uL¢)*) if and only if 1 — (uL¢nr,n2) is con-
tinuous for n; € D(L¢), and this is equivalent to u*ny being in D(Lf). Thus
D((uL¢)*) = uD((L¢)*), and the relation (uL¢)* = Lcu* follows since L is
self-adjoint. Now G(L¢u*) = {(um,Lem): n € D(L¢)}, and this is the image
under a unitary transformation of G(L¢). Since N¢ is a core for L¢, the same is
then true for Leu*. Let (1 = Leu*€. Then L¢, and Leu™ agree on their common
core N¢, and are thus equal. This means that L = Lcu* = L¢,, so by (i),
Ly, C L} = L¢,. Thus (1 = Jn, and we have L, = L. O

B.5 Operators from L'(N)

We now turn to the space L!(V), for which we recall the following definition. If
x € N, then ¢, € N, denotes the bounded linear functional y — 7(zy), y € N.
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Let = v|z| be the polar decomposition of z. If y € N, |ly|| < 1, then by the
Cauchy—Schwarz inequality

|62 () = [ (vlzly)[* = |7 (ola]/?[2]/2y)?
< 7|2 2o ol 2)r (|2 Pyt || )
< r(lal)?, (B.5.1)
and so0 ||¢z|| < 7(|z]). On the other hand,
P (V") = T(20v*) = T(v'x) = 7(|2]), (B.5.2)

showing that ||¢.| = 7(|z|). Thus ||z|l1 = 7(Jz|) defines a norm on N whose
completion is L'(N). The identification of * € N with ¢, € N, gives an
isometric isomorphism between L'(N) and N, since {¢,: x € N} is a norm
dense subspace of N,. The convex cone of elements in L'(IN) corresponding to
N} is denoted L'(N)T. Since the linear functional ¢, defined above, is positive
if and only if z € N, this extends the notion of positivity from N to L'(N) in
an unambiguous manner.

By analogy to L?(IV) discussed in Section B.4, we wish to regard the elements
of L*(N) as unbounded operators on L?(N), extending the identification of N
with left multiplication operators on L?(N). To motivate the definition, consider
a fixed z € N and its associated ¢, € N,. Then, for y,z € N, with y fixed,

|62 (y2)| = |7(zy2)| = [(zy€, 27€)]
< llzyéllllz]l2- (B.5.3)

Thus there is a constant k = ||xyé|| such that |¢,(yz)| < k|| z||2 for all z € N.
For each ¢ € N, we will define an operator mg by first specifying the domain
D(mg) to be

{y§ € N¢: |o(yz)| < kyl|z||2 for a constant k, and for all z € N}. (B.5.4)

This is a subspace of L?(N), although it must be proved to be dense. By
definition of D(my), 2§ — ¢(yz*) is a bounded conjugate linear functional on
N¢ for y € D(my), and so my(y§) is defined by the relation

(mgy(y€), 26) = ¢(yz"),  z€N. (B.5.5)
If ¢ = ¢, for some x € N, then D(mg,) = NE and
G2 (yz") = T(2yz") = 7(z"2y) = (a(yS), 28) (B.5.6)

for y,z € N, and so mg, = {;.

For ¢ € Ny, let ¢*(z) = ¢(x*), x € N. We say that ¢ is self-adjoint if
o=0o".

In Lemma B.5.3, we will require the fact that each ¢ € N, is a vector
functional. We prove this in Lemma B.5.2, using Lemma B.5.1 which is of
independent interest. The first of these lemmas is a special case of a theorem
in [109].
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Lemma B.5.1. Let N be a finite von Neumann algebra with normalised normal
faithful trace 7. If a,b € N7, then

[a'/2 = b2l < V2|la — b])y>. (B.5.7)

Proof. First suppose that a > b. Then, by [131, Prop. 1.3.8], a*/? > b'/2, so
write h = a/2 — b1/2 > 0. Then
7(a—b) = 7((h 4 b?)% = b) = 7(h% 4+ hd*/? 4 b*/2h)
= 7(h%) + 2r(h'/?b'/2h1/?)
> ||hll3, (B.5.8)
50 [la = blly > [la — b]|3.

In general, let K = a—b and decompose k into its positive and negative parts
k=kt —k=. Thena < b+kt, so

la? — (b+ED)Y2|s < fla —b— k)17 = Ik (B.5.9)
Also b+ k+ > bso ||(b+ k)2 — b1/2||y < k|32, Tt follows that

la'/2 = bY/2 ||y < [[a"2 = (b+ ED)V2 |2 + [[(b+ k)2 = b1/,
—nl/2 1/2 _
< k2 4+ 1K1 < VR(IRH L+ (15 1)V
1/2 1/2
= V2|[k[l;* = V2l|a — b}/ (B.5.10)

as desired. 0

Lemma B.5.2. If ¢ € N, then there exist vectors n,( € L*(N) such that
¢(x) = (zn,¢) forx € N.

Proof. First suppose that ¢ > 0. Since the set of normal functionals of the
form ¢,(-) = 7(-z), x € N, is norm dense in N,, ¢ is the || - ||;-norm limit of a
sequence of such functionals. A Hahn-Banach separation argument for ¢ and
the || - ||1-closure of the cone {¢,: = € Nt} shows that the sequence can be
chosen from this cone. Thus there is a sequence a,, € N, n > 1, such that
¢ — ¢a, |1 — 0. By Lemma B.5.1, Ha}/2 — a}n/,zHg < V2|an — am||i/27 and so

{a,ll/2}$f’:1 is a Cauchy sequence in L?(N) with limit 5. For z € N,

¢(x) = lim 7(za,/%a;/?) = lim (za;/%¢, a;/¢)
= (an,m), (B.5.11)

proving the result in this case.

Now consider a general ¢ € N,. By w*-compactness of the unit ball of N,
there exists y € N, ||y|| < 1, such that ||¢|| = ¢(y). Let y = wly| be the polar
decomposition of y, where we may take w to be a unitary since N is finite. Now
define 1) € N, by 9(-) = ¢(w-). Then 1) attains its norm at the positive element
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ly|, and so is a positive linear functional. From the first part, ¢(-) has the form
{(-n,n) for some n € L*(N), and

¢(z) =p(w'z) = (wan,n) = (zn,wn), € N. (B.5.12)
The proof is completed by setting ¢ = wn. O

Lemma B.5.3. For each ¢ € N,, the operator my is densely defined and has
a densely defined adjoint. Its closure, My, satisfies My C (mg~)* = (My+)*.

Proof. Fix ¢ € N,. Then there exist two vectors 1, € L?(N) such that ¢(y) =
(yn,¢), y € N, by Lemma B.5.2. Thus

(yz) = (zn,y" L), y,z € N. (B.5.13)

Theorem B.4.1 (v), applied to J(, gives the polar decomposition L j- = v|L s¢|
with v € N, and |L;¢| = L, for some y € L*(N)". By Theorems B.4.1 (vi)
and B.3.7 (iii), we may take adjoints to obtain

Le = (Ly¢)" = (vL,)" = Lyv*. (B.5.14)
Thus (B.5.13) becomes

d(yz) = (zn,y" L,v*¢), Y,z € N, (B.5.15)

where L, > 0. Let {e, }?2, be the spectral projections of L, corresponding to
the intervals [0,n], n > 1. Then each e, L, is a bounded operator, denoted by,
in N. For y,z € N with y fixed and z varying, we have

[p(enyz)| = [(zn, y" en Lo )| = (21, y"bpv™E)|
= [, 2"y bnv™E)| < [Inl[ll2"y " bno" |2
< nlllly*bno*|ll2]l2- (B.5.16)

This shows that e,y € D(my) for all n > 1 and for all y € N. Since e,, — 1
strongly as n — oo, we conclude that m4 has dense domain. Replace ¢ by ¢*
to obtain the same result for mg«. If y¢ € D(mgy) and 2§ € D(mgy-), then

[(me(y€), 26)| = [d(yz")| = |¢" (zy")] < Kllyll2, (B.5.17)

for some constant k by the definition of D(mg+). Thus z§ € D((mg)*). In
particular, (my)* is densely defined and mg- C (mgy)*. Taking adjoints gives

My = (mg)™* € (mg)* = (Mge)", (B.5.18)
completing the proof. O
Proposition B.5.4. Let ¢ € N,. Then

i) ¢ is self-adjoint if and only if My is self-adjoint;
[
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(i) ¢ >0 if and only if My > 0.

Proof. (1) Suppose that M, is self-adjoint, and consider y&, 2§ € D(my) C
D(My) = D((My)*). Then

D(yz") = (me(y), 2§) = (My(y§), 2£)
= (Y€, My (28)) = (Y& my(28))
= o(2y") = ¢"(y="). (B.5.19)

Since D(my,) is dense in L?(N), the relation ¢ = ¢* follows from (B.5.19) and
the normality of ¢.

Now suppose that ¢ = ¢*. By Lemma B.5.3, My is closed and satisfies
My C (My)*, and thus My is symmetric. To prove that M, is self-adjoint it
suffices, by Lemma B.3.9 and Proposition B.3.10, to show that My & il have
dense ranges. We consider only M, — i/, as the other case is similar.

Suppose that a € N, z{ € D(my) and z € N. Then there is a constant
k > 0 such that

(6(zaz")| < kllaz*|l2 < kllalll=]l2, (B.5.20)

showing that za& € D(mg,). Moreover,

(mg(xag), 26) = dp(zaz”) = (my(xg), za™)
= (my(2€), JaJ z€)
= (Ja" Jmg(xS), 2§), (B.5.21)

from which it follows that Ja*Jmg(x€) = me(za). This shows that the range
of mg is an invariant subspace for JNJ = N’, from which we conclude that the
projection p onto the closure of the range of My — if lies in N. We wish to
show that p =1, so suppose not. Let ¢ =1 — p # 0. Then, for all 2§ € D(my),
g(mg(xzf) — iz€) = 0. For any z € N, this gives

P((2q)") = (my(x€), q2€) = (qme (), 28)
= (igz§, 2§) = it(qu2"). (B.5.22)

By density of D(m,) and normality of ¢ and 7, (B.5.22) then holds for all z, z €
N. If we put = z = ¢, then ¢(q) = i7(g), while ¢(q) = ¢*(q) = ¢(q) = —iT(q).
This yields 7(¢) = 0 and ¢ = 0, a contradiction. Thus M, is self-adjoint.
(if) Suppose now that ¢ > 0, so that M, is self-adjoint by (i). If € € D(my)
then z€ € D(My), so

(M, (2€), 26) = dlaz") > 0. (B.5.23)
The graph of my is dense in that of My, so if n € D(M,) then we may find a
sequence {z,£}52, in D(my) such that (z,&, my(z,&)) — (9, My(n)). Clearly

(Mg (n),n) = lim (mg(wng), &) > 0, (B.5.24)

by (B.5.23), and so M, > 0.
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Now suppose that My > 0. From the proof of Lemma B.5.3, there is a
sequence {e, }>2 ; of projections in N, increasing strongly to 1, so that e, N¢ C
D(my) for all n > 1. Then

dlenzxe,) = (Mmg(enxf), enxzl) >0 (B.5.25)
for x € N and n > 1. Since ¢ may be expressed as a vector functional, the

strong convergence of {e,}52; to 1 shows that ¢(zz*) = lim ¢(e,za*ey,), and
n—oo

positivity of ¢ follows from (B.5.25), letting a vary over N. O
Lemma B.5.5. Let ¢,v € N,, and suppose that My = My,. Then ¢ = ).

Proof. From the proof of Lemma B.5.3, there exist two increasing sequences
{en}s2 1, {fn}Se of projections in N, both converging strongly to 1, such that
enNE € D(my), fnNE C D(my) for n > 1. Let g, = en A fn, n > 1. Then
gnIN§ € D(mg) N D(my,). For each z € N, n > 1,

D(gnz) = (Mg (gn&), 2°€) = (my(gnf), 27€)
= Y(gn2). (B.5.26)

The result follows from (B.5.26) by letting n — oo, since g, — 1 strongly. [

The inequality |labl|1 < |lal|2||bll2, for a,b € N, is a simple consequence of
the definition

lablly = sup{|7(zab)|: ||z <1}
= sup{[{za, b")[: =[] < 1}. (B.5.27)

This gives a bilinear map (n1,712) — mn2 of L?(N) x L2(N) into L*(N), the
unique continuous extension of the map (a,b) — ab on N x N. The notation
1112 is used to denote the result of applying this map to a pair (11,72) for this
reason. The spaces L?(N), L'(N) and N, are all N-bimodules. Left and right
multiplications on N by elements of N are bounded in the ||-||;- and || -||2-norms,
and so extend to bounded actions of IV on these spaces satisfying

llanill1, [lmalls < lln1lillell, m € L'(N), a €N,
lanall2, [n2allz < [n2llzllall, — n2 € L*(N),  a€N. (B.5.28)

For ¢ € N, and a € N, a¢ and ¢a in N, are defined respectively, for z € N, by

(ag)(z) = d(xa),  (¢a)(x) = ¢(ax). (B.5.29)

We observe that if ¢ € N,, then ¢ is the vector functional (-7, () for a pair of
vectors 1, € L?(N). This suggests that the operators M, L, and L should
be related, which we establish below. We first discuss some further properties
of these operators.

Proposition B.5.6. Let ¢ € N,, n € L?>(N) be given, and let u and w be
arbitrary unitaries in N and N' respectively.
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(i) wMgw* = My, and My is affiliated to N.

)

(i) Ly, = Lyy and Lyu = L jy» .

(iii) uMy = Myg and Myu = Mgy,
)

(iv) |My| = My for somep € N,
for a partial isometry v € N.

and the polar decomposition is My = vMy

* 2’

Proof. We may write w = JvJ for some unitary v € N. It is clear that the map
z€ — ¢(xz*), z € N, is bounded in the || - ||2-norm if and only if the same is
true for the map z§ — ¢(zvz*). Thus wmew* and m, have the same domain.
If £ € D(my) and 2§ € NE, then

(wmgw™(x€), 2§) = (mg(2v§), 2v€)
= ¢(zvv"2") = P(zz")
= (mg (), 2€), (B.5.30)

showing that wmgyw* = mg. Since D(my) is a core for both wMyw* and My,
(i) follows.
(ii) Let x € N be arbitrary. Then

L, (x§) =uJx*Jn = Ja* Jun = Ly, (xf). (B.5.31)

Thus uL, and L., are equal on their common core N¢, and so ul, = Ly,.
Now, for z € N,

Lyu(xz§) = Jx* JJu"Jn = Ljy» (), (B.5.32)

from which it follows that L,u = L jy«y.

(iii) Suppose now that ¢ € N, and u € N is a unitary. The graph of uMy
is obtained from that of My by applying the unitary operator 1 x u, and so
uMy = Myg will follow from umg = mye. By definition, 2§ € D(my) if and
only if z§ — ¢(xz*) is || - ||2-norm bounded. This is equivalent to the || - ||2-norm
boundedness of z§ — ¢(xz*u) = (ug)(xz*), showing that my and m,4 have the
same domain. If £ € D(my) and z € N, then

(Mo (2€), 26) = (ud)(e2") = o) = (my(a€),w'z),  (B.5.33)

showing that umg = myg, as desired.

The graph of Myu is obtained by applying the unitary u* x 1 to that of M.
Thus the relation Myu = My, will follow from mgyu = mg,. Now 2§ € D(myu)
if and only if uzé € D(my). This is equivalent to the || - [|2-norm boundedness
of z — ¢(uxz*) for z € N, and this is the same as the boundedness of z —
(¢u)(xz*). Thus the domains of mgu and mg, are equal. Let z§ € D(myu)
and let z € N be arbitrary. Then

(mgu(), 26) = p(uwz") = (meu (), 26), (B.5.34)
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proving that mgu = mg,.

(iv) Let My = v|My| be the polar decomposition of M,. Then v € N, by
Theorem B.3.7 (iv). As in the proof of Theorem B.4.1 (vi), we may replace v
by a unitary v € N. Then u*My = |My|, and thus |My| = M, where ¢ = u*¢,
by (iii). Proposition B.5.4 (ii) then shows that ¢ > 0.

(v) Consider ¢ € N,. From (iv), there exist ¢ € N} and a unitary u € N such
that My = uMy. If n € D(uMy) and ¢ € D((uMy)*), then n — (uMy(n), ) is
continuous on D(ubMy) = D(M,y), and continuity of n — (My(n), uw*() follows.
Thus u*¢ € D(M,;). The argument is reversible, showing that uD(Mj) =
D((uMy)*). This gives (uMy)* = Mju*. The operator My is self-adjoint, by
Proposition B.5.4 (i), so for n € D(My) = D(M,) and ¢ € D(M) = uD(My),
we have

(n, M) = (n, Myu*C) = (n, Myu-), (B.5.35)

by (iii). It follows that Mj = My,~. The relation My = uMy = M,y gives
¢ = up, by Lemma B.5.5. Then

¢*(z) = o(2*) = P(a*u) = Y(u*z) = (Yu*)(z),  w €N, (B.5.36)

where we have used the self-adjointness of v. From this we conclude that M} =
My O

Two elements a,b € N define a vector functional ¢ € N, by
o(z) = (za&, b€) = 7(zab®), x € N. (B.5.37)
In this case My is a bounded operator, and

(Mg (2€),28) = p(xz") = T(xz"ab™) = T(ab*zz")
= (LaLj(x€),26),  x,z€ N. (B.5.38)

Thus My = L,L;. The next result is analogous, where we replace a¢ and b¢ by
general vectors from L%(N).

Theorem B.5.7. Letn,( € L*(N), and let ¢ be the associated vector functional
(-n,¢) in N,. Then My is the closure of Ly L¢.

Proof. We begin by showing that L, L has a densely defined adjoint and is thus
closable. Initially, suppose that 7,¢ € L?(N)*, so that L, and L. are positive
self-adjoint operators. Let {e,}52; and {f,}52; be the spectral projections of
L, and L respectively, corresponding to the intervals [0, n]. By Theorem B.3.8
(iv), U2, enL*(N) and J;2, fnL*(N) are dense in L*(N), are cores for L,
and L. respectively, and the operators Lye, and L f, have bounded closures.
In particular, each of these operators maps N¢ to N¢, and so (J,—, fnL%(N)
is contained in the domain of L,L¢. The same argument shows that L¢L, is
densely defined, since its domain contains | J. ; e,L*(N). If z,y € N then

<L7]LC(fnx£)aemy§> = <fnx€7L§Ln€my§> (B539)
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for all m,n > 1. This shows that e,y € D((L,L¢)*) for m > 1 and y € N, and
thus L, L¢ has a densely defined adjoint, proving that L, L. is closable.

Now let 1,¢ € L?(N) be general vectors. By Theorem B.4.1 and Proposition
B.5.6, we have

LyL¢ = LyLjc = Lyul, = Ly~ gLy =vL, Ly, (B.5.40)

where u and v are suitably chosen unitaries arising from the polar decomposition,
and v, € L2(N)T. Then L, L¢ is closable, since we have already shown this
for L, L,,.

Now consider z{ € D(mgy) for some x € N. By definition, there exists a
constant k such that |p(zz)| < k||z||2 for z € N. Then

(mg(x8), 26) = Pp(x2") = (22", ()
= (z"n,27¢) = (Ja"(, J2"n)
= (Ljc(2€),L5(28)),  z€N. (B.5.41)

Thus L¢(z€) € D(£5,), and so
(me(x€),2€) = ( jnLJC(xg),zQ = (LnLZ(xf),zf), z € N. (B.5.42)

Thus mg C LnLZ - L,,L’E7 and so My C LnLZ' Let us now suppose that
equality fails. From the polar decomposition My = ulMy for a unitary v € N
and some 1 € N, we may multiply by u on the left to obtain

My G uL,Lf = uL,L = Loy L7, (B.5.43)

using Proposition B.5.6 (ii), and the simple fact that uT = uT for any closable
operator T'. This allows us to make the further assumption that ¢ > 0, so that
My is self-adjoint. Positivity of ¢ implies that ¢ is also the vector functional
(-¢,m), so the first part of the proof also shows that mg C L¢Ly.

Now consider (n1,72) € G(My)t. Then

(v,m) + (Mgv,n2) = 0, v € D(M,), (B.5.44)

so v — (Mgv,12) is continuous on D(My). Thus 12 € D(Mj) = D(M,), and
(B.5.44) becomes

(v,m) + (v, Mgnz) = 0, v € D(M,), (B.5.45)

and this also holds for all v € L%(N). From (B.5.45), (12, —n1) € G(My), so we
may choose a sequence {y, }72; in N such that y,& € D(my) and lim y,,& = 12,

lim mg(yn§) = —m. For v € D(L,L{),
(Lo L) o) = lim (L, LE0)5a€) = lim (L0, Ligac)
= 7}1_>Holo<y7 LCL;yn@ = nli_{go@a Mg (Ynf))
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where we have used my C L¢L; to see that y,§ € D(L;) and L;(yn&) €
D(L¢). Then (B.5.46) implies that (11,72) is orthogonal to G(L;,L7) and thus

to its closure. This establishes that G(L,L}) C G(My), and this contradiction
completes the proof. O

Remark B.5.8. In the previous result, if ¢ is the positive vector functional
(-n,n) then M, = L, Ly since this product is already closed, by Lemma B.2.4.
In general, for the vector functional (-1, {}, it may not be true that My = L, L.
To see this choose a projection p € N’, p # 0,1, and then construct vectors 7, ¢
so that n,¢ ¢ N¢ while pn =1, (1 —p){ = ¢. Then ¢ = 0 so M, is everywhere
defined while L¢ is not. Thus we cannot dispense with the closure in the relation
My =T, L% 0

The trace on N satisfies |7(z)| < ||z||1 for € N, and so has a unique
continuous extension, also denoted by 7, to L'(IV). The isometric identification
of L'(N) with N, pairs n € L*(N) with the linear functional 7(-). If this is
denoted ¢, then the associated densely defined operator My, will be written M,
to avoid cumbersome notation. The product map (1, ) — n¢ of L?(N) x L?(N)
into L' () sends the pair (1, £) to n, and so L?(N) can be regarded as a subspace
of LY(N), albeit with a different norm.

Theorem B.5.9. (i) n € LY(N)* if and only if there is a sequence {x,}°>,
in Nt such that lim ||n—z,[; = 0.

(ii) Ifn € L*(N) then M, = L.

(iii) The product map is a surjection.

)
)

(iv) n € LY(N)* if and only if there exists ( € L*(N)T such that n = (2.
)

(v) If n € LY(N) then there exists ¢ € L*(N)* and a partial isometry v € N
such that n = v( (polar decomposition).

Proof. (i) If n € L*(N)™, then the associated linear functional ¢ lies in N;7. A
Hahn-Banach separation argument shows that {7(-a): a € N} is norm dense
in the convex cone N, so any sequence from this set converging in norm to ¢
will yield a sequence {z,}52; from N* so that |[n — z,|1 — 0. Conversely,
if n € L*(N) is the limit of a sequence from N7, then the associated sequence
in N, converges in norm to the linear functional 7(-n) which is then positive.
Thus n € L*(N)*.

(i) Let n € L2(N), and let ¢ be the linear functional associated to 1 regarded
as an element of L!(N). Let {a,,}2°; be a sequence from N such that nh_)n;o ln—

an€ll2 = 0, and then this limit is also 0 for the || - |[;-norm. If € N, then

o(x) = nILIr;o T(za,) = nli_)rrolo<a:an§,£>

so by Theorem B.5.7, M, = L,L¢ = L,, = L,, since L,, is closed.
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(iii) If n € L*(N), let ¢ be the associated linear functional 7(-n). Then there
exist vectors u,v € L?(N) such that 7(xn) = (zu,v) for + € N. Choose
sequences {an 2, {b,}52; from N which converge in the || - ||2-norm to p and
v respectively. Then let ¢, denote the linear functional ¢, (x) = (za,&, byf),
r € N. Cleatly lm [l — ¢, = 0. Since (6 — ¢)(x) = 7(a(€ — aubi).
continuity of the product map shows that & = u(Jv).

(iv) Let n € L*(N) and suppose that n = (2 for some ¢ € L?(N)*. Then
¢ is the limit in the || - [|2-norm of a sequence from N*1¢, the square of which
converges in the || - [[;-norm to 7. Thus n € LY(N)* by (i).

Conversely, suppose that n € L'(N)*. Then 7(-n) is a positive element in
N,, so is a multiple of a vector state, the vector being u, say. By Theorem
B.5.7, M, = L, Lj,. By Theorem B.4.1, there exist ¢ € L?(N)* and a unitary
u € N such that L, = L¢u. Then M, = Lf, and thus L¢ is the positive square
root of M,,. If 1) € N is the vector functional (-C, (), then v is 7(-¢?) by first
approximating ¢ by elements of N§. Thus My = Lg = M,, and n = ¢? from
Lemma B.5.5.

(v) From Theorem B.5.7, if n € L'(N), then there exist a unitary u € N and
¢ € L*(N)* such that M, = uM; = M,¢. Then n = u(, again using Lemma
B.5.5. [



Appendix C

The trace revisited

C.1 Introduction

In Chapter 4, we gave a construction of the unique faithful semifinite normal
trace Tr on (N, ep) satisfying

Tr(zepy) = 1(xy), z,y € N, (C.1.1)

where B is a von Neumann subalgebra of a finite von Neumann algebra N with
faithful normal normalised trace 7. There we began with equation (C.1.1), and
used it to define the trace on (NV,eg)*. In this appendix, we show a different
route, by starting with a faithful normal semifinite trace on (N, ep), possible
because this is a semifinite algebra, and modifying it until (C.1.1) is satisfied.

Section C.2 contains some preliminary lemmas on abelian von Neumann
algebras, and we also include a basic version of the Radon—-Nikodym theorem
for positive linear functionals. These are used in Section C.3 to construct the
required trace on (N, ep). Uniqueness will require the increasing approximate
identity {kx}xea for NegN from Lemma 4.3.5. The technicalities of Section
C.2 are designed to circumvent the difficulty that the net {ki}ke\ need not be
increasing.

C.2 Preliminary lemmas

The first lemma concerns continuous functions on an interval, and will be used
in applying the functional calculus to elements of NegN.

Lemma C.2.1. Let d > 0 and let f € C[0,d]" be such that || f|lec < 1 and f
is identically 0 on a neighbourhood of 0. Then there exists a polynomial p(x),
non-negative on [0,d], and satisfying p(0) = 0, ||p|le < 1, and p(z)? > f(x).

Proof. Choose « so that || f|lcc < @ < 1. Then f(z) < al. Since f vanishes on
a neighbourhood of 0, f(x)'/2/x defines a continuous function on [0, d] which is

373
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strictly below o'/2/z on (0,d]. The latter function tends to oo at 0, so there
exists a uniform positive gap between these functions. Thus there is a continuous
function A such that h(z) > f(z)'/2/x on [0,d] and h(z) < a'/?/z on (0,d]. By
the Stone—Weierstrass theorem, we may choose a polynomial ¢(z) so close to
h(z) in || - ||co-norm that

f@)Y? )z < q(z) < a*?/x, x € (0,d]. (C.2.1)

Let p(z) = zq(x) > 0. Then (C.2.1) implies that
flx) <p)?<al, zel0,d, (C.2.2)
and the proof is completed by observing that p(0) = 0. O

In Lemma 4.3.5, it was shown that the set {x € NegN: 0 < z < 1}
formed an increasing approximate identity, denoted {ky}xea, for NegN and
that k) — 1 strongly in (N,eg). The following corollary will be useful in
showing uniqueness of the trace on (N, ep).

Corollary C.2.2. For a fized, but arbitrary X € A, let f € C|0, ||kx||]" satisfy
Ifllec < 1 and suppose that f is identically O on a neighbourhood of 0. Then
there exists jp € A such that k7, > f(ky).

Proof. Since the spectrum of ky lies in [0, ||k,||]], we may apply the functional
calculus on this interval. By Lemma C.2.1, choose a polynomial p > 0 such that
p(0) = 0, plloo < 1, and p? > f. Then p(kz) > 0 and [[p(ky)|| < 1. Thus p(k,)
is k,, for some p € A, and kz > f(ky) by the choice of p. O

We now turn to abelian von Neumann algebras. The next two results are
essentially the Radon—-Nikodym theorem for positive linear functionals, and we
follow the technique developed by von Neumann (see [164, p. 280]).

Our convention of using ¢ to denote the image of 1 in L?(N) will be used
below.

Lemma C.2.3. Let A be an abelian von Neumann algebra and let o, p be faithful
normal positive linear functionals satisfying o < p. Then there exists a € A,
0 <a <1, such that o(x) = p(az) for x € A. Moreover, the spectral projection
of a for the one point set {0} is 0.

Proof. Since A is abelian, o and p are both faithful normal traces on A. Each
induces a || - ||2-norm, denoted by a suitable subscript.

If x € A then there is a unitary u € A such that = u|z|. Then, using the
Cauchy—Schwarz inequality,

lo(@)] = lo(ula))| < o(1)20 (2" < o(1)2 |22, (C2.3)

and so x +— o(z) extends to a bounded linear functional on L?(A, p). Thus
there exists a vector n € L2(A, p) so that

o(z) = (x€,m),, x€A (C.2.4)
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Choose a sequence a, € A so that lim ||a,& — 1|2, = 0, and then let B be
n—oo

the separable abelian von Neumann subalgebra generated by {a,}5> ;. Then
n € L%(B,p). Separability of B allows us to identify B with L>(,u) for
some finite measure space (€2, ). Restricting o and p to B, these now lie in
B, = LY(Q, 1), and we may apply the Radon—Nikodym theorem for measures
to conclude that 7 € B and satisfies 0 < 1 < 1. Thus we may rename nasa € A
with 0 < a < 1. Tt follows from (C.2.4) that o(x) = p(ax) for x € A.

Let p be the spectral projection of a for the one point set {0}. Then pa = 0,
so o(p) = 0 and the faithfulness of o implies that p = 0. O

Corollary C.2.4. Let o and p be faithful normal positive linear functionals on
an abelian von Neumann algebra A. Then there exists a € A, 0 < a < 1, such
that o((1 — a)x) = p(ax) for x € A. Moreover, the spectral projections of a for
the single point sets {0} and {1} are both 0.

Proof. We apply the previous lemma to 0 < o+ p to obtaina € A, 0<a <1,
so that
o(x) =(o+p)lazx), x€A, (C.2.5)

which implies that o((1 — a)z) = p(az). If po and p; are respectively the
spectral projections of a for the one point sets {0} and {1}, then ap; = p; and
(1 —a)p; =0, giving p(p1) = 0. Similarly, o(pg) = 0, so faithfulness of o and p
implies that pg = p; = 0. U

C.3 Construction of the trace

Throughout, N is a finite von Neumann algebra with a faithful normal nor-
malised trace 7, and B is a von Neumann subalgebra of N. Since (N,ep)’ =
JBJ, a finite von Neumann algebra, we see that (N, ep) is a semifinite von Neu-
mann algebra. Moreover, ep is finite projection because eg(N,eg)ep = eg B =
B which is a finite algebra. Thus there is a semifinite normal faithful trace Tr
on (N, epg) such that Tr(eg) = 1. However, this may not be the trace that we
require and so some modifications are necessary. The first step is to obtain the
correct trace on the subalgebra epZ where Z is the centre of B. Note that the
next lemma does not address the issues of semifiniteness and faithfulness.

Lemma C.3.1. There exists a normal trace Tr on (N,eg) such that
Tr(egz) = 7(2), z € Z(B). (C.3.1)

Proof. We first choose a normal faithful semifinite trace ¢ on (N,ep) so that
¢(eg) = 1. On Z, define a positive normal linear functional o by

o(z) = ¢lepz), z € Z. (C.3.2)

Thus ¢ and 7 are faithful on Z so, by Corollary C.2.4, there exists a € Z,
0 < a <1, such that

o(z(1 —a)) = 7(za), z € Z, (C.3.3)
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and the spectral projections at the end points of [0,1] are both 0. For each
n > 2, let p, be the spectral projection of a for the interval [1/n,1]. Then
Pr increases strongly to 1 as n — oo and p,a is invertible in Zp,, with inverse
bp, € Zpn,. Moreover, {b,}2, is increasing in Z, although not necessarily
uniformly bounded.

The centre of (N, ep) is also the centre of its commutant JB.J which is JZ.J.
Thus J(1 — a)b,J is central in (N, eg) so we may define, for z € (N,eg)* and
n > 2,

bn(z) = S(J(1 — a)bnJz). (C.3.4)

Each ¢, is a normal semifinite trace, although not faithful. Moreover, ¢, 11 >
¢ for n > 2. If we define

Tr(z) = lim ¢,(z), r € (N,ep)", (C.3.5)

n—oo

then this is the desired trace as we now show.
Observe that, for any z € Z and = € N,

Jz*Jepxl = Jz* JEg(2)§ = Ep(x)2¢€
= 2Ep(z)¢ = zepat. (C.3.6)
Thus Jz*Jep = zep. It follows that, for z € Z,
dnlepz) = o(J(1 —a)b,Jepz) = ¢plep(l — a)b,z)

=o((1 —a)bpz) = 7(bpaz)
= 7(pn), (C.3.7)

and so Tr(epz) = 7(2), by letting n — oo. It is easy to check that the increasing
limit of normal maps is normal. 0

Note that any trace ¢ on (N, eg)™ for which ¢(ep) = 1 satisfies ¢p(z*epr) =
d(epra*er) < ||z||, so can be extended by linearity to NegN.

Lemma C.3.2. Let ¢ be a trace on NegN such that ¢p(egz) = 7(z) for z € Z.
Then

d(xzepy) = T(xy), z,y € N. (C.3.8)

Proof. Consider first the subspace epB. This is a C*-algebra isomorphic to B
with identity ep. The restriction of ¢ to egB is then a state since ¢(eg) = 1.
In particular this restriction is bounded on egB. Since

¢(epb) = d(uepbu™) = Pp(egubu™) (C.3.9)
for b € B and u € U(B), continuity implies that

¢(epb) = ¢(epw) (C.3.10)
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for any = € convil'l {ubu*: u € U(B)}. There is an element z € Z which lies in
this norm closed convex hull, by the Dixmier approximation theorem (Theorem
2.2.2), and 7(z) = 7(b) by continuity of 7. Thus

é(epb) = dlepz) = 7(z) = 7(b), b€ B. (C.3.11)
For z,y € N,
p(zepy) = ¢(epyren) = ¢p(esEp(yr))
=7(Ep(yz)) = 7(yz) = 7(xy), (C.3.12)
proving the result. O

Since we have already shown the existence of a normal trace on (N,ep)™
whose extension to NepN satisfies (C.3.12), the following theorem gives the
second proof of the existence of the canonical trace on (N,ep)™.

We will require the results on the approximate identity {kx}rca presented
in Section C.2.

Theorem C.3.3. There exists a normal semifinite faithful trace Tr on (N,eg)™
such that Tr(eg) = 1 and such that its linear extension to NegN satisfies

Tr(zepy) = 7(xy), x,y € N. (C.3.13)
Moreover, T'r is unique with these properties.

Proof. By Lemmas C.3.1 and C.3.2, there is a normal trace Tr on (N,eg)™
satisfying (C.3.13). We will show that it is semifinite and faithful, and then
that it is unique. This will be accomplished by showing that

Tr(xz) = sup Tr(xlﬂk'le/z), x € (N,ep)™. (C.3.14)
HEA

Since {kx}xea increases strongly to 1 by Lemma 4.3.5, normality of Tr shows
that
Tr(z) = liinTr(x1/2k>\x1/2), z € (N,eg)". (C.3.15)

Fix an 2 € (N,eg)™, choose a number o < T'r(z), and then choose A € A from
(C.3.15) such that
a < Tr(z'/?kya'/?) < Tr(z), (C.3.16)

the second inequality coming from k) < 1. Regard A as fixed from now on.
On the interval [0, ||ky]|], choose an increasing sequence of continuous functions
fn(t) > 0 tending uniformly to ¢ and such that each f,(¢t) vanishes on some
neighbourhood of 0. Then f,(ky) tends upward to k) so, by normality of T'r,
we may choose n so large that

o < Tr(z'? fo(ka)zt/?) < Tr(z?kza'/?) < Tr(z). (C.3.17)
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For this choice of n, Corollary C.2.2 allows us to choose p € A so that ki >
fn(ky), and so
o< Tr(ml/QkZ:El/Q) < Tr(x). (C.3.18)

This shows that (C.3.14) holds since a < T'r(x) was arbitrary.

Consider now z € (N, ep)t with z # 0. If Tr(z) = 0 then Tr(zl/Qkixl/Q) =
0 for all p € A, by (C.3.14). Thus Tr(k,2k,) = 0 and k,zk, € NepN (since
ep(N,ep)ep = epB), so faithfulness of Tr on NegN, proved in Lemma 4.3.2,
shows that k,zk, = 0 for all © € A. Thus xl/Qku = 0 for all u from which
it follows that = 0 since k, — 1 strongly. This contradiction shows that
Tr(xz) > 0 and Tr is faithful.

We now show that T is semifinite. Fix z € (N,eg)™ and choose a max-
imal set of non-zero elements of the form ykiy, y € (N,ep)™, whose sum is
dominated by x, and let xg be its sum. Each yk‘iy has finite trace because
Tr(ykiy) = Tr(k,y*k,) and the latter element is in NegN. If xy # z, then
Tr(xz—x0) > 0, and so we may choose a k, so that Tr((z—x0)"/?k2(x—x0)"/?) >
0. In particular, this is a non-zero element which can be added to the existing
collection, contradicting maximality. Thus zg = z. By taking finite sums from
this collection, we obtain an increasing net of finite trace operators whose upper
bound is z, proving semifiniteness.

Returning to (C.3.14), we see that

Tr(xz) = sup Tr(kuxk,), r € (Neg)t, (C.3.19)
HEA

and so the values of Tr on (N,eg)™ are determined by its values on NegN.
Thus there can only be one trace which satisfies the hypotheses and conclusions
of the theorem. O
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